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MATHEMATICS

Yu. S. DAVYDOVICH, B. I. KORENBLYUM, B. I. KHATS�T

ON A PROPERTY OF LOGARITHMICALLY
CONCAVE FUNCTIONS
(Presented by Academician N. N. Bogolyubov on 19 IX 1968)

1∘. The main result of the present note is a theorem establishing that the convo-
lution of two logarithmically concave functions of 𝑛 variables is a logarithmically
concave function.* We also give some particular cases of this theorem which, in
our opinion, are of independent interest.

2∘. Definition 1. A nonnegative function 𝑓(𝑥) (𝑥 = (𝑥1, … , … , 𝑥𝑛) ∈ 𝑅𝑛) is
called logarithmically concave if:
a) the set 𝐸𝑓

0 = 𝐸{𝑥 ∈ 𝑅𝑛 ∶ 𝑓(𝑥) > 0} is open; b) 𝑓(𝑥) is continuous on 𝐸𝑓
0 ; c)

for any 𝑥′, 𝑥″ ∈ 𝑅𝑛

𝑓[(𝑥′ + 𝑥″)/2] ≥ √𝑓(𝑥′)𝑓(𝑥″). (1)

Definition 2. We shall denote by ℭ the class of logarithmically concave func-
tions in 𝑅𝑛; by ℭ1 the subclass of functions 𝑓(𝑥) such that

lim
|𝑥|→∞

𝑓(𝑥)
𝑒𝜀|𝑥| = 0

for any 𝜀 > 0

⎛⎜
⎝

|𝑥| = (
𝑛

∑
𝑖=1

𝑥2
𝑖 )

1/2
⎞⎟
⎠

,

and by ℭ0 the subclass of summable functions.

The following properties follow easily from the definitions:

1) If 𝑓(𝑥) ∈ ℭ, then the sets 𝐸𝑓
𝜏 = 𝐸{𝑥 ∈ 𝑅𝑛 ∶ 𝑓(𝑥) > 𝜏} (𝜏 ≥ 0) are convex.

2) If 𝑓(𝑥) ∈ ℭ and 𝑔(𝑥) ∈ ℭ, then 𝑓(𝑥)𝑔(𝑥) ∈ ℭ.
3) Let 𝐸0 ⊂ 𝑅𝑛 be a convex open set, and let ̃𝑓(𝑥) ≥ 0 be defined on 𝐸0 and

satisfy inequality (1) for any 𝑥′, 𝑥″ ∈ 𝐸0. Then the function
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𝑓(𝑥) = {
̃𝑓(𝑥), (𝑥 ∈ 𝐸0),

0, (𝑥 ∈ 𝑅𝑛 ∖ 𝐸0)

is logarithmically concave.

4) In order that the characteristic function 𝜒𝐸0
(𝑥) of some set 𝐸0 ⊂ 𝑅𝑛

belong to ℭ, it is necessary and sufficient that 𝐸0 be open and convex.

5) If 𝑓(𝑥) ∈ ℭ, then for any 𝑥′, 𝑥″ ∈ 𝐸𝑓
0 and 𝜆 (0 ≤ 𝜆 ≤ 1) the inequality

𝑓[𝜆𝑥′ + (1 − 𝜆)𝑥″] ≥ [𝑓(𝑥′)]𝜆[𝑓(𝑥″)]1−𝜆 (2)

holds.

6) If 𝑓(𝑥) ∈ ℭ, then 𝑓(𝑥) is bounded in every ball of finite radius.

7) Let 𝑓(𝑥) ∈ ℭ. The following assertions are equivalent:

a) 𝑓(𝑥) ∈ ℭ0;

b) there exist positive numbers 𝐶 and 𝑎 such that 𝑓(𝑥) ≤ 𝐶𝑒−𝑎|𝑥|;

c)

lim
|𝑥|→∞

𝑓(𝑥) = 0.

We shall prove the last property.

