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Embedding theorems of the type M — N*, where M is an ordinary functional
space (Wé7 Wé’w By, Hy, S;H)7 and N is a space with mixed norm, have by now
been studied rather well in a number of works (6:8:10:11.14) A for embedding
theorems of the type N — N, only for the spaces W} (I integer), Hy, S;H are
there several results (%12:13). In the present note this gap is filled for weighted
spaces of fractional order W(lp)a(E”) with mixed norm. The results obtained

are definitive.

Let E™ be the n-dimensional material Euclidean space of points = (21, ..., ,);
E™ an m-dimensional subspace of the space E™;

En = {:1; tx, > O}7 Er—m = E”\Em’ E" = Em XX B, E™ = E™ X

N Emr’

where the decompositions of E" and E™ into subspaces are independent of one
another;

-
EWwnE™i = EMvi:  EPmAEY = B (Zml)j +n, = nl,> i P=(DP10k), A= (qsrq),
=1

lz(lla-"vln)’ JT/:(.'L'l,...,l'n,l,O):(.f;l,...,x:lk), J);Lfm:(xm+17"-axn7150):(x;/lw-wx;é)

(where z,, and x,, belong respectively to £~ and Ev v=1,.., k);
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z1+hoy T, 1+ho, 4 ho, z/+ho
x T 0 T

1 n—1

(h is an arbitrary positive parameter);

1/p

m;kJrh&"k ,L1+h0"1 P2/P1 (Pes1)
/ dynk (/ []pl dyn1> = A<§i’k’1’h)a_ﬂk71[}
x x

n ny

Further, let f(y) be some smooth finite function in E™ and

0o dt o) » 1/px
— P1 k
Wit o= (| s 8 OFO ) <0

(where L(p>(E") is the space with mixed norm; A, (¢) f(y) is the finite difference
of first order with step ¢ in the variable z;);

n
Izt iy = D2 Mt iy

e, iomy = VAl i + UFl iy

* B, — E, denotes the set-theoretic embedding of the class E; in the class E,
with the inequality | f| g, < c|f]g, satistied.

+ +
We shall call L, ,(E™) and W(lp) o (E™) the closures of the set of smooth finite
functions in the corresponding norms.

Theorem 1. If 1 <p, <g;<oo(v=1,....k j=1,...,7), 1 <m <n,

1
L o B o< <1 (Ui:l;izl,...,n>,

max, p, max py [

Ezl—io—— Z ZUV5+Z Zoﬁ >0

i=1 Py v=1 Vﬁl = Y% 5=

(where T8 (Tg) are numbers corresponding to the coordinate axes of the sub-

+
spaces E™ and E™i), f € W<lp> o(E™), then for any fixed x,,,4,...,2,_; and
» = 0 the relation
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+
Wip)alE™) = Lig)(E™)

holds.
Theorem 2. If 1 <p, <q;<oco (v=1,....k j=1,...,7), 1 <m <,

70

N 4 S NP . S S P P | <ai—;z’—1,...,n),
maxypy maXVpV

e>p,o, (0<p,<l; s=1,..,m),

n k ny T m;
ao 1 1 ; +
1Y 2y LS S LY s pew,
i=1 v 3 Prgm =1 9 =1
then for any fixed x,,,,...,7,_; and x,, = 0 the relation
l p n TP m
W(p),a(E ) = L (E™)

holds.
From Theorems 1 and 2 follows the validity of the following theorem.

