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MATHEMATICS

V. I. NALIMOV

A PRIORI ESTIMATES OF SOLUTIONS OF
ELLIPTIC EQUATIONS IN THE CLASS OF
ANALYTIC FUNCTIONS AND THEIR AP-
PLICATIONS TO THE CAUCHY–POISSON
PROBLEM
(Presented by Academician M. A. Lavrent’ev on January 6, 1969)

In this paper estimates are established, up to the boundary, for solutions of
elliptic equations in the class of functions analytic in the tangential directions.
As an application, the Cauchy–Poisson problem on the motion of a fluid with
a free surface is considered in a rigorous formulation. After the estimates have
been established in the class of analytic functions, the existence and uniqueness
theorem for the solution of the Cauchy–Poisson problem follows almost imme-
diately from the works of L. V. Ovsyannikov (1,2), Leray and Ohya (3), which
generalize the Cauchy–Kovalevskaya theorem.

1. Norms and their properties. We shall use the notation
𝛽 = (𝛽0, 𝛽1, … , 𝛽𝑛), |𝛽| = 𝛽0 + 𝛽1 + ⋯ + 𝛽𝑛, 𝑥 = (𝑥0, 𝑥1, … , 𝑥𝑛),
𝐷𝛽 = 𝜕 |𝛽|/𝜕𝑥𝛽0

0 ⋯ 𝜕𝑥𝛽𝑛𝑛 .

Let 𝑦 = (𝑦1, … , 𝑦𝑚); let 𝑌 ⊂ 𝑅𝑚 be an open set; let Ω ⊂ 𝑅𝑛+1 be either an
open set, or a hyperplane, or the union of an open set and several hyperplanes.
For functions 𝑓(𝑥) ∶ Ω → 𝑅 and 𝐹(𝑥, 𝑦) ∶ Ω × 𝑌 → 𝑅 define

‖𝑓, Ω‖𝜌,𝑘+𝛼 =
∞

∑
𝑙=0

𝜌𝑙

𝑙! max
|𝛽|=𝑙, 𝛽0=0

‖𝐷𝛽𝑓‖𝐶𝑘+𝛼(Ω),

‖𝐹 , Ω × 𝑌 , 𝜈, 𝜃‖𝜌,𝑘 = 𝐶(1 + 𝜈1 + ⋯ + 𝜈𝑚)𝑘+1 ∑
𝑙,𝜎

𝜌𝑙𝜃𝜎

𝑙!𝜎! max
|𝛽|=𝑙, 𝛽0=0

×

×‖𝐷𝛽
𝑥𝐷𝜎

𝑦𝐹‖𝐶𝑘+1(Ω×𝑌 ).
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Here 𝜈 = (𝜈1, … , 𝜈𝑚), 𝜃 = (𝜃1, … , 𝜃𝑚), 𝜃𝜎 = 𝜃𝜎1
1 ⋯ 𝜃𝜎𝑚𝑚 , 𝜎! = 𝜎1! ⋯ 𝜎𝑚!. The

constant 𝐶 = 𝐶(𝑘). The norm of a differential operator is defined as the sum
of the norms of its coefficients.

Let us formulate the basic properties of the introduced norms.
If 𝑓, 𝑔 ∶ Ω → 𝑅, then

‖𝐷𝑗𝑓, Ω‖𝜌,𝑘+𝛼 ≪ 𝜕
𝜕𝜌‖𝑓, Ω‖𝜌,𝑘+𝛼, 0 < 𝑗 ≤ 𝑛, (1)

‖𝑓𝑔, Ω‖𝜌,𝑘+𝛼 ≪ ‖𝑓, Ω‖𝜌,𝑘+𝛼‖𝑔, Ω‖𝜌,𝑘+𝛼. (2)

For a differential operator 𝑎(𝑥, 𝐷) define

‖[𝑎]𝑓, Ω‖𝜌,𝑘,𝛼 =
∞

∑
𝑙=1

𝜌𝑙

𝑙! max
|𝛽|=𝑙, 𝛽0=0

‖([𝑎𝐷𝛽 − 𝐷𝛽𝑎]𝑓)‖𝐶𝑘+𝛼(Ω).

