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Let X,, = (x4,...,z,) be a sample with distribution F'(x), i.e., a sequence of
independent random variables identically distributed according to the law F'(z);
we shall denote by z;,, the k-th term of the variation series of the sample X,,, and
its distribution by F},, (). For brevity, we shall speak of N-asymptotics instead
of asymptotic normality, and of N;-asymptotics when a local limit theorem
holds: for some ay,,, Sg,,

d Tpy, — A 1 x?
e { . < x} — o exp ( 5 (1)

uniformly on every finite interval of variation of x.

In papers (17) the question of the asymptotics of F},, (z) was investigated in
sufficient detail when k& = const and n — oo; in papers (7~?) the case was
studied when k/n = A(1 4+ o(1/y/n)) and 0 < A < 1 is fixed. In paper (19) the
case was investigated when k/n — 0, k — oo, but k(n) satisfies the limiting

equality
lim [\/k’(n +vnl-®/2) — \/k;(T)] =Cav/2, (2)

where 0 < a < 1, C' > 0, and v is any real number. It is easy to show: it follows
from (2) that k(n)/n® — C?, but not conversely.

In the cited papers, local limit theorems were not investigated (with the excep-
tion of certain special cases, for example, for the uniform distribution).

In the present paper an attempt is made to find broad conditions on F'(z) for the
fulfillment of N, -asymptotics under arbitrary behavior of k/n — 0 and k — oo.
This case differs from those studied earlier by the two-parameter nature (k/n, k)
of the asymptotics.
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In terms of distributions, the condition obtained in this work for the N;-
asymptotics of z;,, under any behavior K — oo and k/n — 0 may be described
as follows: let 0 = inf{z : F(z) > 0} and

r—0n, iff0p>—o00,
pr(z) = e -
/x|, if0p =—c0.

d

Then (under certain monotonicity conditions on f(x) = d—F (2)) in a neighbor-
x

hood of 8 one must have

InF(z)/Inpgr(z) > 6 > 0. (3)

Furthermore, for a broad class of distributions not satisfying (3), it is shown that
there always exist both sequences k(n) — oo (k(n)/n — 0) such that the N-
asymptotics for x;,, is violated, and sequences for which N;-asymptotics holds.
In the same class of distributions it is shown that N -asymptotics always holds
for

Vi, =1In..In
r times pF(mk:n)

for some r < oo, under any behavior k — oo and k/n — 0.

We shall call a distribution F(z) locally regular (at the point 05) if pp(X) =
f(F~Y(\)) is uniquely defined in some neighborhood of A = 0 and

pr(M)/pp(A2) = 1, when Aj /Ay =1 (A, Ay = 0). (4)

Here F~1()\) = z, is determined from the equality F(z) = A\. We denote the
class of locally regular distributions by R;.

Theorem 1. If F(z) € R;, then integral and local N(ay,,, Sy, )-asymptotics hold
for zy,, (or Fy,(x)), where

k k
Qg = 1 (n+1> and  si, =k(n—k+1)/(n+1)*(n+2)pg (n—|—1)'

Let us note that when k/n — 0 (k/n — A, 0 < X\ < 1), the normalizing constants
ay, and s, pass into the corresponding normalizing constants of work (9).

For many distributions F'(x), the computation of pr(A) and the verification of
the condition F(z) € R; are laborious tasks. In this connection, it would be
desirable to describe the class of R;-distributions in terms of F(x) and f(x).
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Under the condition of sufficiently monotone behavior of F'(z) as x — 0p, the
class R; is well described by the following two theorems.

Theorem 2. Let 0 = —o0, F|(z) = F(tg(rx — 7/2)), and Fy(x) = Fy(x 4+ 0),
where 0 is any fized real number. Then the distributions F(x), Fy(x), and Fy(x)
either all belong to R, or all do not belong to R;.