* For 𝑛 = 1 this theorem, in its essential part, is contained in a result of I. A.
Ibragimov (1).
I. Let us first show that a) implies b). Suppose the contrary: let 𝑓(𝑥) ∈ ℭ0, but
for any 𝐶 > 0, 𝛼 > 0 there exists an 𝑥 ∈ 𝑅𝑛 such that 𝑓(𝑥) > 𝐶𝑒−𝛼|𝑥|. In this
case one may assume that |𝑥| > 𝑁 , where 𝑁 is an arbitrary positive number.
Without loss of generality one may also assume 𝑓(0) = 1. Put 𝐶 = 1, 𝛼 = 1/𝑘,
and let 𝑥𝑘 ∈ 𝑅𝑛 be such that

𝑓(𝑥𝑘) > 𝑒−|𝑥𝑘|/𝑘, |𝑥𝑘| > 𝑘. (3)

By compactness of the unit sphere 𝑆 ⊂ 𝑅𝑛, from the sequence 𝜉𝑘 = 𝑥𝑘/|𝑥𝑘|
one can extract a convergent subsequence (which we shall also denote by 𝜉𝑘):
𝜉𝑘 → 𝜉0 ∈ 𝑆. Consider the ray 𝑙0 ∶ 𝑦 = 𝜉0𝑡 (𝑡 > 0) and show that at every point
of it 𝑓(𝑦) ≥ 1. Let 𝜂𝑘 = 𝑥𝑘

|𝑥𝑘| 𝑡. Obviously,
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lim
𝑘→∞

𝜂𝑘 = 𝑦 ∈ 𝑙0.

For sufficiently large 𝑘, 𝜂𝑘 = (1 − 𝜆) ⋅ 0 + 𝜆𝑥𝑘, where 𝜆 = 𝑡/|𝑥𝑘| < 1, and by
virtue of (2) and (3)

𝑓(𝜂𝑘) ≥ [𝑓(0)]1−𝜆[𝑓(𝑥𝑘)]𝜆 > 𝑒− 𝜆
𝑘 |𝑥𝑘| = 𝑒−𝑡/𝑘.

Hence* 𝑓(𝑦) = lim𝑘→∞ 𝑓(𝜂𝑘) ≥ 1. It is now easy to see that 𝑓(𝑥) is not
summable. Let 𝑅 𝑛−1

0 be the subspace orthogonal to the ray 𝑙0, and let 𝜎 ⊂ 𝑅 𝑛−1
0

be an (𝑛 − 1)-dimensional closed ball of radius 𝑟 such that 𝑓(𝑢) ≥ 1/2, 𝑢 ∈ 𝜎.
Obviously, the set 𝑍 of points of the form 𝑧 = 𝜉0𝑡 + 𝑢 (𝑡 > 0, 𝑢 ∈ 𝜎) forms a
cylindrical body of radius 𝑟 with axis 𝑙0. It remains to show that 𝑓(𝑧) ≥ 1/2
(𝑧 ∈ 𝑍). On 𝑙0, 𝑓(𝑧) ≥ 1. If 𝑧 is some interior point of 𝑍, 𝑧 ∉ 𝑙0, then the
two-dimensional plane passing through 𝑧 and 𝑙0 intersects the boundary of the
ball 𝜎 in two points; one of them, say 𝜁, lies with 𝑧 on one side of the axis 𝑙0.
On 𝑙0 there is a point 𝑦 such that 𝑧 lies on the segment joining 𝜁 and 𝑦. By
virtue of (2), 𝑓(𝑧) ≥ 1/2.
II. That a) and c) follow from b) is obvious. Let us show that b) follows from

c). Indeed, if 𝑓(𝑥) ∈ ℭ does not satisfy b), then, as shown in I, there exists
a ray along which 𝑓(𝑥) ≥ 1, i.e., c) cannot hold.

3°. Theorem. ℭ0 ∗ ℭ1 ⊂ ℭ1; ℭ0 ∗ ℭ0 ⊂ ℭ0.
It is enough to prove the latter inclusion. We first establish two lemmas.

