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MATHEMATICS

A. Ya. Dubovitskii, A. A. Milyutin

THE MAXIMUM PRINCIPLE IN THE CLASS
OF VARIATIONS SMALL IN ABSOLUTE
VALUE, FOR OPTIMAL CONTROL PROB-
LEMS WITH MIXED CONSTRAINTS OF
EQUALITY AND INEQUALITY TYPE

(Presented by Academician L. S. Pontryagin on 23 V 1969)

In this note the following problem is solved. In the class of variations small in
absolute value, find necessary conditions for a minimum of the functional

1
I :/ F(z(t),u(t),t)dt, xz€E" wu€E",
0

under the constraints
de/dt = f(x,u,t), x(0)=xzy, z(1)=x, gylz,u)=0, k=1,..,k zu€qQ,

i=1,..,1.

Assumptions. z(t),u(t) are bounded measurable functions.
F(z,u,t), f(z,u,t): a) are bounded together with their first derivatives with
respect to x, u on every bounded set of x, u, t; b) the derivatives with respect to
x,u are uniformly continuous on every bounded set of x, u,t.

9x(z,u): a) are continuously differentiable; b) g,,, are linearly independent if
gp(z,u) =0; ¢) k <r, Q, is an open set, %, is the boundary of @,.

a) For every point z,u € », there exists an open convex cone €, (z,u) in the
space x,u such that:

1) if ,u € Q;(x,u), then x + ez, u + et € Q;;
2) if 7,u ¢ Q,(x,u), then x + €%, u+eu ¢ Q,
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for all sufficiently small € > 0 (the bar denotes closure); b) the set z,u,n : z,u €
n;, 1 € N;(z,u), where N;(z,u) is the set of exterior normals to Q,(x,u), is
closed in the space x,u,n.

Let 2°,u° | t be an optimal trajectory. If for arbitrary ¢, (), ¢ there exist such
Z(t), u(t) that

dz/dt = f,z + f,u, 2(0)=0, z(1)=Z¢,

GrxT(t) + Gy U(t) = @y (t)

(the derivatives are taken at the points t; z%u° | t), then we shall say that the
nondegeneracy condition is fulfilled for the trajectory. We shall assume that
this condition is fulfilled for the trajectory x°, u° | ¢.

Variations. In view of the nondegeneracy condition of the trajectory x°, u° | t,
the set L of variations Z(t),u(t) admissible with respect to the equality con-
straints is determined by the following conditions:

dz/dt = f,&+ f,a, #(0)=F(1) =0, g + g,u = 0.

Put n € Nys(z,u), z,u € Q,, if n € N,(2',u), 2’ u’ € n,, |x,u— ',
N,5(x,u) is the convex closure of Nys(x,u). Put n,t € I, 1f N(;(a: u® |

(2

and n € N;5(x0,u® | t).

< 6;
t)#0
If for some 6 >0

n,Z(t) + n,u(t) < —c <0, n,tell,

then the variation Z,u | ¢ is admissible with respect to the constraint z,u € Qi,
and conversely. The set of admissible variations forms a nonempty open cone
Q.. The set Q, of forbidden variations is defined by the inequality

1
/ (F,&+ F,i)dt < 0.
0

The stationarity condition consists in the intersection €2y, L, ..., ..., €, ... being
empty.

I. To translate this condition into the language of metric properties of the tra-
jectory z°, u® | t, we shall use Theorems 1 and 2 and the lemma of the present
note.

Theorem 1. Let Z, X,Y be normed spaces, with X =Y* Z = X*. In X a
system of cones ), ..., €,,,Q is given, where ), ..., (2,, are open convex cones,
Q) is a convex cone; z; € g, ..., z, €, is a certain system of elements.

sovietrxiv.org/items/ru-196901.71137 Machine Translation


https://sovietrxiv.org/items/ru-196901.71137

Suppose that there are convex comes i, C QF, 2 C 7, weakly dense in

Q5, ..., " and consisting of elements of the space Y.
Let B, be the set of systems (y, ..., y,,y) such that y, € Q; ,
n
e, ot +utul<e D ylw)=1
0
Let B be the set of systems z, ..., 7, # that are solutions of the Euler equation

relative to the system of cones Q,...,Q,,Q (i.e. z, € A, z € QF,

n

ZziJrz:O

0

) such that

Then

(closure in the weak sense).
In our case the space X = L"". The space Y = L"'".

Lemma. Let r{(t),...,7r.(t),... be a sequence of measurable vector functions
(r € E™) possessing the following properties:

1) /|7"j| dt < const;
2) for any natural N > 0 there exist:

a)

rQ(t) = limcl(Ly) Nry(t),

where

T Ir| <N,

Nr=4q N
r, |r| > N;
|7
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M(t) = limel(Ly) N (1),

where

Put

A(t) = lim A& (), () = lim (2

N—oo N—oo

(the convergence takes place in L).

Then there exists an integer-valued function N(j) > 0 such that
1)

limel(Loy) NG (8) = A°(8),

lim cl(Lo) N(G)r;(t) = ro(t);

2) for any natural N >0

lim/N(/\j — N(j))\j) dt = 0.

