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MATHEMATICS

M. I. VISHIK, V. V. GRUSHIN

ELLIPTIC PSEUDODIFFERENTIAL OPERA-
TORS ON A CLOSED MANIFOLD DEGENER-
ATING ON A SUBMANIFOLD
(Presented by Academician I. G. Petrovskii, 20 III 1969)

Let on a smooth compact manifold 𝑀 of dimension 𝑛 there be given a pseudod-
ifferential operator 𝑃(𝑥, 𝐷) of order 𝑚 > 0. It is assumed that 𝑃(𝑥, 𝐷) satisfies
the ellipticity condition for 𝑥 ∈ 𝑀 ∖ Γ, where Γ is a smooth submanifold of
dimension 𝑛 − 1. Let a covering {𝑈𝑖} of some neighborhood of the submanifold
Γ be fixed, and in each neighborhood 𝑈𝑖 let a local coordinate system (l.c.s.)
(𝑥1, … , 𝑥𝑛) be so defined that Γ is given by the equation 𝑥𝑛 = 0, and, for any
intersecting 𝑈𝑖 and 𝑈𝑗, the passage from the l.c.s. (𝑥𝑖

1, … , 𝑥𝑖
𝑛) in 𝑈𝑖 to the l.c.s.

(𝑥𝑗
1, … , 𝑥𝑗

𝑛) in 𝑈𝑗 is effected by means of a transformation of the form

𝑥𝑗
1 = 𝜑1(𝑥𝑖

1, … , 𝑥𝑖
𝑛−1), … , 𝑥𝑗

𝑛−1 = 𝜑𝑛−1(𝑥𝑖
1, … , 𝑥𝑖

𝑛−1),

𝑥𝑗
𝑛 = 𝜑𝑛(𝑥𝑖

1, … , 𝑥𝑖
𝑛).

We note that such transformations preserve the coordinate lines 𝑥′ = const,
where 𝑥′ = (𝑥1, … , 𝑥𝑛−1). Denote by 𝜔 the manifold 𝑥𝑛 = 0, 𝜉𝑛 = 0, 𝜉′ ≠ 0
in the cotangent bundle of the manifold 𝑀 . Let, in the l.c.s. corresponding to
𝑈𝑖, the full symbol 𝑝(𝑥, 𝜉) ∼ ∑∞

𝑗=0 𝑝𝑗(𝑥, 𝜉) of the operator 𝑃(𝑥, 𝐷) possess the
properties:

1. There is given a 𝛿 > 0 such that 𝑚𝛿 is an integer and 𝑝0(𝑥, 𝜉) = 0 on
𝜔, 𝑝𝛼𝑛

0𝛽𝑛
(𝑥, 𝜉) = 0 on 𝜔 for 𝛽𝑛 < (𝑚 − 𝛼𝑛)𝛿, 𝑝𝛼𝑛

𝑗𝛽𝑛
(𝑥, 𝜉) = 0 on 𝜔 for

𝛽𝑛 < (𝑚 − 𝑗 − 𝛼𝑛)𝛿 − 𝑗, where

𝑝𝛼𝑛
𝑗𝛽𝑛

(𝑥, 𝜉) = 𝜕𝛼𝑛+𝛽𝑛

𝜕𝑥𝛽𝑛𝑛 𝜕𝜉𝛼𝑛𝑛
𝑝𝑗(𝑥, 𝜉) ∗ .

2. 𝑝0(𝑥, 𝜉) ≠ 0 outside 𝜔 and
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𝜕𝑚

𝜕𝜉𝑚𝑛
𝑝0(𝑥, 𝜉) ≠ 0

on 𝜔.
3. For 𝑥𝑛 ≠ 0 and 𝜉 ≠ 0

𝐿0
0(𝑥′, 𝑥𝑛, 𝜉) =

𝑚
∑

𝛼𝑛=0

1
𝛼𝑛!𝛽𝑛!𝑥

𝛽𝑛𝑛 𝑝𝛼𝑛
0𝛽𝑛

(𝑥′, 0, 𝜉′, 0)𝜉𝛼𝑛𝑛 ≠ 0, 𝛽𝑛 = (𝑚 − 𝛼𝑛)𝛿,

(1)

where the summation is carried out only over those indices for which 𝛽𝑛 =
(𝑚 − 𝛼𝑛)𝛿 is an integer.