Lemma 1. Let 𝐴, 𝐵 be open convex bounded centrally symmetric sets in 𝑅𝑛;
𝐴 + 𝑥 the parallel translate of 𝐴 by the vector 𝑥; and 𝜇(𝑥) the 𝑛-dimensional
volume of the set (𝐴 + 𝑥) ∩ 𝐵. Then

𝜇(0) ≥ 𝜇(𝑥) (𝑥 ∈ 𝑅𝑛). (4)

Proof. Let 𝐶 = (𝐴+𝑥)∩𝐵. Consider the sets 𝐷 = 𝐶 −𝑥, 𝐶′ = −𝐶, 𝐷′ = −𝐷.
Obviously, 𝐶 ⊂ 𝐵, 𝐶′ ⊂ 𝐵, 𝐷 ⊂ 𝐴, 𝐷′ ⊂ 𝐴, 𝐷′ = 𝐶′ + 𝑥. Now construct the
set 𝐾 = 1

2 (𝐶 + 𝐶′) = 1
2 (𝐷 + 𝐷′). Since 𝐾 ⊂ 𝐴, 𝐾 ⊂ 𝐵, we have 𝐾 ⊂ 𝐴 ∩ 𝐵,

and 𝑉𝐾 ≤ 𝜇(0) (𝑉𝑄 denotes the volume of the set 𝑄 ⊂ 𝑅𝑛). On the other hand,
from the Brunn–Minkowski inequality (2) it follows that

𝑛√𝑉𝐾 ≥ 1
2

𝑛√𝑉𝐶 + 1
2

𝑛√𝑉𝐶′ .

Since 𝑉𝐶 = 𝑉𝐶′ , we obtain 𝑉𝐾 ≥ 𝑉𝐶 = 𝜇(𝑥). The lemma is proved.

Lemma 2. Let 𝐹(𝑥), 𝐺(𝑥) be nonnegative functions on 𝑅𝑛 possessing the
following properties:
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a) 𝐹(−𝑥) = 𝐹(𝑥), 𝐺(−𝑥) = 𝐺(𝑥);
b) the sets 𝐸𝐹

𝜏 = 𝐸{𝑥 ∈ 𝑅𝑛 ∶ 𝐹 (𝑥) > 𝜏}, 𝐸𝐺
𝜏 = 𝐸{𝑥 ∈ 𝑅𝑛 ∶ 𝐺(𝑥) > 𝜏}

(𝜏 ≥ 0) are convex and open.

* The continuity of 𝑓(𝑥) on 𝑙0 follows from the fact that, as is easy to show,
𝑙0 ⊂ 𝐸0.

Then for arbitrary 𝑝 ∈ 𝑅𝑛

∫
𝑅𝑛

𝐹(𝑥)𝐺(𝑥) 𝑑𝑥 ≥ ∫
𝑅𝑛

𝐹(𝑥 − 𝑝)𝐺(𝑥) 𝑑𝑥. (5)

Inequality (5) should be understood in the sense that convergence of the integral
on the left entails convergence of the integral on the right, while divergence of
the latter entails divergence of the integral on the left.

Proof. Denote the characteristic functions of the sets 𝐸𝐹
𝜏 and 𝐸𝐺

𝜏 by 𝜑𝜏(𝑥)
and 𝜓𝜏(𝑥), respectively. It is clear that the functions 𝐹(𝑥) and 𝐺(𝑥) can be
represented in the form

𝐹(𝑥) = ∫
∞

0
𝜑𝜏(𝑥) 𝑑𝜏; 𝐺(𝑥) = ∫

∞

0
𝜓𝜏(𝑥) 𝑑𝜏 (𝑥 ∈ 𝑅𝑛).

