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MATHEMATICS

V. 1. NALIMOV

A PRIORI ESTIMATES OF SOLUTIONS OF
ELLIPTIC EQUATIONS IN THE CLASS OF
ANALYTIC FUNCTIONS AND THEIR AP-
PLICATIONS TO THE CAUCHY-POISSON
PROBLEM

(Presented by Academician M. A. Lavrent ev on January 6, 1969)

In this paper estimates are established, up to the boundary, for solutions of
elliptic equations in the class of functions analytic in the tangential directions.
As an application, the Cauchy-Poisson problem on the motion of a fluid with
a free surface is considered in a rigorous formulation. After the estimates have
been established in the class of analytic functions, the existence and uniqueness
theorem for the solution of the Cauchy-Poisson problem follows almost imme-
diately from the works of L. V. Ovsyannikov (}?), Leray and Ohya (), which
generalize the Cauchy-Kovalevskaya theorem.

1. Norms and their properties. We shall use the notation
5 = (ﬂo; ﬁlv 7ﬁn)7 ‘B| = 60 + Bl + e+ ﬁna T = (an Tyt axn)v
DB = 3\/3\/(%50 Oz,

Let y = (yq,...,¥,,); let Y C R™ be an open set; let  C R""! be either an
open set, or a hyperplane, or the union of an open set and several hyperplanes.
For functions f(z) : Q@ — R and F(x,y) : @ x Y — R define

oo
0

1f:Qlppsa =D 5 max [Df] ;

p.k+a ; I 181=1, By=0 Cria(Q)

laa
p max
llo! |1gl=t, Bo=0

IP,Q %Y, v,0],, =C(L+vy + -+, Z X
l,o

XHDgDZF”CkH(QxY)'
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Here v = (vy,..., V), 0 = (04,...,0,,), 07 = 07* 00", 0! = o!-0,,!. The

s Vm

constant C' = C'(k). The norm of a differential operator is defined as the sum
of the norms of its coefficients.

Let us formulate the basic properties of the introduced norms.
If f,g: Q2 — R, then

0 )
”Dgf? Q”p,k+a < 87p||f7 Q||p,k+a? 0< J < n, (1)

”fg’ Q”p,k+o¢ < ”f’ Q”p,k+a ”97 QHp,kJra' (2)

For a differential operator a(x, D) define

lalfs 2 p ke = Z T X [([aD? — DPal f)lc, .. (-

If the dimension of € is equal to n + 1, then

Ialf, Uy pra < Ml Qppra = la: Lo prallFs A ppsmeas 3)

m is the order of the operator a(zx, D).

Let F(z,y): QxY = R, V() : Q =Y. Then

HF °© V7 Q”p,k+a < HF7 2 x Y’ ”V7 Q”O,kJrou ”V’ Q||p,k+a - ||V7 Q||07k+a||p,k:’ (4)

where F' oV = F(z,V(x)), and [V,Q],;;, is the vector with coordinates
H‘/]’ Q”p,k+o¢'

Inequalities (1)-(3) follow from the definitions and Leibniz’ formula. The proof
of (4) is omitted for lack of space.

In what follows we shall say: the series

psga
slo!

F(t,7,p,0)

Foo(t,7)

as a function of t, p,7 = (74, ...,7n), 0 = (04, ...,0y) belongs to the space T, if
it converges and is continuous in t,7 in a neighborhood of the point ¢ = p =
0, 7=60=0.

If ®(t,p) = (Pq,...,Py5), then by F(P) we shall denote the function
F(t,®(t,0), (¢, p) — ®(¢,0)). Tt is clear that F(®) € T, if F,® € T.
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The function f(t,z) : {0,7} x @ — R belongs to the space By, (9),

)
if |DIf;Ql, 50 € T for j < p. The operator L(t,z,D) € By, (%),
)

if its coefficients agz(t,x) € Bp,,(Q). Similarly, F(t,z,y) € B(Q,Y),

if |DI".Q xVY,7,0),, € T for j < p. Llt,x,y,D) € BUQY), if
ag(t,z,y) € BL(Q,Y).

From inequalities (1), (2), and (4) we have:

DIDY: By, (@) = By g ., (Q),  q¢<p, By<k

f-9€B, . (Q), if f,ge By, (Q).