Theorem 3. Let 0 = 0, and let there exist a finite or infinite limit x°(In f(z))”
as x — 0. Then, if ep(z) =InF(x)/1n f(x) does not have zero as a limit point,
then F(z) € Ry; if ep(x) tends monotonically to zero as x — 0, then F(z) € R,.

We point out that, under the conditions of the theorem, € (z) has only one
limit point, and moreover the set of limit points for distributions satisfying
the condition of the theorem coincides with the line without the interval (0, 1).
Finally, in order that F'(z) € R, under the conditions of Theorem 3, one can
also indicate four equivalent® conditions: as x — 0,

lim 22 (In f(z))” < 1; (1)
lim z(In f(z))’ > —1; (2)
limln f(z)/Inz > —1; (3)
lim[In F(z)/Inz] > 0. (4)

As a consequence of Theorems 2 and 3, we note that all continuous distri-
butions used in statistics (for example, the normal, Cauchy, Weibull, gamma,
F-distribution, and others) are locally regular, i.e., belong to the class R;.

The heuristic ideas of the proof of the integral part of Theorem 2 are extremely
simple. Let &, = F(xy,,); then &, is the k-th term of the order statistic of
a sample of size n from the uniform distribution on (0,1). For &, Theorem
1 is proved by a direct analytic method with a, = k/(n + 1) (instead of a,,)
and of, = k(n —k +1)/(n+ 1)*(n + 2) (instead of s,,); it is essential that
Orn/n ~ 1/Vk — 0. Next let (p,, = (€ — Apn)/Tpn; then heuristically

Lhn = F_l(akn + Uknckn) - F_l(ak:n) + akann/pF(akn) o

since
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and it remains only to justify the corresponding expansions, which turns out to
be possible for F(z) € R;.

* As was observed by A. N. Kolmogorov, a sufficient condition is also the re-
quirement |f'(z)F(z)| < Cf?(z), C < oo, for F(z) < &, 6y > 0.

Let now ¥, () and v, (x) be the distribution and density for ¢;,,. Then the
distribution F}, (x) of (x,, — ay,)/Sk, coincides, for sufficiently large k and n,
with ¥, (i, (z)), where

ykn(x) = % [F (Fﬁl(akw) + O—kn‘r/pF(akn» - akn] .

For the local theorem it is sufficient, obviously, to prove that y,, (z) — = and
Yrn(®) — 1, which is done by purely analytic means for F(z) € R;. Indeed,
from the fact that ¥, (y;,(z)) = ®(z) and ¥, (Y, (2)) — Py, () — 0, it
follows, obviously, that y;,, () — z (here

o [ ()
).

Further,

f (F_1<akn) + O-knx/pF(akn»
pF(akn) '

Yin(T) =

We note that from the boundedness of the sequence yy,,(x) (since y,(x) — x)
and the definition it follows that

F_1<akn) + o-knx/pF<akn) = F_1<akn + O-knyk:n(x))

Hence we obtain that

Yien (T) = Pp(Qhy + 04 Yin (7)) /P () — 1

for any fixed z, since oy, Yy, ()/ar, — 0 and F(z) € R,.

Theorem 2 is rather simple, while the idea of Theorem 3 consists in the fact
that, when f(x) — oo sufficiently rapidly (as x — 0), the distribution Fy,,(x)
may fail to have time to symmetrize (x;,, > 0, but sufficiently close to zero when
k/n — 0), and this leads to asymptotic nonnormality and nonregularity of F'(x).
A drawback of Theorem 3 is the requirement of some smoothness conditions on
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f(z). A broad class of locally regular distributions is singled out by Lemmas 1
and 2.

Lemma 1. If §, = 0 and

- fl=) _a a a
91613(1) @) 1, Uy, () = Cax®(In(1/x))* - (Inln - In(1/z))%m,
where oy > —1, and oy, ..., o, and C > 0 are otherwise arbitrary real numbers,

then F(x) € R;.

Lemma 2. Let G(x) be concentrated on [0, 1] and let F(x) = exp[l — 1/G(z)].
Then F(z) is again a distribution on [0,1] and F(x) € R;, if G(z) € R,.