An example of a symbol with the indicated properties is 𝑝0(𝑥, 𝜉) = 𝑖𝜉𝑛 + 𝑎𝑥𝑟
𝑛|𝜉|,

where Re 𝑎 ≠ 0, 𝑟 is an integer. Operators with such symbols arise in the study
of the oblique derivative problem for the Laplace equation. It is known that
such operators may have an infinite-dimensional kernel (cokernel).

* Here 𝑝𝑗(𝑥, 𝜉) are functions of class 𝐶∞ for 𝜉 ≠ 0 and homogeneous in 𝜉 of
order 𝑚 − 𝑗. For the definition of pseudodifferential operators see (1).

In the present article the operator 𝑃(𝑥, 𝐷) is studied in natural functional spaces.
It follows from the theorems proved below that, generally speaking, it has an
infinite-dimensional kernel and cokernel. However, if additional boundary and
coboundary conditions are prescribed on Γ, then the corresponding problem
becomes Noetherian (i.e., has finite-dimensional kernel and cokernel). For such
problems a right and a left regularizer are constructed below. We note that
an analogous question in the case of differential operators degenerating on the
boundary of a domain was considered in (2).
Lemma. If the complete symbol 𝑝(𝑥, 𝜉) of the operator 𝑃(𝑥, 𝐷) in each neigh-
borhood 𝑈𝑖 satisfies conditions 1—3, then 𝑝0(𝑥, 𝜉) can be represented in the
form

𝑝0(𝑥, 𝜉) = 𝑞0
𝑚0(𝑥, 𝜉)𝜉𝑚

𝑛 +
𝑚−1
∑

𝛼𝑛=0
∑

𝑚𝛿≥𝛽𝑛≥(𝑚−𝛼𝑛)𝛿
𝑥𝛽𝑛𝑛 𝑞0

𝛼𝑛𝛽𝑛
(𝑥, 𝜉)𝜉𝛼𝑛𝑛 , (2)

where 𝑞0
𝛼𝑛𝛽𝑛

(𝑥, 𝜉) are homogeneous functions in 𝜉 of orders 𝑚 − 𝛼𝑛 of class 𝐶∞

for 𝜉 ≠ 0, and 𝛽𝑛 are integers. The terms 𝑝𝑗(𝑥, 𝜉) of the complete symbol of the
operator 𝑃(𝑥, 𝐷) admit an analogous expansion

𝑝𝑗(𝑥, 𝜉) = 𝑞𝑗
𝑗0(𝑥, 𝜉)𝜉𝑗

𝑛 +
𝑚−𝑗−1
∑

𝛼𝑛=0
∑

𝑚𝛿≥𝛽𝑛≥(𝑚−𝑗−𝛼𝑛)𝛿−𝑗
𝑥𝛽𝑛𝑛 𝑞𝑗

𝛼𝑛𝛽𝑛
(𝑥, 𝜉)𝜉𝛼𝑛𝑛 , (3)
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where 𝑞𝑗
𝛼𝑛𝛽𝑛

(𝑥, 𝜉) are homogeneous functions in 𝜉 of order 𝑚 − 𝑗 − 𝛼𝑛 of class
𝐶∞ for 𝜉 ≠ 0. For sufficiently small 𝑥𝑛 the symbol 𝑞0

𝑚0(𝑥, 𝜉) is elliptic, i.e. for
𝜉 ≠ 0, 𝜉 ∈ 𝑅𝑛, 𝑞0

𝑚0(𝑥, 𝜉) ≠ 0.
As in (2), the functional space 𝐻(𝑚,𝛿)(𝑀, Γ) is introduced, with norm ‖ ⋅ ‖𝑚,𝛿,
equivalent to the usual norm of the space 𝐻𝑚(𝑀) outside a neighborhood of Γ,
and for 𝑢(𝑥) with support in a neighborhood of Γ

‖𝑢‖𝑚,𝛿 = ∑
𝑖

𝑚
∑

𝛼𝑛=0
∥𝑥(𝑚−𝛼𝑛)𝛿

𝑛 (Λ′)𝑚−𝛼𝑛𝐷𝛼𝑛𝑛 𝜑𝑖𝑢∥ + ‖𝑢‖,

where Λ′ is the operator with symbol 1 + |𝜉′|; ‖ ⋅ ‖ is the norm in 𝐿2(𝑀); 𝜑𝑖 is
a partition of unity in a neighborhood of Γ, subordinate to the covering 𝑈𝑖. We
note that 𝐻(𝑚,𝛿)(𝑀, Γ) is embedded in 𝐻𝑚/(1+𝛿)(𝑀).
Suppose that the characteristic equation