FoVeB! (), if feBl, (), FeBl(QxY),

k+a

Flt,o): {0, Ty x Q> Y.

2. Estimates of solutions of elliptic equations. Introduce the notation:
X ={z=(zg,29,...,2,) : 0< 25 <1, —00 < 1y,..0,2, <oof; S; ={x:7) =
j, —00 < @y, x, <00}, j=0,1; X =XUS,US,.

In the layer X the problem to be considered is

L(z,D)u = Z aB(x)Dﬁu =f z € X;

|Bl<m

By(z,D)u = Z ag(x)Dﬂu = ©g, x € Sp; (5)

B, (xz,D)u = Z aé(x)DBu = ¢y, x €5;.

It is assumed that the coefficients of the operator L and B, are infinitely differ-
entiable and bounded, L is uniformly elliptic, and B; satisfy the complementing
condition (see (4)).

Theorem 1. Let the conditions listed above be fulfilled. Then, for k >
max(m, ly, 1), the inequality

1
”ua X||p,k+a < A(p) ||LU, X||p7k7m+oc + Z HB]-U, Sj”p,krflj+oz + Hu”CO(X) ’ (6)
j=0
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holds, where

—1
1
Alp)=C {1 —C 1L K ppmia — 1L Klo g mie + D (1B5 Silos i 1o — I1B;, sj|o,kl_7.+a>] }
=0

and the constant C' depends on n,«; the ellipticity constant of the operator L;
the constants characterizing fulfillment of the complementing condition, and the
norms of the coefficients of the operators L and B; in the spaces Cy_,,  ,(X)
and C’k_lj+a(5j), respectively.

The proof is carried out in the same way as in (5) when deriving estimates

solutions of the Dirichlet problem. It is based on a Schauder-type estimate

1
WVley..c0 € [ILVIo, o0+ S IBivle, . sy + Wleys | ()
§=0

which follows from the results of [4]. Putting V = DPu, 3, = 0, we obtain (6)
from (3) and (7).

Corollary. If m =2, By, = D, + Z;;l a?Dj, ay._ o < 0 and B; =1, then the
term [ufc, (%) in the right-hand side of inequality (6) may be omitted.

The required assertion is given by the following

Lemma 1. Let the operator L be uniformly elliptic; aq o < 0; m = 2, the
coefficients of the operators L and

By =D+ Y al(x)D,
j=1

be bounded and continuous, and let B; = 1. If u € Cy(X), then

lu(z)] < C [HLUHCO(X) + [Bouley (s, + ||U\|co<sl)] )

where the constant C' depends on the ellipticity constant of the operator L and
on an exact upper bound for the moduli of the coefficients of the operators L
and B,.

Proof. Introduce

g(x)=> Il(xg+ 12 +23;  A=sup(|(L—ag_o)gl, |Bog));
j=1 reX
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u(z) = u(z) + (H + Ae)e®0 —eg(x); H = |Lul¢c,x) + [Boulcy(s,)-

Choose o > 1 so that e”*®0Le**0 > 1. Then Lu, > 0, Bu, > 0, and, by the
boundedness of u, u_ < 0 for sufficiently large R? = 2% + - + 2. The required
result follows from the well-known maximum principle for bounded domains.

3. Waves on the surface of a liquid. Consider potential motion in a field
of external forces in the domain

Q= {x = (wg,71,25) : h(zy,79) <25 <((E,29,24), —00 < 27,75 < 00},

where zy = ((t,z,,z,) is the free surface, and zy = h(x,x5) is the bottom.

It is known that ¢ and the potential u satisfy the system of equations

Au =0, x € Qy;
du/dN =0, g = h(xy,25);
Ou/ot = —L|Vu|?> + F(t, z), xo = C(t, 71, T5);
0C¢/0t = —Vu - V(4 0u/dz, o = C(t, zq,24).

C0,y,m5) = Gy, 29);  w(0,((wy,5), 21, %) = ug(xy, T5).

Here N is the normal to the surface zy = h(xq, ).