If the dimension of Ω is equal to 𝑛 + 1, then

‖[𝑎]𝑓, Ω‖𝜌,𝑘+𝛼 ≪ [‖𝑎, Ω‖𝜌,𝑘+𝛼 − ‖𝑎, Ω‖0,𝑘+𝛼]‖𝑓, Ω‖𝜌,𝑘+𝑚+𝛼; (3)

𝑚 is the order of the operator 𝑎(𝑥, 𝐷).
Let 𝐹(𝑥, 𝑦) ∶ Ω × 𝑌 → 𝑅, 𝑉 (𝑥) ∶ Ω → 𝑌 . Then

‖𝐹 ∘ 𝑉 , Ω‖𝜌,𝑘+𝛼 ≪ ‖𝐹, Ω × 𝑌 , ‖𝑉 , Ω‖0,𝑘+𝛼, ‖𝑉 , Ω‖𝜌,𝑘+𝛼 − ‖𝑉 , Ω‖0,𝑘+𝛼‖𝜌,𝑘, (4)

where 𝐹 ∘ 𝑉 = 𝐹(𝑥, 𝑉 (𝑥)), and ‖𝑉 , Ω‖𝜌,𝑘+𝛼 is the vector with coordinates
‖𝑉𝑗, Ω‖𝜌,𝑘+𝛼.

Inequalities (1)–(3) follow from the definitions and Leibniz’formula. The proof
of (4) is omitted for lack of space.

In what follows we shall say: the series

𝐹(𝑡, 𝜏 , 𝜌, 𝜃) = ∑
𝑠,𝜎

𝜌𝑠𝜃𝜎

𝑠!𝜎! 𝐹𝑠𝜎(𝑡, 𝜏)

as a function of 𝑡, 𝜌, 𝜏 = (𝜏1, … , 𝜏𝑁), 𝜃 = (𝜃1, … , 𝜃𝑁) belongs to the space Γ, if
it converges and is continuous in 𝑡, 𝜏 in a neighborhood of the point 𝑡 = 𝜌 =
0, 𝜏 = 𝜃 = 0.

If Φ(𝑡, 𝜌) = (Φ1, … , Φ𝑁), then by 𝐹(Φ) we shall denote the function
𝐹(𝑡, Φ(𝑡, 0), Φ(𝑡, 𝜌) − Φ(𝑡, 0)). It is clear that 𝐹(Φ) ∈ Γ, if 𝐹, Φ ∈ Γ.
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The function 𝑓(𝑡, 𝑥) ∶ {0, 𝑇 } × Ω → 𝑅 belongs to the space 𝐵𝑝
𝑘+𝛼(Ω),

if ‖𝐷𝑗
𝑡𝑓; Ω‖𝜌,𝑘+𝛼 ∈ Γ for 𝑗 ≤ 𝑝. The operator 𝐿(𝑡, 𝑥, 𝐷) ∈ 𝐵𝑝

𝑘+𝛼(Ω),
if its coefficients 𝑎𝛽(𝑡, 𝑥) ∈ 𝐵𝑝

𝑘+𝛼(Ω). Similarly, 𝐹(𝑡, 𝑥, 𝑦) ∈ 𝐵𝑝
𝑘(Ω, 𝑌 ),

if ‖𝐷𝑗𝐹
𝑡 , Ω × 𝑌 , 𝜏, 𝜃‖𝜌,𝑘 ∈ Γ for 𝑗 ≤ 𝑝. 𝐿(𝑡, 𝑥, 𝑦, 𝐷) ∈ 𝐵𝑝

𝑘(Ω, 𝑌 ), if
𝑎𝛽(𝑡, 𝑥, 𝑦) ∈ 𝐵𝑝

𝑘(Ω, 𝑌 ).
From inequalities (1), (2), and (4) we have:

𝐷𝛽
𝑥𝐷𝑞

𝑡 ∶ 𝐵𝑝
𝑘+𝛼(Ω) → 𝐵𝑝−𝑞

𝑘−𝛽0+𝛼(Ω), 𝑞 ≤ 𝑝, 𝛽0 ≤ 𝑘.

𝑓 ⋅ 𝑔 ∈ 𝐵𝑝
𝑘+𝛼(Ω), if 𝑓, 𝑔 ∈ 𝐵𝑝

𝑘+𝛼(Ω).