Theorem 3. If 1 <p, <gq;<oco (v=1,....k j=1,...,7), 1 <m <,

77

1
— P a1 0<y <t (ai:;izl,...,n)7
max,, p,, max,, p,, l

T

k n, m;
. Ui_aanJrZ;ZgyﬂJrz;iggbo,

i=1 b 3 Pvgm =1 9 =1

+
expo, 0<p,<lis=1..,m), feWl [(E"),
then for any fixed x,,,4,...,2,_; and z,, = 0 the relation

l +n 7P Jrm
W<p)7a(E ) = Wig(E™)

holds.
Theorem 4. If
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1<pkgpkflg'“§pl<qj<oo <j:17"'77—)7

d<a<B 1<m<n, 0<i<1 (o;=1/l; i=1,..,n),
Py,
n ao k 1 ny, T k 1 1 My i)
=Y eSS o 32 (o ) Yk =0
i=1 v 3 Pvgg == \Pv 4/ 35

(where a,,4, Ugyj) are numbers corresponding to the coordinate axes of the sub-

+
spaces E™ and E™vi), f € Lép) o(E™), then for fixed z,, ,4,...,x, ; and z,, =0
the relation

+
Lip)o(E™) = Lig)(E™)
holds.

We outline the scheme of the proof, for example, of Theorem 2. From the
integral identity of V. P. II' in (%) we have

1A,@f @)z, mm) < NASOF (@ )L ey HIAOFo (2" 8 D) o) HIA O F (2”8 ) (m),s
(1)

where

n h Ao Yo 97—y,
each term of the right-hand side of inequality (1) admits the estimate

”As(t)Fl ("T/v h)HL(q)(Em) < t”DsFl(xlﬂ vy Lgy ey Ty, 0; h)”L(q)(Em) <
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<SS S SR T, )

1A @) Fs(2" 8 k)L (gm) < UDsp3(@y, s 25, Ty, 0, M) () <

do Y7 ' +do
/1/ 191+)\i*€+0'i7040'n/p1+a'i'y / X’Yi(l/karli) dX/ Az (X)f(y> dy
ttios 0 T

3)

< tZC

Lg(E™)

tl/os

dd

X
Yl —e+yo;—ao,, /Py

H%@&W%M%wm<cl

9% ' +95
< [t [T a0 dy
0 o’

Lig(E™)

(in inequalities (3), (4), v and \; are determined from 0 <y < 1/p; + 1,

Ai *+Z ZOMZ Z"g)

v=1Pv 52 =1 % 53

Using the definition of the space L(p(;7 we obtain

1o 1/q,
dt N\ 19+
||fHL(p;J<Em) < 0 m”As(t)f(x )”L(Q)(Em) +

o0 dt 1/q,
([ T A o)) = A+ Alh o)

Taking inequalities (1) into account, for A[0, h°] we obtain the estimate

W g 1/q,
v ([ R e )

hos di 1/q,
+ </0 1+p.d, 1A () Fy(x’,t, h) ”L (Em)>
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hes 1/q.
_dt s . .

We estimate A1 ,A2 >, Aéf): on the basis of inequality (2)

m;

A( & ChZ, 1 o ZB 1 uﬂ+Z, 195 Zﬁ 1 g Z;l:lajfpso's

Tl ey (5)

taking into account inequality (4),

11/os

/ dy
o 191+sz] 17(1 ZB 1 (J)Jrﬁpk

(s) S dt
s - g
Ay L chTh Z /0 tltvoiq./o—8q, /o,

i=1
1
9% ( | / Pr 1/py 4 /ar
vPr—(1+pkl;5) i3l @/P1 A |
x /0 X dx <A(xn,€;1;v””kﬂ) [y Az(x)f(y)D )
L(q><Em>
(where £ is, for the time being, an arbitrary positive number).
Having made simple estimates for the norm in the curly bracket, we obtain
Ay < ch= P fy ) (6)
Similarly we obtain
AY) « chepeos ey, (ny- (7)
It is easy to note that
o, —osps| £l -
A[h%s, 0] < ch f”W(lp),a(En). (8)

From the estimates given above, taking into account inequalities (5), (6), (7),
(8) and setting h = 1, we obtain the assertion of the theorem.

Taking this opportunity, I express my deep gratitude to Acad. S. L. Sobolev for
his attention to this work, and also to A. Kh. Gudiev for valuable advice.
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Note: Figure translations are in progress. See original paper for figures.
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