𝐿0
0(𝑥′, 𝑥𝑛, 𝜉′, 𝜁) = 0, (4)

for 𝑥𝑛 > 0 and 𝜉′ ≠ 0 has 𝜇 roots with Im 𝜁 > 0, and for 𝑥𝑛 < 0 has 𝜈 roots
with Im 𝜁 < 0. Consider the following problem on 𝑀 :

𝑃(𝑥, 𝐷)𝑢 +
𝑘

∑
𝑖=1

𝐺𝑖𝜌𝑖(𝑥′) ⊗ 𝛿(Γ) = 𝑓(𝑥), (5)

𝛾𝐵𝑗𝑢 +
𝑘

∑
𝑖=1

𝐸𝑗𝑖𝜌𝑖(𝑥′) = 𝑔𝑗(𝑥′), 1 ≤ 𝑗 ≤ 𝑙, (6)

where 𝛾 is the operator of restriction of functions to Γ; 𝐸𝑗𝑖 are pseudodifferential
operators on Γ (with homogeneous symbols 𝑒𝑗𝑖(𝑥′, 𝜉′)); 𝐵𝑗 and 𝐺𝑖 are pseudod-
ifferential operators on 𝑀 , and in a neighborhood of Γ the symbols 𝑏𝑗(𝑥, 𝜉) for
𝐵𝑗 are quasihomogeneous of order 𝑚𝑗 in 𝜉, i.e. 𝑏𝑗(𝑥, 𝜆1+𝛿𝜉′, 𝜆𝜉𝑛) = 𝜆𝑚𝑗𝑏𝑗(𝑥, 𝜉),
𝜆 > 0, while the symbols 𝑔𝑖(𝑥, 𝜉) for 𝐺𝑖 are quasihomogeneous in 𝜉 of order 𝜎𝑖.
For nondegenerate elliptic operators such problems were considered in (3,4 ).
The number 𝑘 of coboundary operators in (5) and the number 𝑙 of boundary
operators in (6) must be related to the numbers 𝜇 and 𝜈 of roots of equation
(4) by the formula

𝜇 + 𝜈 − 𝑚 = 𝑙 − 𝑘. (7)

It is assumed that 𝜎𝑖 < −1/2, 𝑚𝑗 < 𝑚 − 1/2, and the order of 𝐸𝑗𝑖 is equal to
𝑡𝑖 − 𝑠𝑗, where 𝑠𝑗 = (𝑚 − 𝑚𝑗 − 1/2)/(1 + 𝛿), 𝑡𝑖 = (𝜎𝑖 + 1/2)/(1 + 𝛿).
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Theorem 1. The operator 𝔄:

(𝑢, 𝜌1, … , 𝜌𝑘) 𝔄−→ (𝑓, 𝑔1, … , 𝑔𝑙),

defined by (5), (6), gives a continuous mapping

ℋ1 ≡ 𝐻(𝑚,𝛿)(𝑀, Γ) × 𝐻𝑡1
(Γ) × ⋯ × 𝐻𝑡𝑘

(Γ) 𝔄−→

𝔄−→ 𝐿2(𝑀) × 𝐻𝑠1
(Γ) × ⋯ × 𝐻𝑠𝑙

(Γ) ≡ ℋ2.

In order to formulate the conditions for normal solvability of problem (5), (6),
consider on the line ℝ1 the problem

1
𝑞0

𝑚0(𝑥′, 0, 𝜉′, 0) (𝐿0
0(𝑥′, 𝑥𝑛, 𝜉′, 𝐷𝑛)𝑣(𝑥𝑛) + ∑

𝜏>𝑗≥1
𝐿0

𝑗 (𝑥′, 𝑥𝑛, 𝜉′, 𝐷𝑛)𝑣(𝑥𝑛)

+
𝑘

∑
𝑖=1

̃𝑔𝑖(𝑥′, 0, 𝜉′, 𝑥𝑛)𝜌𝑖 = 𝑓1(𝑥𝑛), (8)