𝐹 ∘ 𝑉 ∈ 𝐵𝑝
𝑘+𝛼(Ω), if 𝑓 ∈ 𝐵𝑝

𝑘+𝛼(Ω), 𝐹 ∈ 𝐵𝑝
𝑘(Ω × 𝑌 ),

𝑓(𝑡, 𝑥) ∶ {0, 𝑇 } × Ω → 𝑌 .

2. Estimates of solutions of elliptic equations. Introduce the notation:
𝑋 = {𝑥 = (𝑥0, 𝑥1, … , 𝑥𝑛) ∶ 0 ≤ 𝑥0 ≤ 1, −∞ < 𝑥1, … , 𝑥𝑛 < ∞}; 𝑆𝑗 = {𝑥 ∶ 𝑥0 =
𝑗, −∞ < 𝑥1, … , 𝑥𝑛 < ∞}, 𝑗 = 0, 1; 𝑋 = 𝑋 ∪ 𝑆0 ∪ 𝑆1.

In the layer 𝑋 the problem to be considered is

𝐿(𝑥, 𝐷)𝑢 = ∑
|𝛽|≤𝑚

𝑎𝛽(𝑥)𝐷𝛽𝑢 = 𝑓, 𝑥 ∈ 𝑋;

𝐵0(𝑥, 𝐷)𝑢 = ∑
|𝛽|≤𝑙0

𝑎0
𝛽(𝑥)𝐷𝛽𝑢 = 𝜑0, 𝑥 ∈ 𝑆0; (5)

𝐵1(𝑥, 𝐷)𝑢 = ∑
|𝛽|≤𝑙1

𝑎1
𝛽(𝑥)𝐷𝛽𝑢 = 𝜑1, 𝑥 ∈ 𝑆1.

It is assumed that the coefficients of the operator 𝐿 and 𝐵𝑗 are infinitely differ-
entiable and bounded, 𝐿 is uniformly elliptic, and 𝐵𝑗 satisfy the complementing
condition (see (4)).

Theorem 1. Let the conditions listed above be fulfilled. Then, for 𝑘 ≥
max(𝑚, 𝑙0, 𝑙1), the inequality

‖𝑢, 𝑋‖𝜌,𝑘+𝛼 ≤ 𝐴(𝜌) [‖𝐿𝑢, 𝑋‖𝜌,𝑘−𝑚+𝛼 +
1

∑
𝑗=0

‖𝐵𝑗𝑢, 𝑆𝑗‖𝜌,𝑘−𝑙𝑗+𝛼 + ‖𝑢‖𝐶0(𝑋)] , (6)
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holds, where

𝐴(𝜌) = 𝐶 {1 − 𝐶 [𝜌 + ‖𝐿, 𝑋‖𝜌,𝑘−𝑚+𝛼 − ‖𝐿, 𝑋‖0,𝑘−𝑚+𝛼 +
1

∑
𝑗=0

(‖𝐵𝑗, 𝑆𝑗‖𝜌,𝑘−𝑙𝑗+𝛼 − ‖𝐵𝑗, 𝑆𝑗‖0,𝑘−𝑙𝑗+𝛼)]}
−1

and the constant 𝐶 depends on 𝑛, 𝛼; the ellipticity constant of the operator 𝐿;
the constants characterizing fulfillment of the complementing condition, and the
norms of the coefficients of the operators 𝐿 and 𝐵𝑗 in the spaces 𝐶𝑘−𝑚+𝛼(𝑋)
and 𝐶𝑘−𝑙𝑗+𝛼(𝑆𝑗), respectively.

The proof is carried out in the same way as in (5) when deriving estimates

solutions of the Dirichlet problem. It is based on a Schauder-type estimate

‖𝑉 ‖𝐶𝑘+𝛼(𝑋̄) ≤ 𝐶 [‖𝐿𝑉 ‖𝐶𝑘−𝑚+𝛼(𝑋̄) +
1

∑
𝑗=0

‖𝐵𝑗𝑉 ‖𝐶𝑘−𝑙𝑗+𝛼(𝑆𝑗) + ‖𝑉 ‖𝐶0(𝑋̄)] , (7)

which follows from the results of [4]. Putting 𝑉 = 𝐷𝛽𝑢, 𝛽0 = 0, we obtain (6)
from (3) and (7).

Corollary. If 𝑚 = 2, 𝐵0 = 𝐷0 + ∑𝑛
𝑗=1 𝑎0

𝑗𝐷𝑗, 𝑎0…0 ≤ 0 and 𝐵1 ≡ 1, then the
term ‖𝑢‖𝐶0(𝑋̄) in the right-hand side of inequality (6) may be omitted.