For example, the distribution F'(z) = exp (1 — %) € R, but

1

F@) = o aa7m)

& Ry

This example shows the noninvertibility of Lemma 2.

Let us now consider what the asymptotic distributions of x,,, may be as k — oo
and k/n — 0, when F(z) ¢ R;.

This problem is not solved completely in the present paper; one fairly broad
class of irregular distributions is investigated to the end (with 6, = 0, since,
using Theorem 2, it is easy to transfer the result also to the case 05 # 0). We
note that among sufficiently smooth and monotone functions f(x), the irregular
distributions lie in the set of those distributions for which z®f(z) — oo as
x — 0 for every a < 1. Such distributions F(x), for example, are obtained if
G(z) =z% a >0, and

Fo(x)=G (%arc‘ug(lnx) + %) .

We shall retain the notation Fi(x) for the distribution obtained by this formula
from an arbitrary distribution G(z) concentrated on [0, 1].

Theorem 4. For F(z) € Ry, it is necessary and sufficient that G(z) € R, and

PaMN) [GTHNP/A =6, >0

for all A < Ay, Ay > 0.

It is easy to obtain, as a consequence of Theorem 4, that all F;(z), when
g(x) =dG(x)/dx = x*(1+e(x)), a > —1, and e(x) — 0 as x — 0, are irregular.
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Having obtained a criterion of irregularity and described an entire family of irreg-
ular distributions, we would like to describe the possible limiting distributions
in it for z;,,. This question is resolved in Theorem 5.

Theorem 5. If Fo(z) € R; and G(z) € Ry, then for the N-asymptotics of Thyn,
(both local and integral) it is necessary and sufficient that

lim 4 /k;/n;pe(k;/n) [Gil(kj/”j)}2 =0,

j—o0

and, for any Fg(z) € R, there exist sequences (k;,m;) both satisfying this
condition and not satisfying it. In any case, Theorem 1 holds for Inx,,.

Consider the family of Fi,-distributions given by the formula

1 1\“
H, (z)= (; arctg(lnz) + 5) , a > 0.

As was already noted above, H,(z) € R;. It is easy, using Theorem 6, to prove
the following assertion:

Lemma 3. If the distribution of the population is H (z), then for z,,,
when k:/nz/ (2+a) 5 o0, local and integral N-asymptotics hold, while when
k/n2/<2+a) < C, k — 00, and C < 00, local and integral N-asymptotics hold for
Inz,,, and do not hold for x,,.

Considering distributions Fy; ,.(z), which near 2 — 0 (6 = 0) can be described
by applying the operator F r times to a regular distribution G(z), one can
show that, for them,

1

In...In —

r times Lkn

satisfies Theorem 1, and there necessarily exist sequences (k;,n;) such that Thm,
possesses IV -asymptotics.

Moreover, one can construct order functions ~y,(n),v;(n),...,7,.(n) such that
vj(n)/v;-1(n) = 0 asn — oo for j =1,2,...,r, and y4(n)/n — 0; moreover, if
k,, — oo in such a way that k,, /n — 0 and k,, /7,(n) — oo, then N -asymptotics
will hold, while if k,, /v;_;(n) — 0 and k,, /v;(n) — oo, then N-asymptotics and
N;-asymptotics will hold only after taking logarithms of z,, at least j times.

Let us also point out that a change in the sign of f’(z) in an arbitrarily small
neighborhood of 8 may have a substantial influence on the asymptotics of
Ty, Let, for example, f(z) = C(1 + sin(1/z)), « € (0,1]. Then F(x) =
z+2%(cos(1/z) +o(x?)) as z — 0, i.e. F(z) = z(1+o(x)). A direct calculation
proves that F(xz) € R, and that one can choose k,, — oo (k,/n — 0) so that
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the distribution of x;,,, under no normalization whatsoever, will converge to a
nondegenerate limiting distribution.

Moscow State University
named after M. V. Lomonosov
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