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Abstract
Full Text
UDC 517.947.42+513.881

MATHEMATICS

R. D. KULOV

EMBEDDING THEOREMS FOR WEIGHTED
SPACES OF FRACTIONAL ORDER WITH
MIXED NORM
(Presented by Academician S. L. Sobolev on 11 III 1969)

Embedding theorems of the type 𝑀 → 𝑁*, where 𝑀 is an ordinary functional
space (𝑊 𝑙

𝑝, 𝑊 𝑙
𝑝,𝛼, 𝐵𝑟

𝑝, 𝐻𝑟
𝑝 , 𝑆𝑟𝐻

𝑝 ), and 𝑁 is a space with mixed norm, have by now
been studied rather well in a number of works (6,8,10,11,14). As for embedding
theorems of the type 𝑁 → 𝑁 , only for the spaces 𝑊 𝑙

𝑝 (𝑙 integer), 𝐻𝑟
𝑝 , 𝑆𝑟𝐻

𝑝 are
there several results (9,12,13). In the present note this gap is filled for weighted
spaces of fractional order 𝑊 𝑙

(p)𝛼( ̇𝐸𝑛) with mixed norm. The results obtained
are definitive.

Let 𝐸𝑛 be the 𝑛-dimensional material Euclidean space of points 𝑥 = (𝑥1, … , 𝑥𝑛);
𝐸𝑚 an 𝑚-dimensional subspace of the space 𝐸𝑛;

̇𝐸𝑛 = {𝑥 ∶ 𝑥𝑛 > 0}, ̇𝐸 𝑛−𝑚 = ̇𝐸𝑛∖𝐸𝑚, ̇𝐸𝑛 = 𝐸𝑛1×⋯×𝐸𝑛𝑘 , 𝐸𝑚 = 𝐸𝑚1×⋯

⋯ × 𝐸𝑚𝜏 ,
where the decompositions of ̇𝐸𝑛 and 𝐸𝑚 into subspaces are independent of one
another;

𝐸𝑛𝜈∩𝐸𝑚𝑗 = 𝐸𝑚𝜈𝑗 ; ̇𝐸 𝑛−𝑚∩𝐸𝑛𝜈 = 𝐸𝑛𝜈 (
𝜏

∑
𝑗=1

𝑚𝜈𝑗 + 𝑛′
𝜈 = 𝑛𝜈) ; p = (𝑝1, … , 𝑝𝑘), q = (𝑞1, … , 𝑞𝜏),

l = (𝑙1, … , 𝑙𝑛), 𝑥′ = (𝑥1, … , 𝑥𝑛−1, 0) = (𝑥′
𝑛1

, … , 𝑥′
𝑛𝑘

), 𝑥′
𝑛−𝑚 = (𝑥𝑚+1, … , 𝑥𝑛−1, 0) = (𝑥′

𝑛′
1
, … , 𝑥′

𝑛′
𝑘
)

(where 𝑥𝑛𝜈
and 𝑥′

𝑛′𝜈
belong respectively to 𝐸𝑛𝜈 and 𝐸𝑛′

𝜈 , 𝜈 = 1, … , 𝑘);
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∫
𝑥1+ℎ𝜎1

𝑥1

𝑑𝑦1 ⋯ ∫
𝑥𝑛−1+ℎ𝜎𝑛−1

𝑥𝑛−1

𝑑𝑦𝑛−1 ∫
ℎ𝜎𝑛

0
[⋅] 𝑑𝑦𝑛 = ∫

𝑥′+ℎ𝜎̄

𝑥̄
[⋅] 𝑑𝑦,

(ℎ is an arbitrary positive parameter);

⎛⎜
⎝

∫
𝑥′

𝑛𝑘 +ℎ𝜎̄𝑛𝑘

𝑥𝑛𝑘

𝑑𝑦𝑛𝑘
⋯ (∫

𝑥′
𝑛1 +ℎ𝜎̄𝑛1

𝑥𝑛1

[⋅]𝑝1 𝑑𝑦𝑛1
)

𝑝2/𝑝1

⋯⎞⎟
⎠

1/𝑝𝑘

= 𝐴(𝑝𝑘;1)
(𝑥𝑛𝑘 ;1;ℎ)𝜎̄𝑛𝑘 ;1[⋅].