Taking into account that the sets 𝐸𝐹
𝜏 and 𝐸𝐺

𝜏 are centrally symmetric, and
applying Lemma 1, we find

∫
𝑅𝑛

𝐹(𝑥 − 𝑝)𝐺(𝑥) 𝑑𝑥 = ∫
∞

0
∫

∞

0
[∫

𝑅𝑛
𝜑𝜏1

(𝑥 − 𝑝)𝜓𝜏2
(𝑥) 𝑑𝑥] 𝑑𝜏1𝑑𝜏2 ≤

≤ ∫
∞

0
∫

∞

0
[∫

𝑅𝑛
𝜑𝜏1

(𝑥)𝜓𝜏2
(𝑥) 𝑑𝑥] 𝑑𝜏1𝑑𝜏2 = ∫

𝑅𝑛
𝐹(𝑥)𝐺(𝑥) 𝑑𝑥.

We now pass to the proof of the theorem. Let 𝑓(𝑥), 𝑔(𝑥) ∈ ℭ0. We shall show
that the function

ℎ(𝑥) = (𝑓 ∗ 𝑔)(𝑥) = ∫
𝑅𝑛

𝑓(𝑥 − 𝑠)𝑔(𝑠) 𝑑𝑠 (𝑑𝑠 = 𝑑𝑠1 … 𝑑𝑠𝑛)

is logarithmically concave. Let 𝑥, 𝑦 ∈ 𝑅𝑛. Clearly,

[ℎ (𝑥 + 𝑦
2 )]

2
= ∫

𝑅𝑛
∫

𝑅𝑛
𝑓 (𝑥 + 𝑦

2 − 𝑠) 𝑓 (𝑥 + 𝑦
2 − 𝑡) 𝑔(𝑠)𝑔(𝑡) 𝑑𝑠 𝑑𝑡,
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ℎ(𝑥)ℎ(𝑦) = ∫
𝑅𝑛

∫
𝑅𝑛

𝑓(𝑥 − 𝑠)𝑓(𝑦 − 𝑡)𝑔(𝑠)𝑔(𝑡) 𝑑𝑠 𝑑𝑡.

In these 2𝑛-dimensional integrals make the change of variables:

𝑠 = 1
2 (𝑢 − 𝑣), 𝑡 = 1

2 (𝑢 − 𝑣), 𝑑𝑠 𝑑𝑡 = 2−𝑛 𝑑𝑢 𝑑𝑣.

We obtain

2𝑛 [ℎ (𝑥 + 𝑦
2 )]

2
= ∫

𝑅𝑛
∫

𝑅𝑛
𝐹(𝑢, 𝑣)𝐺(𝑢, 𝑣) 𝑑𝑢 𝑑𝑣,

2𝑛ℎ(𝑥)ℎ(𝑦) = ∫
𝑅𝑛

∫
𝑅𝑛

𝐹(𝑢, 𝑣 − 𝑥 + 𝑦)𝐺(𝑢, 𝑣) 𝑑𝑢 𝑑𝑣,

where

𝐹(𝑢, 𝑣) = 𝑓 [𝑥 + 𝑦 − 𝑢 − 𝑣
2 ] 𝑓 [𝑥 + 𝑦 − 𝑢 + 𝑣

2 ] ; 𝐺(𝑢, 𝑣) = 𝑔 [𝑢 + 𝑣
2 ] 𝑔 [𝑢 − 𝑣

2 ] .

Since the functions 𝐹(𝑢, 𝑣), 𝐺(𝑢, 𝑣) are logarithmically concave and even in the
argument 𝑣, applying Lemma 2, we find

∫
𝑅𝑛

𝐹(𝑢, 𝑣)𝐺(𝑢, 𝑣) 𝑑𝑣 ≥ ∫
𝑅𝑛

𝐹(𝑢, 𝑣 − 𝑥 + 𝑦)𝐺(𝑢, 𝑣) 𝑑𝑣 (𝑢 ∈ 𝑅𝑛).

Integrating with respect to 𝑢, we obtain

[ℎ (𝑥 + 𝑦
2 )]

2
≥ ℎ(𝑥)ℎ(𝑦).

The theorem is proved.

§ 4. We note some special cases of the theorem proved.