J

With the aid of Theorem 1 and the lemma, the stationarity condition for the
trajectory z n® | ¢ can be written in the following equivalent form.

There exist sg,1(t),;(t), m;(t), a measure v, and a sequence @,r{(t),mi(t)
such that

k i

2) s, >0, /Z |y (8)| dt < o0, r;(t) € con N,(z°,n° | t);
k

d d
~ O i o B+ Y g — Y it — -
k

3
) - dt’
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4) the measure v is characterized by the following properties:

dv ;
i hm cl(e Z . (t) — Z my, () Gre |
%

r(t) € con N;5 (m n® | t), 6, — 0,

J

* In other words, it is necessary that from 7, x > 0 it follow that z € Q;, and

from Q. z > 0 it follow that x € € (here the bar denotes closure).

T AL
J % i

5) the normalization condition

1 1
so+/ Z|ri|dt—|—/ > Jiyldt =1.
0 i 0 7

Thus the problem is reduced to describing the class of measures v, independent
of the existence of the sequence d;,my (t),7](t). It is obvious that the class of
measures v is determined only by the trajectory 2°,u° | t and by the constraints
gi(z,u) =0, z,u € Qi, and does not depend on the form of the functional or of
the differential relation.

This question is resolved by Theorem 2. Let R, be the set of ¢, x, u, 7;, 5, where:
1) z=2%®%);
2) u € ul(t) *;

)
3) 7, € con N,(z,u), z,u € %, 7, =0, x,u & %, >l =1
)

4
k i

We shall call the set R, the set of phase points of the trajectory 2%, u° | t.
Theorem 2. 1) For any continuous function £(t) (£ € E™), [&dv admits the

representation
/gdv = / (Z Tig — Zﬂkgku, ﬁ(t)) do,
R, - =

K2

do >0, / dJ:Z/Hﬂdt;
R, i
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2) for any measure o > 0 concentrated on R,
/ Z;ixizﬂkgkxa €d0'
Ry i k

admits the representation

/ (Z Tiw — Zﬂkgkx, 5) do = c/fdv, where ¢ > 0,
Ry i Kk

/ da:Z/wdt.
Ry i

Using the representation of the measure v, we obtain the final form of the
stationarity condition.

II. The Euler equation of the problem under investigation has the form

0=—s, /(wa’—&—Fuﬂ) dt—c,m’(l)—FZ My (Gre® 95, W) Z)\ n..+n,u)
o

(B)
59 >0, my, € g Ai € Tty

20, ILA =Mk sg+ Y N >0,
7

da'/dt = .+ f,u,  2'(0)=0.

This condition is equivalent to the one found. Let us clarify how they are related.
We decompose, in accordance with (3), m, and A; into the sum of absolutely
continuous and singular components. We obtain:

=0 [t et e.a )+ 3 [ mi0)(aie + 00,7 di-
k
=S / (rogt’ + 1@ dt+ S mi(gaa’) — 3 A (n)) =
7 k 7

* u0(t) denotes the closure of the graph of u°(¢) with respect to the measure (see (3)).

LA (2(n, 1)) = m A; (xpps2(n, 1) (see (3)).

= —Zmi pn (U Z/\S n,u), where Z/|mk )| dt < 400, 1;(t) €

k

€ con N, (2%, u° | 1), <30+Z/|r|dt+2||)\s|\<+oo S
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e Lt (t), A€ L,(n,t) are singular components.

Since the left-hand side of the equality is an absolutely continuous functional of
u, while the right-hand side is a singular functional of u, they are both equal to
Z€ero.

Since z’(t) is a continuous function, the problem arises of describing the class
of measures p admitting the representation:

- / dp="mi(ges) — 3 N (n,a), ()
k 1

where

> mi(gt) — > A, @) =0, Y [A] >0, A0, LA =) (B)
k 7 7

This problem is solved as follows. In the space L, : z;(n,t),u(t) consider the
subspace £ : g, 4 =0, 2z, = n,u and the cones {, : limy , vraimin z;(n,t) >
0, n,t € II;5. Condition (8) holds if and only if the system £, ... ,ﬁi,... has
empty intersection. Since the space L, = L], we may apply Theorem 1.

As a result we obtain: in order that — [ £ dp admit the representation (), (8),
it is necessary and sufficient that:

J i

R SRRy
k

where

rg(t) € conJ,\\fi(;j(x%uo 1), 6; =0, ¢ < /Z \rf|dt < ¢y,
i

dt =0.

ey >0, lim [ S mig, ~ Y orl,
: k i

Thus we see that the class of measures p coincides with the class of measures v
considered in Part I of the note.

In conclusion, we note:

1. The results of [3] are contained in those presented here, for in [3] smooth
inequality constraints were considered and there were no constraints of
the form g, (x,u) = 0.
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2. In this note, by means of the concept of the set of phase points of a
trajectory, both purely phase and mixed constraints are considered from a
unified point of view. Until now, in the literature, mixed constraints have
been subjected to a regularity requirement, i.e., the requirement that there
be no phase points generated by the mixed constraints.
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