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TION THEORY

(Presented by Academician L. I. Sedov on 24 VI 1968)

The scalar problem of diffraction of a plane wave e?*" <7 (cos~y = cos f cos a +

sin fsin acos(p — B); r, 6, ¢ are spherical coordinates; «, § are angles determin-
ing the direction of the incident wave) by a sphere of radius r, with center at
the point » = 0 and with a variable admittance g, prescribed on the surface of
the sphere, of the form

N-1

9(0,p) = > _ gi(p)P(cosf)  (Reg>0) (1)
=0

(N is a given positive integer; P,(cosf) are Legendre polynomials; g¢,(p) are
rational functions of the parameter p = kr,, which will subsequently be chosen
in a special way) is formulated as follows: in the region r > r, outside the
sphere it is required to find a function p(r,0, ¢, a, 8, N, k), meromorphically
dependent on the parameter k, satisfying, with respect to the variables 7,6, ¢,
the Helmholtz equation

Ap+k*p=0 (p~e ™) (2)

and the absorption condition (1=3)

[p—ei*reosr| < 0o for Imk > |Rek|, (3)

and, on the surface of the sphere, the boundary condition

Op/Or +ikgp =0 for r =r. (4)

For given coefficients ¢;(p) and number N, the formulated direct diffraction
problem (1), (2), (3), (4) has a unique *?) solution p(r, 0, v, a, 5, N, k).
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Denote by py(p, ) the value of the function p(r, 0, p, a, 5, N, k) at the point
r =1y, 8 =0 of the surface of the sphere:

pN(paa):p<r0’079050‘a57N7k)' (5)

Owing to the axial symmetry of the domain and of the boundary condition, it
does not depend on the angles ¢, 3.

In the present note a formulation is proposed of the inverse diffraction problem,
consisting in the determination of such coefficients g;(p) entering into formula
(1) that, as p — 0, the ratio

fla, p) = pn(p,a)/pn(p,0)

approximates as accurately as possible a certain optimal function fy(«).

As such a function we take

N
fula) = (N+1)72) (2n+1)P,(cosa), (6)

n=0

having, at the single point of the closed interval 0 < a < m, an absolute max-
imum (in modulus) fy(0) = 1. The coefficients in the right-hand side of (6)
are chosen so that, for the given natural number N and under the condition
of uniqueness of the absolute maximum fy(0) = 1, the functional of Yu. M.
Sukharevskii (*)

KN:2/W|fN(a)|2sinada (7)
0

takes, for the function (6), the greatest possible value (in comparison with the
values of this functional for functions of the form (6) with other real or complex
coefficients)

Ky =(N+1)2 (8)

The condition that the absolute maximum of fy(«) be attained at the single
point « = 0 is essential here. If two points are allowed, for example fy(0) =
fn(m) =1, then instead of (6), (8) we have

N
fyla)=(N+1)7'@N + 1)) (4n + 1) Py, (cos ), (6%)

n=0
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Ky =(N+1)(2N +1). (8%)

Here we shall confine ourselves to an example of the exact solution of such an
optimal inverse problem for the simplest case N = 1, when, according to (1),

9(0,p) = go(p)- (9)

The solution of the direct diffraction problem (2), (3), (4), (9) has the form

o~ , Jn(p) +i90Jn (p)
p(r,0,0,a,6,1, k) = i"(2n +1 [nkr - = - h,, (kr)| x
| 1= 2 e D [l = R ety )
X lP (cos )P, (cosa) + 2 Z:l MP[L”(C% 0) P (cos ) cosm(p — )
where 7, (p /20 Jpi1/2(p); My (p) = /7 /2p Hr(zl+)1/2( ) are spherical Bessel

functions. In partlcular accordmg to (5), for the point r = ry, # = 0 on the
surface of the sphere we obtain

Zz o+ P eoned [3,00) — g o)

=" (2n+1)P, (cos )
= p2 [y, (p) +igoh,(p)]

Hence, using the representation

e’ I~ (=)™ (n+m) 1

h

we find the relation

320+ ey () (2ip) 1P (cos )

o0 SN g e, (o) 2ip)”

o Sp(n—mt L—ipgy —ip)(2ip)™. (1)
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If the admittance g, were a fixed complex number, then from (10), (11) it would
follow that

fla,p)=1+0(p) asp—0 (Pylcosa)=1).

However, if one chooses the coefficient g, in the form of a function of the param-
eter p, which in the present case is the solution of the inverse problem posed,

9o(p) =1—1i-2/p, (12)

then from (10), (11) we obtain:

fla,p) = f1(a) + O(p) as p—0, (13)

which in the limit p — 0 coincides with the optimal expression

1

fila) = 32(271 +1)P, (cosar) =

n=0

1+ 3cosa
4 )
given by formula (6) for N = 1, so that, according to (8), the maximum possible

value (under an absolute maximum, at the single point & = 0) of Sukharevsky’
s functional (7) is attained:

K, =4. (14)

If, however, an absolute maximum is allowed at two points f;(0) = f;(7) = 1,
the solution of the inverse problem

90 = —i(3/p—p) (15)

leads, according to (10), (11), (6), (8), to the function optimal for N =1,

f(a,0) = fi(a) = (5cos?a —1)/4, (16)

which gives the maximum value of the functional (7)

K, =6. (17)
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