1) The gamma-distribution function

𝐹1(𝑥) = 𝛽𝛼

Γ(𝛼) ∫
𝑥

0
𝑡𝛼−1𝑒−𝛽𝑡 𝑑𝑡 (𝑥 ≥ 0); 𝐹1(𝑥) = 0 (𝑥 < 0),

is logarithmically concave for 𝛼 ≥ 1, 𝛽 > 0.
2) The function of the multidimensional normal distribution
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𝐹2(𝑥1, … , 𝑥𝑛) =

= √|𝐴|
(2𝜋)𝑛/2 ∫

𝑥1

−∞
⋯ ∫

𝑥𝑛

−∞
exp{−1

2
𝑛

∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑡𝑖 − 𝑏𝑖)(𝑡𝑗 − 𝑏𝑗)} 𝑑𝑡1 … 𝑑𝑡𝑛,

where 𝐴 = (𝑎𝑖𝑗) is a positive definite matrix, and also the functions

Φ2(𝑥1, … , 𝑥𝑛) = √|𝐴|
(2𝜋)𝑛/2 ∫

𝑥1

−∞
⋯ ∫

𝑥𝑛

−∞
(𝑥1 − 𝑡1)𝑘1 ⋯ (𝑥𝑛 − 𝑡𝑛)𝑘𝑛×

× exp{−1
2

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑡𝑖 − 𝑏𝑖)(𝑡𝑗 − 𝑏𝑗)} 𝑑𝑡1 … 𝑑𝑡𝑛 (𝑘𝑖 ≥ 0)

are logarithmically concave.

3) The function

𝐹3(𝑥) = ∫
𝐾+𝑥

exp{−
𝑛

∑
𝑖,𝑗=1

𝑎𝑖𝑗𝑡𝑖𝑡𝑗} 𝑑𝑡1 … 𝑑𝑡𝑛 (𝑥 ∈ 𝑅𝑛),

where 𝐾 is an arbitrary convex set in 𝑅𝑛, is logarithmically concave.

4) Repeated convolutions of characteristic functions of convex sets in 𝑅𝑛

and their limits are logarithmically concave functions. For example, the
Mandelbrot–Van Ness functions (3), whose Fourier transform has the form

∞
∏
𝑛=1

sin𝜇𝑛𝜉
𝜇𝑛𝜉 (

∞
∑
𝑛=1

𝜇𝑛 < ∞) ,

are logarithmically concave.

5°. As is known (4), the convolution of two even unimodal functions in 𝑅1

is an even unimodal function. In the multidimensional case it is natural to
understand by a unimodal function a function 𝑓(𝑥), 𝑥 ∈ 𝑅𝑛, for which the sets
𝐸𝑓

𝜏 = 𝐸{𝑥 ∈ 𝑅𝑛 ∶ 𝑓(𝑥) > 𝜏} are convex (𝜏 ≥ 0). However, in 𝑅𝑛 (𝑛 ≥ 2)
the convolution of even unimodal functions will not in general be a unimodal
function.

Example. Let 𝜒𝐴(𝑥), 𝜒𝐵(𝑥) be the characteristic functions of the sets

𝐴 = {𝑥 = (𝑥1, 𝑥2) ∶ −1 ≤ 𝑥1 ≤ 1; −𝑏 ≤ 𝑥2 ≤ 𝑏}

and
𝐵 = {𝑥 = (𝑥1, 𝑥2) ∶ −1 ≤ 𝑥1 ≤ 1; 𝑥1 − 𝛿 ≤ 𝑥2 ≤ 𝑥1 + 𝛿}.
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Consider the even unimodal function

𝜑(𝑥) = 𝜒𝐴(𝑥) + 𝑁𝜒𝐵(𝑥),

where 0 < 𝛿 < 𝑏 < 𝑁 . For sufficiently small 𝛿 and sufficiently large 𝑁 , the
convolution (𝜑 ∗ 𝜑)(𝑥) is not unimodal. To see this, it is enough to note that
(𝜑 ∗ 𝜑)(𝑥) along the line 𝑥2 = 1, −∞ < 𝑥2 < ∞, has at least two local maxima
(at 𝑥2 = 0 and 𝑥2 = 1).
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