Further, let 𝑓(𝑦) be some smooth finite function in 𝐸𝑛 and

‖𝑓‖𝐿𝑙𝑖
(p),𝛼(𝐸̇𝑛) = (∫

∞

0

𝑑𝑡
𝑡1+𝑝𝑘𝑙𝑖

∥𝑦𝛼/𝑝1𝑛 Δ𝑖(𝑡)𝑓(𝑦)∥𝑝𝑘
𝐿(p)(𝐸̇𝑛))

1/𝑝𝑘

< ∞

(where 𝐿(p)( ̇𝐸𝑛) is the space with mixed norm; Δ𝑖(𝑡)𝑓(𝑦) is the finite difference
of first order with step 𝑡 in the variable 𝑥𝑖);

‖𝑓‖𝐿𝑙
(p),𝛼(𝐸̇𝑛) =

𝑛
∑
𝑖=1

‖𝑓‖𝐿𝑙𝑖
(p),𝛼(𝐸̇𝑛),

‖𝑓‖𝑊 𝑙
(p),𝛼(𝐸̇𝑛) = ‖𝑓‖𝐿𝑝𝐸̇𝑛 + ‖𝑓‖𝐿𝑙

(p),𝛼(𝐸̇𝑛).

* 𝐸1 → 𝐸2 denotes the set-theoretic embedding of the class 𝐸1 in the class 𝐸2
with the inequality ‖𝑓‖𝐸2

≤ 𝑐‖𝑓‖𝐸1
satisfied.

We shall call 𝐿(p),𝛼(
+
𝐸 𝑛) and 𝑊 𝑙

(p),𝛼(
+
𝐸 𝑛) the closures of the set of smooth finite

functions in the corresponding norms.

Theorem 1. If 1 < 𝑝𝜈 ≤ 𝑞𝑗 < ∞ (𝜈 = 1, … , 𝑘; 𝑗 = 1, … , 𝜏), 1 ≤ 𝑚 < 𝑛,

− 𝑝1
max𝜈 𝑝𝜈

< 𝛼 < 𝑝1
max𝜈 𝑝′𝜈

, 0 < 𝑙𝑖 < 1 (𝜎𝑖 = 1
𝑙𝑖

; 𝑖 = 1, … , 𝑛) ,

𝜀 = 1 −
𝑛

∑
𝑖=1

𝜎𝑖 − 𝛼𝜎𝑛
𝑝1

+
𝑘

∑
𝜈=1

1
𝑝′𝜈

𝑛𝜈

∑
𝛽=1

𝜎𝜈𝛽 +
𝜏

∑
𝑗=1

1
𝑞𝑗

𝑚𝑗

∑
𝛽=1

𝜎(𝑗)
𝛽 > 0

(where 𝜎𝜈𝛽, 𝜎(𝑗)
𝛽 are numbers corresponding to the coordinate axes of the sub-

spaces 𝐸𝑛𝜈 and 𝐸𝑚𝑗), 𝑓 ∈ 𝑊 𝑙
(p),𝛼(

+
𝐸 𝑛), then for any fixed 𝑥𝑚+1, … , 𝑥𝑛−1 and

𝑥𝑛 = 0 the relation
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𝑊 𝑙
(p),𝛼(

+
𝐸 𝑛) → 𝐿(q)(𝐸𝑚)

holds.