The required assertion is given by the following

Lemma 1. Let the operator 𝐿 be uniformly elliptic; 𝑎0…0 ≤ 0; 𝑚 = 2, the
coefficients of the operators 𝐿 and

𝐵0 = 𝐷0 +
𝑛

∑
𝑗=1

𝑎0
𝑗 (𝑥)𝐷𝑗

be bounded and continuous, and let 𝐵1 ≡ 1. If 𝑢 ∈ 𝐶2(𝑋̄), then

|𝑢(𝑥)| ≤ 𝐶 [‖𝐿𝑢‖𝐶0(𝑋̄) + ‖𝐵0𝑢‖𝐶0(𝑆0) + ‖𝑢‖𝐶0(𝑆1)] ,

where the constant 𝐶 depends on the ellipticity constant of the operator 𝐿 and
on an exact upper bound for the moduli of the coefficients of the operators 𝐿
and 𝐵0.

Proof. Introduce

𝑔(𝑥) =
𝑛

∑
𝑗=1

ln [(𝑥0 + 1)2 + 𝑥2
𝑗] ; 𝜆 = sup

𝑥∈𝑋̄
(|(𝐿 − 𝑎0…0)𝑔|, |𝐵0𝑔|);
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𝑢𝜀(𝑥) = 𝑢(𝑥) + (𝐻 + 𝜆𝜀)𝑒𝛼𝑥0 − 𝜀𝑔(𝑥); 𝐻 = ‖𝐿𝑢‖𝐶0(𝑋̄) + ‖𝐵0𝑢‖𝐶0(𝑆0).

Choose 𝛼 > 1 so that 𝑒−𝛼𝑥0𝐿𝑒𝛼𝑥0 > 1. Then 𝐿𝑢𝜀 > 0, 𝐵𝑢𝜀 > 0, and, by the
boundedness of 𝑢, 𝑢𝜀 < 0 for sufficiently large 𝑅2 = 𝑥2

1 + ⋯ + 𝑥2
𝑛. The required

result follows from the well-known maximum principle for bounded domains.

3. Waves on the surface of a liquid. Consider potential motion in a field
of external forces in the domain

Ω𝑡 = {𝑥 = (𝑥0, 𝑥1, 𝑥2) ∶ ℎ(𝑥1, 𝑥2) < 𝑥0 < 𝜁(𝑡, 𝑥1, 𝑥2), −∞ < 𝑥1, 𝑥2 < ∞},

where 𝑥0 = 𝜁(𝑡, 𝑥1, 𝑥2) is the free surface, and 𝑥0 = ℎ(𝑥1, 𝑥2) is the bottom.

It is known that 𝜁 and the potential 𝑢 satisfy the system of equations

Δ𝑢 = 0, 𝑥 ∈ Ω𝑡;
𝑑𝑢/𝑑𝑁 = 0, 𝑥0 = ℎ(𝑥1, 𝑥2);
𝜕𝑢/𝜕𝑡 = − 1

2 |∇𝑢|2 + 𝐹(𝑡, 𝑥), 𝑥0 = 𝜁(𝑡, 𝑥1, 𝑥2);
𝜕𝜁/𝜕𝑡 = −∇𝑢 ⋅ ∇𝜁 + 𝜕𝑢/𝜕𝑥0, 𝑥0 = 𝜁(𝑡, 𝑥1, 𝑥2).

𝜁(0, 𝑥1, 𝑥2) = 𝜁0(𝑥1, 𝑥2); 𝑢(0, 𝜁0(𝑥1, 𝑥2), 𝑥1, 𝑥2) = 𝑢0(𝑥1, 𝑥2).

Here 𝑁 is the normal to the surface 𝑥0 = ℎ(𝑥1, 𝑥2).
Theorem 2. Let ℎ, 𝜁0, 𝑢0 ∈ 𝐵0

2+𝛼(ℝ2), 𝐹(𝑡, 𝜁0(𝑥1, 𝑥2) + 𝑦, 𝑥1, 𝑥2) ∈
𝐵0

2(𝑋, {|𝑦| < 𝛿}), and 0 < 𝛿0 ≤ 𝜁0 − ℎ ≤ 𝑑 < ∞. Then, for sufficiently small
times 𝑡, the system written above has a unique solution (𝜁, 𝑢), continuously
differentiable in 𝑡 and analytic in 𝑥.

