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MATHEMATICS

T. A. GERMOGENOVA

LOCAL PROPERTIES OF THE SOLUTION OF
THE TRANSPORT EQUATION

(Presented by Academician A. N. Tikhonov, 18 XII 1968)

For a correct understanding of the peculiarities of the physical phenomena ac-
companying the process of propagation of radiation in matter, and for the suc-
cessful development of numerical methods for solving the transport equation
in problems with complicated geometry, it becomes necessary to investigate
the local properties of this solution: obtaining the sharpest possible estimates,
analyzing regions of continuity and differentiability, studying behavior in neigh-
borhoods of boundaries and discontinuity surfaces, etc. The behavior of the
solution is so complicated (!) that the theory of boundary-value problems for
the transport equation is constructed, as a rule (}73), on the basis of the in-
troduction of generalized solutions. A uniform estimate of the solution itself in
one-speed problems is given by the maximum principle (4). The first smooth-
ness estimates were obtained by V. S. Vladimirov in the study of a one-speed
problem with isotropic scattering in a spherically symmetric domain (°, ).

In the present work we set forth some results of an investigation of the smooth-
ness and differentiability properties and of the peculiarities of the solution of
an inhomogeneous boundary-value problem for the one-speed transport equa-
tion in a bounded open set (domain) G of the Euclidean space R5. A detailed
exposition is contained in (7).

We shall assume that the domain G decomposes into a finite number J of sub-
domains G, each of which is an open set with a piecewise smooth boundary
surface 7;; and that any straight line 11, passing through a point r € GG in the

direction s intersects the surface v = UlJ 7; only in a finite number of points

r" =r+¢,s, n=12..,Mr,s), sup N(r,s) <M, < oo,
GxQ

61 < O, £2m,1 < ng S £2m+1 < d, d = dlam G

The boundary-value problem under consideration for the function ®(r,s)—the
intensity of radiation at the point r in the direction s—is formulated as follows:
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sV® + o(r)®(r,s) = /g(r,ss’)q)(r,s’) ds’ + f(r,s), reG, seQ; (1)
o)

(I)(I‘ + EOS, S) = 07 @(I‘ + £2m+1sv S) = QD(I‘ + £2m+1SV S) + (I)(I‘ + ngS’ S)?

Here € is the unit sphere; the coefficients o(r), g(r,ss’), and f(r,s) are assumed
to be uniquely defined in G, G x [—1,+1], and G x €, respectively, while the
function ¢(r,s) is uniquely defined at all points r, =r+¢,s €7 for directions
s € Q_, corresponding to external radiation entering G at this point. We shall
assume that outside G, c = g= f = 0.

Under the conditions

0<oy<o(r)<o;<oo0 inG, (2)

M~

g(r,ss’) a;(r)g;(ss”) supa; < A < oo, g; € Ly(—1,+1),
G

i=1

I is finite, f € L (G x Q), ¢ € L (v x Q_); there exists a generalized solution
of this problem which, together with sV®, belongs to the space L (G x 2) with
norm

@] = sup vrai ®(r, s)
GxQ)

and, almost everywhere in G x 2,

0 0
D(r,s) z/ exp [—/ﬁ alr+¢&'s) df’} B(r+&s,8)dé+ F(r,s), (3)

31

where

B(r,s) = /Qg(r,ss’)q)(r,s’) ds’ + f(r,s),

0
Flrs)= 30 ¢lr+Eomuss)exp [— / a<r+5's>ds’]. ()

€am41<0 Samy1
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Solvability conditions for the corresponding homogeneous problem (1) have also
been found.

Denote by Cy,(Y) the space of functions u(y), I times continuously differentiable
in the closed domain Y C R,,, with finite magnitude (norm) (1,7)

Z Z max | D*ul| + Z |D'ul 5 = lullinys

k=0 (k)

where D*u is the derivative of u of order k;

osc{u, K,(yo)}

bl

|ulqy = sup
v Yo€Y 7(p)
0<p=<pq
7(p) = p® for 0 < a < 15 7(p) = w(p) = p(1 + [In|p|]) for a = 1; K ,(y,) is the
ball of radius p in Y with center at the point y, € Y.