(𝑏̃𝑗(𝑥′, 0, 𝜉′, 𝑥𝑛), 𝑣(𝑥𝑛)) +
𝑘

∑
𝑖=1

𝑒𝑗𝑖(𝑥′, 𝜉′)𝜌𝑖 = 𝜓𝑗, (9)

where
𝜏 = [ 𝑚𝛿

1 + 𝛿 ] ,

̃𝑔𝑖(𝑥′, 0, 𝜉′, 𝑥𝑛) and ̃𝑏𝑗(𝑥′, 0, 𝜉′, 𝑥𝑛) are the inverse Fourier transforms of
𝑔𝑖(𝑥′, 0, 𝜉) and 𝑏𝑗(𝑥′, 0, 𝜉) with respect to 𝜉𝑛; 𝐿0

𝑗 (𝑥′, 𝑥𝑛, 𝜉) is given by a formula
analogous to (1), in which 𝑝0 is replaced by 𝑝𝑗, 𝛽𝑛 = (𝑚 − 𝛼𝑛)𝛿 is replaced
by 𝛽𝑛 = (𝑚 − 𝑗 − 𝛼𝑛)𝛿 − 𝑗, and the summation over 𝛼𝑛 is carried out up to
𝛼𝑛 = 𝑚 − 𝑗. The following is assumed to hold.

Condition 𝑍𝜉′ . The problem (8), (9) with zero right-hand sides 𝑓1 and 𝜓𝑗, for
any 𝜉′ ≠ 0, 𝜉′ ∈ ℝ𝑛−1, has only the trivial solution in the class of functions with
finite norm

‖𝑣(𝑥𝑛)‖2
𝑚,𝛿 =

𝑚
∑
𝑗=0

∫(1 + |𝑥𝑛|)2(𝑚−𝑗)𝛿|𝐷𝑗
𝑛𝑣(𝑥𝑛)|2 𝑑𝑥𝑛. (10)

Theorem 2. If conditions 1–3 are satisfied and at each point 𝑥′ ∈ Γ condition
𝑍𝜉′ is satisfied, then the operator 𝔄 is Noetherian.

For the proof of the theorem it is sufficient to construct a regularizer, i.e. such
a continuous operator 𝑅 from ℋ2 to ℋ1 that 𝔄𝑅 = 𝐼 + 𝑇1, 𝑅𝔄 = 𝐼 + 𝑇2,
where 𝐼 is the identity operator and 𝑇1 and 𝑇2 are completely continuous. Since
the operator 𝑃(𝑥, 𝐷) is elliptic outside Γ, by means of a partition of unity the
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construction of 𝑅 reduces to the construction of a regularizer of the operator 𝔄
in a neighborhood of a point 𝑥′

0 ∈ Γ. Multiplying equality (5) by the operator
with symbol

1
𝑞0

𝑚0(𝑥, 𝜉) ,

we obtain the equation

𝑃1(𝑥, 𝐷)𝑢 +
𝑘

∑
𝑖=1

𝐻𝑖𝜌𝑖(𝑥′) ⊗ 𝛿(𝑥𝑛) = 𝑓1(𝑥). (11)

It follows from the composition formula that the operator 𝑃1(𝑥, 𝐷) also satisfies
conditions 1–3, and for it 𝑞0

𝑚0(𝑥, 𝜉) in the expansion (2) is equal to 1. Next,
the operation of freezing the coefficients of the operators 𝐵𝑗, 𝐸𝑗𝑖 is performed,
i.e. they are replaced by operators with symbols 𝑏𝑗(𝑥′

0, 0, 𝜉), 𝑒𝑗𝑖(𝑥′
0, 𝜉′). The

freezing operation for 𝑃1(𝑥, 𝐷) is somewhat more complicated. The operator
𝑃1(𝑥, 𝐷) is replaced by an operator with symbol in which 𝑞𝑗

𝛼𝛽𝑛
(𝑥, 𝜉) in (2) and

(3) are replaced by 𝑞𝑗
𝛼𝛽𝑛

(𝑥′
0, 0, 𝜉′, 0), and the terms with

𝛽𝑛 > (𝑚 − 𝑗 − 𝛼𝑛)𝛿 − 𝑗

are discarded. The operator 𝐻𝑖 is replaced by an operator with symbol

𝑔𝑖(𝑥′, 0, 𝜉)
𝑞0

𝑚0(𝑥′, 0, 𝜉′, 0) .

After the Fourier transform with respect to 𝑥′, we arrive at problem (8), (9),
where 𝑓1, 𝜓𝑗, 𝜌𝑖, and 𝑣 depend on 𝜉′.