Proof. Make the change of variables

𝑥′ = (𝑥′
0, 𝑥′

1, 𝑥′
2); 𝑥′

0 = 𝑥0 − ℎ(𝑥1, 𝑥2)
𝜁(𝑡, 𝑥1, 𝑥2) − ℎ(𝑥1, 𝑥2) ;

𝑥′
1 = 𝑥1; 𝑥′

2 = 𝑥2;

𝜁′(𝑡, 𝑥′
1, 𝑥′

2) = 𝜁(𝑡, 𝑥′
1, 𝑥′

2) − 𝜁0(𝑥′
1, 𝑥′

2);

𝑢′(𝑡, 𝑥′) = 𝑢(𝑡, ℎ + (𝜁 − ℎ)𝑥′
0, 𝑥′

1, 𝑥′
2) − 𝑢′

0(ℎ + (𝜁 − ℎ)𝑥′
0, 𝑥′

1, 𝑥′
2).

Here 𝑢′
0(𝑥0, 𝑥1, 𝑥2) is the solution of the problem
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Δ𝑢′
0 = 0, 𝑥 ∈ Ω0;

𝑑𝑢′
0/𝑑𝑁 = 0, 𝑥0 = ℎ(𝑥1, 𝑥2);

𝑢′
0 = 𝑢0, 𝑥0 = 𝜁(𝑥1, 𝑥2).

Rewrite the original system, omitting primes and denoting any function 𝑓 , de-
pending on 𝑡, 𝑥, 𝜑 and on derivatives of 𝜑 of order not higher than 𝑞, by 𝑓(𝐷𝑞𝜑):

𝐿(𝐷2𝜁, 𝐷)𝑢 = ∑
0<|𝛽|≤2

𝑎𝛽(𝐷2𝜁)𝐷𝛽𝑢 = 𝐿(𝐷2𝜁, 𝐷)𝑢0, 𝑥 ∈ 𝑋;

𝐵(𝐷𝜉, 𝐷)𝑢 = [𝐷0 +
2

∑
𝑗=1

𝑎𝑗(𝐷𝜉)𝐷𝑗] 𝑢 = 𝐵(𝐷𝜉, 𝐷)𝑢0, 𝑥 ∈ 𝑆0;

𝜕𝜉/𝜕𝑡 = 𝑎(𝐷𝜉, 𝐷𝑢), 𝑥 ∈ 𝑆1;
𝜕𝑢/𝜕𝑡 = 𝑏(𝐷𝜉, 𝐷𝑢), 𝑥 ∈ 𝑆1;
𝑢(0, 𝑥) = 0, 𝑥 ∈ 𝑋;
𝜉(0, 𝑥) = 0, 𝑥 ∈ 𝑆1,

where

𝐿(0, 𝐷)𝑢0 = 0, 𝑥 ∈ 𝑋; 𝐵(0, 𝐷)𝑢0 = 0, 𝑥 ∈ 𝑆0; 𝑢0 = 𝑢0(𝑥1, 𝑥2), 𝑥 ∈ 𝑆1.

From the substitution it is clear that

𝐿(𝑦, 𝐷) ∈ 𝐵0(𝑋̄, 𝑌 ), 𝐵(𝑦, 𝐷) ∈ 𝐵0
1(𝑆0, 𝑌 ),

𝑎(𝑦) ∈ 𝐵0
2(𝑆1, 𝑌 ), 𝑏(𝑦) ∈ 𝐵0

2(𝑆1, 𝑌 ),

where 𝑌 is a ball with center at the origin whose radius is less than 𝛿0.

According to Theorem 1, 𝑢0 ∈ 𝐵0
2+𝛼(𝑋̄).

In order to find 𝑢, it is sufficient to know 𝜉 and 𝑣 = 𝑢|𝑆1
. Let 𝜉, 𝑣 ∈ 𝐵0

2+𝛼(𝑆1);
‖𝜉, 𝑆1‖𝜌,2+𝛼 = 𝜓(𝑡, 𝜌), 𝜓(0, 𝜌) = 0; ‖𝑣, 𝑆1‖𝜌,2+𝛼 = Φ(𝑡, 𝜌), Φ(0, 𝜌) = 0.