Theorem 2. If 1 < 𝑝𝜈 ≤ 𝑞𝑗 < ∞ (𝜈 = 1, … , 𝑘; 𝑗 = 1, … , 𝜏), 1 ≤ 𝑚 < 𝑛,

− 𝑝1
max𝜈 𝑝𝜈

< 𝛼 < 𝑝1
max𝜈 𝑝′𝜈

, 0 < 𝑙𝑖 < 1 (𝜎𝑖 = 1
𝑙𝑖

; 𝑖 = 1, … , 𝑛) ,

𝜀 ≥ 𝜌𝑠𝜎𝑠 (0 < 𝜌𝑠 < 1; 𝑠 = 1, … , 𝑚),

𝜀 = 1 −
𝑛

∑
𝑖=1

𝜎𝑖 − 𝛼𝜎𝑛
𝑝1

+
𝑘

∑
𝜈=1

1
𝑝′𝜈

𝑛𝜈

∑
𝛽=1

𝜎𝜈𝛽 +
𝜏

∑
𝑗=1

1
𝑞𝑗

𝑚𝑗

∑
𝛽=1

𝜎(𝑗)
𝛽 > 0, 𝑓 ∈ 𝑊 𝑙

(p),𝛼(
+
𝐸 𝑛),

then for any fixed 𝑥𝑚+1, … , 𝑥𝑛−1 and 𝑥𝑛 = 0 the relation

𝑊 𝑙
(p),𝛼(

+
𝐸 𝑛) → 𝐿𝜌

(q)(𝐸𝑚)

holds.

From Theorems 1 and 2 follows the validity of the following theorem.

Theorem 3. If 1 < 𝑝𝜈 ≤ 𝑞𝑗 < ∞ (𝜈 = 1, … , 𝑘; 𝑗 = 1, … , 𝜏), 1 ≤ 𝑚 < 𝑛,

− 𝑝1
max𝜈 𝑝𝜈

< 𝛼 < 𝑝1
max𝜈 𝑝′𝜈

, 0 < 𝑙𝑖 < 1 (𝜎𝑖 = 1
𝑙𝑖

; 𝑖 = 1, … , 𝑛) ,

𝜀 = 1 −
𝑛

∑
𝑖=1

𝜎𝑖 − 𝛼𝜎𝑛
𝑝1

+
𝑘

∑
𝜈=1

1
𝑝′𝜈

𝑛𝜈

∑
𝛽=1

𝜎𝜈𝛽 +
𝜏

∑
𝑗=1

1
𝑞𝑗

𝑚𝑗

∑
𝛽=1

𝜎(𝑗)
𝛽 > 0,

𝜀 ≥ 𝜌𝑠𝜎𝑠 (0 < 𝜌𝑠 < 1; 𝑠 = 1, … , 𝑚), 𝑓 ∈ 𝑊 𝑙
(p),𝛼(

+
𝐸 𝑛),

then for any fixed 𝑥𝑚+1, … , 𝑥𝑛−1 and 𝑥𝑛 = 0 the relation

𝑊 𝑙
(p),𝛼(

+
𝐸 𝑛) → 𝑊 𝜌

(q)(
+
𝐸 𝑚)

holds.