Theorem 2. Let h,{y,uy, € B, (R?), F(t,(y(2,25) + y,2q,3,) €
BY(X,{|y| < 6}), and 0 < §, < {; —h < d < co. Then, for sufficiently small
times ¢, the system written above has a unique solution ({,u), continuously
differentiable in ¢ and analytic in x.

Proof. Make the change of variables

zy — h(zy,25) .
C(ta xlax2> - h(xh .’I}2>’

z’ = (xéaxllvxé); x(/) =

’ . /o .
Ty = Ty;5 Lo = Tg;

C/(tvxllvmé) = C(tvxllvxé) - Co(xllvxé);

Here u((zq,x1,x5) is the solution of the problem
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Auj =0, x € Qg;
du(/dN =0, o = h(xy,25);
Uy = U, zg = ((21,T3).

Rewrite the original system, omitting primes and denoting any function f, de-
pending on ¢, z, ¢ and on derivatives of ¢ of order not higher than ¢, by f(D%p):

LD, Dyu= Y ay(D*)D’u=L(D*¢,Dyuy, =€ X;

0<|B|<2

2
B(ngD)u: lDO+Za](D§>DJ]U_B<D§7D>u0a IESO;
=1
0¢/0t = a(DE, Du), x € Sy;
Ou/Ot = b(DE, Du), x € Sy;
u(0,z) =0, x € X;
£(0,z) =0, x € 5y,

where

L(0,D)uy =0, z € X; B(0,D)uy =0, z € S; Uy = Ug(Tq,24), € 5.
From the substitution it is clear that

L(y,D)GBO(X,Y), B(va)EB?<SOaY)7
a(y> € Bg(Sl,Y), b(y) € Bg(Sl,Y),

where Y is a ball with center at the origin whose radius is less than 4.

According to Theorem 1, u, € By, (X).

In order to find w, it is sufficient to know £ and v = ulg . Let {,v € BY. ,(S1);
”5751 Hp,2+a = w(t7p>v T,ZJ(O,P) = 07 vasl||p,2+o¢ = (I)(t,p), (I)(OVP) =0.

Introduce

P(&,v) = 0u/0xy|g,,

where u is the solution of the problem
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L(0, D)u = [L(0, D) — L(D¢, D)Ju + L(D%¢, D)uy, = € X;
B(O,D)U: B(OaD)7B(D53D)]U+B(D53D)u07 xGSO§
U=, x €8

According to Lemma 1, for sufficiently small ¢ there exists a unique u € Cy_ (X).
Applying inequality (4),

HL(OvD) - L(DQé-vD)vX”p,a < A1(¢>1/J € P;

HB(05D> - B(Dga D)a SO”p,1+oc < A2(¢)1/) € F;

| B(DE, D)ug, Sollp 140 < As(¥) €T5 LD, D)ug, Xllp0 < Ay()0 €T,

from the a priori estimate (6) and the corollary to Theorem 1 we obtain:

I, X oo < Fy(1,®) €T, F,(0,0) =0,
ie.

u € By, (X); u(0,2) =0, z € X.

2+a
Since | f, S, ki < const (14 09/0p)|f,Sil, k-1+a> it follows that
|P(&0), Sillp 210 < (1+0/0p)F(4,®);  Fel, F(0,0)=0.

Thus the original problem is reduced to finding (&, v) from the system

9¢/0t = a(D, Dv, P(¢,v)), « € R
dv/0t = b(DE, Dv, P(€,v)), « € R
£(0,2) = v(0,2) = 0, e R,

where a € B§(R2,Y), b € BY(R3,Y), and for the operator P(£,v) the estimate

HP(§7 U>>R2||p,2+o¢ < (1 + 8/8/))F(||€7R2“p,2+a7 HU7R2

|p72+a)? F(0,0) =0

is valid.
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The theorem on the existence and uniqueness of the solution (£, v) follows almost
immediately from the results of works (1-3). It can be proved, like the Cauchy-
Kovalevskaya theorem, by successive approximations.

In conclusion, the author takes this opportunity to express gratitude to L. V.
Ovsyannikov and A. B. Shabat for their constant attention and support during
the work.

Institute of Hydrodynamics
Siberian Branch of the Academy of Sciences of the USSR
Novosibirsk
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