Introduce

𝑃(𝜉, 𝑣) = 𝜕𝑢/𝜕𝑥0|𝑆1
,

where 𝑢 is the solution of the problem
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𝐿(0, 𝐷)𝑢 = [𝐿(0, 𝐷) − 𝐿(𝐷2𝜉, 𝐷)]𝑢 + 𝐿(𝐷2𝜉, 𝐷)𝑢0, 𝑥 ∈ 𝑋;
𝐵(0, 𝐷)𝑢 = [𝐵(0, 𝐷) − 𝐵(𝐷𝜉, 𝐷)]𝑢 + 𝐵(𝐷𝜉, 𝐷)𝑢0, 𝑥 ∈ 𝑆0;

𝑢 = 𝑣, 𝑥 ∈ 𝑆1.

According to Lemma 1, for sufficiently small 𝑡 there exists a unique 𝑢 ∈ 𝐶2+𝛼(𝑋̄).
Applying inequality (4),

‖𝐿(0, 𝐷) − 𝐿(𝐷2𝜉, 𝐷), 𝑋̄‖𝜌,𝛼 ≪ 𝐴1(𝜓)𝜓 ∈ Γ;

‖𝐵(0, 𝐷) − 𝐵(𝐷𝜉, 𝐷), 𝑆0‖𝜌,1+𝛼 ≪ 𝐴2(𝜓)𝜓 ∈ Γ;

‖𝐵(𝐷𝜉, 𝐷)𝑢0, 𝑆0‖𝜌,1+𝛼 ≪ 𝐴3(𝜓)𝜓 ∈ Γ; ‖𝐿(𝐷2𝜉, 𝐷)𝑢0, 𝑋̄‖𝜌,𝛼 ≪ 𝐴4(𝜓)𝜓 ∈ Γ,

from the a priori estimate (6) and the corollary to Theorem 1 we obtain:

‖𝑢, 𝑋̄‖𝜌,2+𝛼 ≪ 𝐹1(𝜓, Φ) ∈ Γ, 𝐹1(0, 0) = 0,

i.e.

𝑢 ∈ 𝐵0
2+𝛼(𝑋̄); 𝑢(0, 𝑥) = 0, 𝑥 ∈ 𝑋.

Since ‖𝑓, 𝑆1‖𝜌,𝑘+𝛼 ≪ const (1 + 𝜕/𝜕𝜌)‖𝑓, 𝑆1‖𝜌,𝑘−1+𝛼, it follows that

‖𝑃 (𝜉, 𝑣), 𝑆1‖𝜌,2+𝛼 ≪ (1 + 𝜕/𝜕𝜌)𝐹(𝜓, Φ); 𝐹 ∈ Γ, 𝐹(0, 0) = 0.

Thus the original problem is reduced to finding (𝜉, 𝑣) from the system

𝜕𝜉/𝜕𝑡 = 𝑎(𝐷𝜉, 𝐷𝑣, 𝑃 (𝜉, 𝑣)), 𝑥 ∈ 𝑅2;
𝜕𝑣/𝜕𝑡 = 𝑏(𝐷𝜉, 𝐷𝑣, 𝑃 (𝜉, 𝑣)), 𝑥 ∈ 𝑅2;
𝜉(0, 𝑥) = 𝑣(0, 𝑥) = 0, 𝑥 ∈ 𝑅2,

where 𝑎 ∈ 𝐵0
2(𝑅2

2, 𝑌 ), 𝑏 ∈ 𝐵0
2(𝑅2

2, 𝑌 ), and for the operator 𝑃(𝜉, 𝑣) the estimate

‖𝑃 (𝜉, 𝑣), 𝑅2‖𝜌,2+𝛼 ≪ (1 + 𝜕/𝜕𝜌)𝐹(‖𝜉, 𝑅2‖𝜌,2+𝛼, ‖𝑣, 𝑅2‖𝜌,2+𝛼), 𝐹 (0, 0) = 0

is valid.
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The theorem on the existence and uniqueness of the solution (𝜉, 𝑣) follows almost
immediately from the results of works (1–3). It can be proved, like the Cauchy–
Kovalevskaya theorem, by successive approximations.

In conclusion, the author takes this opportunity to express gratitude to L. V.
Ovsyannikov and A. B. Shabat for their constant attention and support during
the work.
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