Theorem 4. If

sovietrxiv.org/items/ru-196901.72156 Machine Translation

https://sovietrxiv.org/items/ru-196901.72156


1 < 𝑝𝑘 ≤ 𝑝𝑘−1 ≤ ⋯ ≤ 𝑝1 < 𝑞𝑗 < ∞ (𝑗 = 1, … , 𝜏),

−1 < 𝛼 < 𝑝1
𝑝′

𝑘
, 1 ≤ 𝑚 < 𝑛, 0 < 𝑙𝑖 < 1 (𝜎𝑖 = 1/𝑙𝑖; 𝑖 = 1, … , 𝑛),

1 −
𝑛

∑
𝑖=1

𝜎𝑖 − 𝛼𝜎𝑛
𝑝1

+
𝑘

∑
𝜈=1

1
𝑝′𝜈

𝑛𝜈

∑
𝛽=1

𝜎𝜈𝛽 +
𝜏

∑
𝑗=1

𝑘
∑
𝜈=1

( 1
𝑝𝜈

+ 1
𝑞𝑗

)
𝑚𝜈𝑗

∑
𝛽=1

𝜎(𝜈𝑗)
𝛽 = 0

(where 𝜎𝜈𝛽, 𝜎(𝜈𝑗)
𝛽 are numbers corresponding to the coordinate axes of the sub-

spaces 𝐸𝑛𝜈 and 𝐸𝑚𝜈𝑗), 𝑓 ∈ 𝐿𝑙
(p),𝛼(

+
𝐸 𝑛), then for fixed 𝑥𝑚+1, … , 𝑥𝑛−1 and 𝑥𝑛 = 0

the relation

𝐿𝑙
(p),𝛼(

+
𝐸 𝑛) → 𝐿(q)(𝐸𝑚)

holds.

We outline the scheme of the proof, for example, of Theorem 2. From the
integral identity of V. P. Il’in (3) we have

‖Δ𝑠(𝑡)𝑓(𝑥′)‖𝐿(𝑞)(𝐸𝑚) ≪ ‖Δ𝑠(𝑡)𝐹1(𝑥′, ℎ)‖𝐿(𝑞)(𝐸𝑚)+‖Δ𝑠(𝑡)𝐹2(𝑥′, 𝑡, ℎ)‖𝐿(𝑞)(𝐸𝑚)+‖Δ𝑠(𝑡)𝐹3(𝑥′, 𝑡, ℎ)‖𝐿(𝑞)(𝐸𝑚),
(1)

where

𝐹1(𝑥′, ℎ) = 𝑐
ℎ𝜔 ∫

ℎ𝜎̄

0
𝑓(𝑥′ + 𝑦)Π(𝑦, ℎ) 𝑑𝑦,

𝐹2(𝑥′, 𝑡, ℎ) =
𝑛

∑
𝑖=1

𝐶𝑖 ∫
𝑡1/𝜎𝑠

0

𝑑𝜗
𝜗1+𝜔 ∫

𝜗𝜎̄

0
𝑑𝑦 ∫

𝜗𝜎𝑖 −𝑦𝑖

0
Δ𝑖(𝜒)𝑓(𝑥′ + 𝑦)𝑅𝑖(𝑦, 𝜒, 𝜗) 𝑑𝜒,

𝐹3(𝑥′, 𝑡, ℎ) =
𝑛

∑
𝑖=1

𝐶𝑖 ∫
ℎ

𝑡1/𝜎𝑠

𝑑𝜗
𝜗1+𝜔 ∫

𝜗𝜎̄

0
𝑑𝑦 ∫

𝜗𝜎𝑖 −𝑦𝑖

0
Δ𝑖(𝜒)𝑓(𝑥′ + 𝑦)𝑅𝑖(𝑦, 𝜒, 𝜗) 𝑑𝜒;

each term of the right-hand side of inequality (1) admits the estimate

‖Δ𝑠(𝑡)𝐹1(𝑥′, ℎ)‖𝐿(𝑞)(𝐸𝑚) ≪ 𝑡‖𝐷𝑠𝐹 1(𝑥1, … , 𝑥𝑠, … , 𝑥𝑛−1, 0; ℎ)‖𝐿(𝑞)(𝐸𝑚) ≪
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≪ 𝑐𝑡ℎ∑𝜈=1
𝑘 1𝑝
𝜈 ∑𝑛𝜈

𝛽=1 𝜎𝜈𝛽+∑𝜏
𝑗=1

1
𝑞𝑗

∑𝑚𝑗
𝛽=1 𝜎(𝑗)

𝛽 −∑𝑛
𝑗=1 𝜎𝑗−𝜎𝑠‖𝑓‖𝐿(𝑝)(𝐸̇𝑛); (2)

