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1. In this paper we study the exponential decay as ¢ — oo of the solution of
the mixed problem

Uy — Au = 0, reCB, t>0, (1)
ulgp =0, t >0, (2)
uli—o = fo, Uglieo = f1, r€CB (fylap =0), (3)

where B is an open bounded domain of odd-dimensional Euclidean space R
(I>1), 2 = (zy,...,1;) are the spatial variables; CB, the complement of B, is
connected; OB, the boundary of B, is of class C?; B contains the origin. Let R
be such that the ball S(R) = {z : |z| < R} contains B. Introduce the energy
norms

l
fulf = [ <|ut|2 +3 |> da.
CB i=1

!
lulir = / (I’utl2 +3 ux,|2> dx
CBNS(R) i=1

and the norm on the set of initial data f = {f,, f1}

l
I1£1% = / (W +3 |foxi|2) da.
CB i=1
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Define the spaces of initial data H and H(R) as the closures in the energy norm
| - | g of the sets C3°(C'B) and C§°(CB N S(R)), respectively.

It is known that if u is a solution of (1)—(3), f € H, then |u|f, is finite, does
not depend on ¢, and is equal to | f]z. It is also known (%) that in this case

Jim ful g 5 = 0. 4)

However, uniformity of this convergence to zero over the set of initial data
f € H(R) is far from always attained, i.e., the validity, for u the solution of (1)
—(3), of the inequality

lulger <er®lfle,  feH(R),  eg(t) =0, t—=o0, (5

where £ (t) does not depend on f.

Examples of domains for which uniformity does not hold can be obtained from
considerations of geometric optics. These are domains such that, for a given
S(R) D B and for arbitrarily large T, there exist a point z € S(R) N CB and
a direction # for which the ray emitted from x in the direction 6 and reflected
from OB according to the laws of geometric optics will remain in S(R) for a
time greater than T

Although there is a conjecture that in all other cases uniformity holds, a positive
result for the first boundary-value problem has been proved only for star-shaped
B (Y).

It is also known (?) that for any domain estimate (5) entails

lulgr < crexp(—agt) - [ flg ap > 0; (6)
ap,cp do not depend on f,¢; w is the solution of (1)—(3) with initial data
f € HR).

In the present paper we introduce a broader class of domains than the star-
shaped ones, and establish for them result (6).

2. Definition. A bounded open domain B with boundary of class C! is
called almost star-shaped if there exist a D-bounded open neighborhood
B, a single-valued function ¢ € C?(DNCB), and a constant ¢, such that:

(I ¢(x) < ¢y, € DNCB, p(x) =cy, x € ID.
(IT) |grad ¢(x)| > const >0, 2 € DN CB.

(ITI) The level surfaces p(z) = c are strictly convex; the radius of curvature in
all directions at all points of CB N D is uniformly bounded above.

(IV) At the points of intersection of the level surfaces with 9B, their outer
normals form with the outer normal to 9B no more than a right angle.
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Remark 1. If the level surfaces are spheres with a common center, then B is
star-shaped, and conversely. Almost star-shaped domains are a natural gener-
alization of star-shaped ones.

Remark 2. In the definition we do not require the connectedness of C'B, since
it follows from (I)—(IV).

3. Theorem 1. Ifl is odd and greater than 1, and B is almost star-shaped
with boundary of class C?, then for any R there exist constants ap > 0, cp
such that for the solution of problem (1)—(3) with f € H(R) inequality (6)
holds.

Theorem 1 follows from Lemma 1 and from the result that estimate (5) entails
estimate (6). Using the methods of semigroup theory developed in (*), one can
establish that a stronger statement holds.

Theorem 2. Under the assumptions of Theorem 1 there exist constants ¢, > 0

such that for all solutions of problem (1)—(3) with f € H(R;)
lul g r, < cexp(—at +aRy + aRy)|flg (7)

for any t, R, R,.
4. Lemma 1. Under the assumptions of Theorem 1, inequality (5) holds.

Lemma 2. If B is almost star-shaped, then for any R there exists a constant ¢
such that

c
[l n < G105 + ¢ sup Ju(mIZ,cn), (®)

if u is the solution of problem (1)—(8), f € H(R), t > 1.
Lemma 3 (geometric). If B is almost star-shaped, then there exist single-

valued functions ¢ € C*(CB) and x € C*(CB) such that:

1 1 L 1
s+t — o< < _Z
M 5+ ;A0 i; Goe ) < X(2) S —5 + Ab(z), @€ CB,
5 € Rl, ‘€| =1.
(II) grady(z) -n(z) >0, z € B, n(x) is the outer normal to B
at the point x.

(III) There exists a constant ¢ such that
lgrady(z)| < [z[ - R+¢,  |x(@)|<e, [Ax(@)|<e, weUB;

R is fixed.

We do not give the proof of Lemma 3 here. Instead of requirements (I)—(IV) in
the definition of almost star-shapedness, one could have used assertions (I)—(I1I)
of Lemma 3, but they seem unnatural to us from the geometric point of view.
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The derivation of Lemma 2 from Lemma 3 can be carried out by multiplying
equation (1) by (2¢ + t)u, + 22:1 Y, U, + XU, where 1, x, ¢ are obtained in
Lemma 3. The resulting product is integrated over x € CB, 0 < t < t;; (2),
(3), the properties (I)—(III) of v, x, ¢, and also the fact that f belongs to H(R),
are used.

5. Proof of Lemma 1. Define the operator S : H(R) — H as follows:
h = Sf, h = {hy,hy}, where h; = f;, hy is the solution of Ah, =
f1, © € CB, hylgg =0, h € H (in general, the membership h € H entails
holog = 0); h € H is defined uniquely for any f € H(R).

From the chain of inequalities

l
Z ||h0a$i||2L2(CB) - _(hOa Aho)()B = _(hm fl)CB < ”h0||L2(S(R)ﬂCB) Hfl HLZ(CB)
i=1

and from the definitions of H, H(R), S, it follows that S is bounded and
completely continuous. Let v be the solution of (1)—(3) with initial data Sf;
then u = vy, |u(7)|,cm) = lv-(T)lL,cB) < ISf]E, whence, and from equality
(8), it follows that

C
lulfr < SIANE+lSHE (=) (9)

Now let € > 0 be given. Then H(R) = HY @ H®), where, for every f1) € HV),
the inequality |Sf|% < £|f| g holds, and H® is finite-dimensional. Then from

(4) and the finite-dimensionality of H?) there follows the existence of T” such
that, for t > 17,

e
W < SO

for all f? € H® and u® the solution of problem (1)—(3) with initial data
f?. Let f € H(R), and let u be the solution of (1)—(3) with initial data f,
f=fV+ 2 B c HF: then u = uV) + u?, where u® is the solution of
(1)—(3) with initial data f*),

luld s p < 201N g + 1PNE k) < e(IFVIE+ 1F21R) =l /1%
for t > max(1,7”,4c/c). (We have used the definition of H*) and the inequali-
ties for ||u<k)||E7t7R.) The lemma is proved.

6. There are examples showing that the class of almost star-shaped domains
is very precise for the problem under consideration. Thus, domains of
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the type of an open horseshoe (with diverging sides) are almost star-
shaped (but, generally speaking, not star-shaped). The limiting domain—
the horseshoe with parallel sides—is not almost star-shaped, and the main
result is false for it. Star-shaped domains do not allow examples of this
kind.

In conclusion, the author expresses his gratitude to M. D. Ramazanov for dis-
cussion.
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