As shown in (2), for 𝜉′ ≠ 0 on the half-axis 𝑥𝑛 > 0, equation (8), whose boundary
terms have been moved to the right-hand side, has, for arbitrary 𝜌𝑖 and 𝑓1(𝑥𝑛) ∈
𝐿2(𝑅1

+), a particular solution 𝑣(𝑥𝑛) with finite norm (10), where the integral
is taken over the half-axis; and the homogeneous equation has a 𝜇-parameter
family of solutions with the same finite norm. Similarly, for 𝑥𝑛 < 0 we obtain
a 𝜈-parameter family of solutions. Writing out the matching conditions up to
order 𝑚−1 for these two families at 𝑥𝑛 = 0, and using the boundary conditions,
we obtain 𝑚+𝑙 equations for the arbitrary constants and the unknown densities
𝜌𝑖. In view of condition (7), this is a square system of linear equations, which is
uniquely solvable, since condition 𝑍𝜉′ is satisfied. On the basis of this solution
one constructs a regularizer 𝑅0 for problem (8), (9), analogously to how this
was done in (2).
With the aid of 𝑅0, a regularizer for problem (11), (6) is constructed in the
usual way. Here the essential point is that the symbol

𝑥𝛽𝑛𝑛 [𝑞𝑗
𝛼𝑛𝛽𝑛

(𝑥, 𝜉) − 𝑞𝑗
𝛼𝑛𝛽𝑛

(𝑥, 𝜉′, 0)]𝜉𝛼𝑛𝑛
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in a sufficiently small neighborhood of the point 𝑥′
0 corresponds either to a

completely continuous operator or to an operator with small norm. To prove
the latter assertion, note that if 𝑞(𝑥, 𝜉) is a homogeneous function in 𝜉 of order
𝑟 > 0, of class 𝐶∞ for 𝜉 ≠ 0, then

𝑞(𝑥, 𝜉) − 𝑞(𝑥, 𝜉′, 0) = 𝑄(𝑥, 𝜉)𝜉𝑟
𝑛 +

𝑟−1
∑

𝛼𝑛=1

1
𝛼𝑛! 𝑞𝛼𝑛(𝑥, 𝜉′, 0)𝜉𝛼𝑛𝑛 , (12)

where 𝑄(𝑥, 𝜉), for 𝜉 ≠ 0, is continuous together with all derivatives with respect
to the variables 𝑥, and the order of homogeneity of the function 𝑄(𝑥, 𝜉) in 𝜉
is equal to zero. Therefore 𝑄(𝑥, 𝜉) serves as the symbol of a bounded operator
in 𝐿2(𝑀). Applying expansion (12) to the functions 𝑞𝑗

𝛼𝑛𝛽𝑛
(𝑥, 𝜉) and passing to

the corresponding operators, we obtain that our assertion is a consequence of
the embedding theorems established in (2). Theorem 1 is proved by analogous
arguments.

Let us note that if the right-hand sides 𝑓(𝑥) and 𝑔𝑗(𝑥′) have additional deriva-
tives in the tangential directions, then the solutions 𝑢(𝑥) and 𝜌𝑖(𝑥′) also have
additional smoothness with respect to the tangential variables (the proof is
analogous to (2)). If 𝑓 ∈ 𝐶∞(𝑀), 𝑔𝑗 ∈ 𝐶∞(Γ), then in some cases it follows
from this that 𝑢 ∈ 𝐶∞(𝑀); for example, this is true if there are no boundary
operators. By analogous methods one proves

Theorem 3. Suppose that conditions 1–3 are satisfied. If equation (8) for
𝜉′ ≠ 0, with 𝑓 = 0 and 𝜌𝑖 = 0, has only the trivial solution with finite norm
(10), then the operator 𝑃(𝑥, 𝐷) is hypoelliptic.

We note that, as was proved in (2), solutions of equation (8) with 𝑓 = 0 and
𝜌𝑖 = 0 that have finite norm (10) decay at infinity, together with all derivatives,
faster than any power.

Remark 1. Above we considered the case in which the symbol has, on Γ, the
same order of degeneracy with respect to all variables 𝜉1, … , 𝜉𝑛−1. Analogously
to (2), one may study the case in which the orders of degeneracy with respect
to the different variables 𝜉1, … , 𝜉𝑛−1 are different.

Remark 2. The methods set forth in the present note are also applicable to
the study of elliptic systems of pseudodifferential operators degenerating on Γ.
Moscow State University
named after M. V. Lomonosov
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