‖Δ𝑠(𝑡)𝐹3(𝑥′, 𝑡, ℎ)‖𝐿(𝑞)(𝐸𝑚) ≪ 𝑡‖𝐷𝑠𝐹 3(𝑥1, … , 𝑥′
𝑠, … , 𝑥𝑛−1, 0; 𝑡, ℎ)‖𝐿(𝑞)(𝐸𝑚) ≪

≪ 𝑡
𝑛

∑
𝑖=1

𝐶𝑖 ∥∫
ℎ

𝑡1/𝜎𝑠

𝑑𝜗
𝜗1+𝜆𝑖−𝜀+𝜎𝑖−𝛼𝜎𝑛/𝑝1+𝜎𝑖𝛾 ∫

𝜗𝜎𝑖

0
𝜒𝛾−(1/𝑝𝑘+𝑙𝑖) 𝑑𝜒 ∫

𝑥′+𝜗𝜎̄

𝑥′
Δ𝑖(𝜒)𝑓(𝑦) 𝑑𝑦∥

𝐿(𝑞)(𝐸𝑚)
;

(3)

‖Δ𝑠(𝑡)𝐹2(𝑥′, 𝑡, ℎ)‖𝐿(𝑞)(𝐸𝑚) ≪ 𝐶 ∥∫
𝑡1/𝜎𝑠

0

𝑑𝜗
𝜗1+𝜆𝑖−𝜀+𝛾𝜎𝑖−𝛼𝜎𝑛/𝑝1

×

× ∫
𝜗𝜎𝑖

0
𝜒𝛾−(1/𝑝𝑘+𝑙𝑖) 𝑑𝜒 ∫

𝑥′+𝜗𝜎̄

𝑥′
Δ𝑖(𝜒)𝑓(𝑦) 𝑑𝑦∥

𝐿(𝑞)(𝐸𝑚)
(4)

(in inequalities (3), (4), 𝛾 and 𝜆𝑖 are determined from 0 < 𝛾 ≤ 1/𝑝𝑘 + 𝑙𝑖,

𝜆𝑖 = 𝜎𝑖
𝑝𝑘

+
𝑘

∑
𝜈=1

1
𝑝𝜈

𝑛𝜈

∑
𝛽=1

𝜎𝜈𝛽 +
𝜏

∑
𝑗=1

1
𝑞𝑗

𝑚𝑗

∑
𝛽=1

𝜎(𝑗)
𝛽 ).

Using the definition of the space 𝐿𝜌𝑠
(𝑞), we obtain

‖𝑓‖𝐿𝜌𝑠
(𝑞)(𝐸𝑚) ≪ (∫

ℎ𝜎𝑠

0

𝑑𝑡
𝑡1+𝜌𝑠𝑞𝜏

‖Δ𝑠(𝑡)𝑓(𝑥′)‖𝑞𝜏
𝐿(𝑞)(𝐸𝑚))

1/𝑞𝜏

+

+ (∫
∞

ℎ𝜎𝑠

𝑑𝑡
𝑡1+𝜌𝑠𝑞𝜏

‖Δ𝑠(𝑡)𝑓(𝑥′)‖𝑞𝜏
𝐿(𝑞)(𝐸𝑚))

1/𝑞𝜏

≡ 𝐴[0, ℎ𝜎𝑠 ] + 𝐴[ℎ𝜎𝑠 , ∞].

Taking inequalities (1) into account, for 𝐴[0, ℎ𝜎𝑠 ] we obtain the estimate

𝐴[0, ℎ𝜎𝑠 ] ≪ (∫
ℎ𝜎𝑠

0

𝑑𝑡
𝑡1+𝑞𝜏𝜌𝑠

‖Δ𝑠(𝑡)𝐹1(𝑥′, ℎ)‖𝑞𝜏
𝐿(𝑞)(𝐸𝑚))