Let Lé"‘ be the set of functions u(y), | times generalized differentiable in Y, for
which the inequality

. 1/p
U dy> > DMy + A'(y) — DkU(y)l”] <c,A%  A=supvraiA/(y).
Y

k=0 (k) Y
Lemma 1. Let f(s) € L,(€2). Then, for p~' =1—¢ ! and g(u) € LI*(—1,41),
1=0,1,.., a€l0,1], there exists any derivative Dkgf (k =0,1,...,1) of the
function

3f(s) = / o(s8) /(') d’,

Q

and moreover §f € C,, ().

Consequently, under conditions (2), N = g® € C,,(2) at every point r € G,
where g(r, ss’) € L'*(—1,+1), since in this case ® € L (G x Q) and p = 1.

From the definition of the source function NV it follows that its degree of smooth-
ness with respect to the spatial variables r is at least the same as that of the
functions g and ®. However, owing to the absolute continuity of ®(r,s) along

the rays II,.., N turns out to be a smoother function than ®.

Theorem 1. Let the v;—the boundaries of the subdomains G; (j = 1,2,...,J)
—be piecewise smooth surfaces of class C, (I > 1), ¢(r,, s) =0, and let B, g,
and o satisfy the conditions: 1) ¢ > 0, ¢ € C’Oa(@j); 2) B € Cy, () in G; 3)

sovietrxiv.org/items/ru-196901.68648 Machine Translation


https://sovietrxiv.org/items/ru-196901.68648

g(r,ss’) € Lo(G x (—1,41)), a; € Coo(Kg(r)), g; € LI*(—=1,+1), a > 0, I
finite.

Then N € Cy, (2 x Kg(r)), where Kg(r) is the open ball of radius R with
center at the point r, contained in G.

The proof is based on representing N (7, s) by the integral
N(r,s) = /dr’g(r, ss" YK (r,r")B(r',s"), (5)
G
where K (r,r’) = |r — r’| 2 exp{—w, (r,1")},

r—r’

1

wy(r,r’) =|r— r’|/ o(rt + (1 —t)r’) dt, s’ = e
3 |r — 1’|

The difficulty of the proof, just as in the problem with isotropic scattering

(g; =1) (1), is explained by the dependence of the function playing the role of

the potential density not only on the spatial and angular coordinates, but also

on the functional w,.

Theorem 2. Suppose that, for some a > 0, the following conditions are
satisfied:

L o(r) € C,(G)), a;(r) € Cy,(G,), g;(n) € L3%(—1,41) for all j =
1,2, J, i=1,2,...,1.
2. There is a ball Kg(r), lying entirely in G;, such that: a) a; € Cy(Kg(r));
b) €, (r,s) € Oy (KpxQ),1>0;c) DFf € Cy . (Kg) on Q fork=0,1,2;
d) p(r,,s) =0 forallr € K, s€Q (r, =r+¢,s).
Then the function N(r,s), defined by the integral (5), is differentiable with respect
to the spatial variables at the point r for all s € €.

Let v(r™) be the normal to the surface v at the point r = r+¢,s, and let £, < 0.
If, in a neighborhood of the point r, v € C;, and A,J are sufficiently small
positive numbers, then, for v(r™)s # 0, §,, € C,, (KA (r)x K;(s)); for v(r™)s =0
and finite radii of curvature of v at the point r”, &, € Cyi/2(Ka(r) X Kj(s)).