1/𝑞𝜏

+

+ (∫
ℎ𝜎𝑠

0

𝑑𝑡
𝑡1+𝑝𝑠𝑞𝜏

‖Δ𝑠(𝑡)𝐹2(𝑥′, 𝑡, ℎ)‖𝑞𝜏
𝐿(𝑞)(𝐸𝑚))

1/𝑞𝜏
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+ (∫
ℎ𝜎𝑠

0

𝑑𝑡
𝑡1+𝑝𝑠𝑞𝜏

‖Δ𝑠(𝑡)𝐹3(𝑥′, 𝑡, ℎ)‖𝑞𝜏
𝐿(𝑞)(𝐸𝑚))

1/𝑞𝜏

≡ 𝐴(𝑠)
1 + 𝐴(𝑠)

2 + 𝐴(𝑠)
3 .

We estimate 𝐴(𝑠)
1 , 𝐴(𝑠)

2 , 𝐴(𝑠)
3 : on the basis of inequality (2)

𝐴(𝑠)
1 ≪ 𝑐ℎ∑𝜈=1

𝑘 1
𝑝′𝜈

∑𝑛𝜈
𝛽=1 𝜎𝜈𝛽+∑𝜏

𝑗=1
1

𝑞𝑗
∑𝑚𝑗

𝛽=1 𝜎(𝑗)
𝛽 −∑𝑛

𝑗=1 𝜎𝑗−𝜌𝑠𝜎𝑠‖𝑓‖𝐿(𝑝)(𝐸𝑛), (5)

taking into account inequality (4),

𝐴(𝑠)
2 ≪ 𝑐ℎ𝜀−𝜌𝑠𝜎𝑠

𝑛
∑
𝑖=1

(∫
ℎ𝜎𝑠

0

𝑑𝑡
𝑡1+𝜈𝜎𝑖𝑞𝜏/𝜎𝑠−𝜉𝑞𝜏/𝜎𝑠

∥(∫
𝑡1/𝜎𝑠

0

𝑑𝜗
𝜗1+𝑝𝑘 ∑𝑗=1

𝜏 1
𝑞𝑗

∑𝑚𝑗
𝛽=1 𝜎(𝑗)

𝛽 +𝜉𝑝𝑘

× ∫
𝜗𝜎𝑖

0
𝜒𝛾𝑝𝑘−(1+𝑝𝑘𝑙𝑖) 𝑑𝜒 (𝐴(𝑝𝑘;1)

(𝑥𝑛𝑘;1; 𝜗𝜎̄𝑛𝑘;1 )
[𝑦𝑎/𝑝1𝑛 Δ𝑖(𝜒)𝑓(𝑦)])

𝑝𝑘

)
1/𝑝𝑘

∥
𝑞𝜏

𝐿(𝑞)(𝐸𝑚)

⎞⎟⎟⎟
⎠

1/𝑞𝜏

(where 𝜉 is, for the time being, an arbitrary positive number).
Having made simple estimates for the norm in the curly bracket, we obtain

𝐴(𝑠)
2 ≪ 𝑐ℎ𝜀−𝜌𝑠𝜎𝑠‖𝑓‖𝐿1

(𝑝),𝛼(𝐸𝑛). (6)

Similarly we obtain

𝐴(𝑠)
3 ≪ 𝑐ℎ𝜀−𝜌𝑠𝜎𝑠‖𝑓‖𝐿1

(𝑝),𝛼(𝐸𝑛). (7)

It is easy to note that

𝐴 [ℎ𝜎𝑠 , ∞] ≪ 𝑐ℎ−𝜎𝑠𝜌𝑠‖𝑓‖ ∘
𝑊 𝑙

(𝑝),𝛼(𝐸𝑛). (8)

From the estimates given above, taking into account inequalities (5), (6), (7),
(8) and setting ℎ = 1, we obtain the assertion of the theorem.

Taking this opportunity, I express my deep gratitude to Acad. S. L. Sobolev for
his attention to this work, and also to A. Kh. Gudiev for valuable advice.
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