For ON/0z the formula obtained is

ON <~ [ 0a; ON.,
IV N~ (D y g, N
0z ;(32 it 8z)’

where
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N, :/gi(ss’)é(r,s’) ds’,

Q
aajzi = /st’ (s’e,) g;(ss")B(r,s’)

n /KR dr’ gl; { {B(r/,s’)K(r,r’) - ﬁ(r:H gi(ss/)}

0" [ 9:(55)B(x',8) / (6)
! /G\KR "o {|rr|2 exp|[—w, (r,T )]}
— | d -<_SS ) \ezv| 50’(1‘ )/d de(rJ,_gs _s )
s Y 9i Y |I‘—I‘7|2 ¥ lr’y_r‘ s ,
E J—
X exp [—/ adgl (1_|rv§r> ’
0

(50(r'y> = 0'+(r'y) - 0'7(1"0, Uj:(r»y) = %IL% U(I‘,Y + Cez)7 C > 0.

The prime ' means that differentiation is not performed with respect to the
spatial variable r in the function B(r,s’). The double prime ” means that
the derivative do/Jz is computed only at points of the domain G where it is
bounded. As r approaches the surface 7;» where o and B have a discontinuity,
the last two terms in (6) grow without bound and

N
—%Z ~ —In|r —ry||e,sy| 2mg(r, —ssy) ¥
X | By (rg,—sqg) — B_(ry, *SO)UJF(I‘O) ) (7)
o_(rg)
where
rg—r r,—r
+(rg, —so) Cli% (ro £ Ce., —sp), So rg — 1|’ Sy ‘I'y_r|’

r, is the point of the surface v nearest to r.

Note that, when the conditions of Theorem 2 are fulfilled, everywhere in G,
|IVN| € L,(G x Q) for any finite p. From (7) one easily obtains an approximate
formula for N, valid in neighborhoods of the discontinuity surfaces ¢ and B. For
spherical and plane surfaces, when g, = 1/4m, it coincides with the previously
obtained formula (6).
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The transformation ®(r,s) = ®,(r,s) + F(r,s) (1) reduces the problem to one
with homogeneous boundary conditions and free term f; = f 4+ gF. On the
other hand, extracting the first iterations, i.e., putting ®; = &, + £71f, =
O, + L7y + £71gL7L f,), where

0
Llf(r,s)x = [ f(r+&s,s)x
!

0
xexp{/ o(r+¢'s) df’} dg,
3

we shall have
LY, = g, + fi, Q. (r+&,,.18,8) = (r+&,,8,8), m=12,..,9/2,

k=12 fi=3"%  fo=(3C)%f,.

Thus, the investigation of the solutions of the original problem is reduced to the
analysis of F, £71f,, and ®; or of F, £71f,, £71g£L71f,, and ®,—problems
that are simpler, since F, £71f,, £71g£ ! f, are quadratures, whose behavior
in concrete problems, as a rule, is easily traced, while the study of ®; and ®, is
considerably facilitated by the smoothness of the free terms: for f, € L (GxQ),
gLt fy € C,,, while (§£1)2 f, satisfies the conditions of Theorem 2.

Theorem 3. Suppose that everywhere in G x €2, under the conditions of The-
orem 1, the functions ® and N are defined by the integrals (3) and (5), respec-
tively. Then everywhere in G x € the derivative sV® exists; it is uniformly
bounded and equals —o® + B. If the assumptions of Theorem 2 are fulfilled in
G %, and the point (r,, s,) is such that, for £, (r,,s,) < 0, the boundary surface
v in a neighborhood of the points r,,, belongs to the class C}, (I > 1,a > 0),
then in the case when the direction s, is not tangent, i.e., v(r,,) s, # 0 for
all £, < 0, the spatial and angular derivatives of the function ® at (r,,s,) exist
and are bounded; in a neighborhood of tangent directions, for which v(r,,) - s,
vanishes for at least some n corresponding to &, < 0, the singularities of the
derivatives D, ®, D,® have orders respectively (r —r,) /2 |s —s,|'/2, if the
radii of curvature of v at the points r,,, are finite. On surfaces with zero cur-
vature the angular derivatives of ® have a singularity In|s — s,|, where s is
the tangent direction, and the function & itself has a discontinuity along these
directions.
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