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MATHEMATICS

T. A. GERMOGENOVA

LOCAL PROPERTIES OF THE SOLUTION OF
THE TRANSPORT EQUATION
(Presented by Academician A. N. Tikhonov, 13 XII 1968)

For a correct understanding of the peculiarities of the physical phenomena ac-
companying the process of propagation of radiation in matter, and for the suc-
cessful development of numerical methods for solving the transport equation
in problems with complicated geometry, it becomes necessary to investigate
the local properties of this solution: obtaining the sharpest possible estimates,
analyzing regions of continuity and differentiability, studying behavior in neigh-
borhoods of boundaries and discontinuity surfaces, etc. The behavior of the
solution is so complicated (1) that the theory of boundary-value problems for
the transport equation is constructed, as a rule (1−3), on the basis of the in-
troduction of generalized solutions. A uniform estimate of the solution itself in
one-speed problems is given by the maximum principle (4). The first smooth-
ness estimates were obtained by V. S. Vladimirov in the study of a one-speed
problem with isotropic scattering in a spherically symmetric domain (5, 6).
In the present work we set forth some results of an investigation of the smooth-
ness and differentiability properties and of the peculiarities of the solution of
an inhomogeneous boundary-value problem for the one-speed transport equa-
tion in a bounded open set (domain) 𝐺 of the Euclidean space 𝑅3. A detailed
exposition is contained in (7).
We shall assume that the domain 𝐺 decomposes into a finite number 𝐽 of sub-
domains 𝐺𝑗, each of which is an open set with a piecewise smooth boundary
surface 𝛾𝑗; and that any straight line Π𝑟𝑠 passing through a point r ∈ 𝐺 in the
direction s intersects the surface 𝛾 = ⋃𝐽

1 𝛾𝑗 only in a finite number of points

r𝑛 = r + 𝜉𝑛s, 𝑛 = 1, 2, … , 𝔑(r, s), sup
𝐺×Ω

𝔑(r, s) ≤ 𝔑0 < ∞,

𝜉1 < 0, 𝜉2𝑚−1 < 𝜉2𝑚 ≤ 𝜉2𝑚+1 < 𝑑, 𝑑 = diam 𝐺.

The boundary-value problem under consideration for the function Φ(r, s)—the
intensity of radiation at the point r in the direction s—is formulated as follows:
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s∇Φ + 𝜎(r)Φ(r, s) = ∫
Ω

𝑔(r, ss′)Φ(r, s′) 𝑑s′ + 𝑓(r, s), r ∈ 𝐺, s ∈ Ω; (1)

Φ(r + 𝜉0s, s) = 0, Φ(r + 𝜉2𝑚+1s, s) = 𝜑(r + 𝜉2𝑚+1s, s) + Φ(r + 𝜉2𝑚s, s),

𝑚 = 1, 2, … , 𝔑/2.

Here Ω is the unit sphere; the coefficients 𝜎(r), 𝑔(r, ss′), and 𝑓(r, s) are assumed
to be uniquely defined in 𝐺, 𝐺 × [−1, +1], and 𝐺 × Ω, respectively, while the
function 𝜑(r, s) is uniquely defined at all points r𝛾 = r + 𝜉𝑛s ∈ 𝛾 for directions
s ∈ Ω−, corresponding to external radiation entering 𝐺 at this point. We shall
assume that outside 𝐺, 𝜎 = 𝑔 = 𝑓 = 0.

Under the conditions

0 < 𝜎0 ≤ 𝜎(r) ≤ 𝜎1 < ∞ in 𝐺, (2)

𝑔(r, ss′) =
𝐼

∑
𝑖=1

𝑎𝑖(r)𝑔𝑖(ss′), sup
𝐺

𝑎𝑖 ≤ 𝐴 < ∞, 𝑔𝑖 ∈ 𝐿1(−1, +1),

𝐼 is finite, 𝑓 ∈ 𝐿∞(𝐺 × Ω), 𝜑 ∈ 𝐿∞(𝛾 × Ω−); there exists a generalized solution
of this problem which, together with 𝑠∇Φ, belongs to the space 𝐿∞(𝐺×Ω) with
norm

‖Φ‖∞ = sup
𝐺×Ω

vrai Φ(𝑟, 𝑠)

and, almost everywhere in 𝐺 × Ω,

Φ(𝑟, 𝑠) = ∫
0

𝜉1

exp [− ∫
0

𝜉
𝜎(𝑟 + 𝜉′𝑠) 𝑑𝜉′] 𝐵(𝑟 + 𝜉𝑠, 𝑠) 𝑑𝜉 + 𝐹(𝑟, 𝑠), (3)

where

𝐵(𝑟, 𝑠) = ∫
Ω

𝑔(𝑟, 𝑠𝑠′)Φ(𝑟, 𝑠′) 𝑑𝑠′ + 𝑓(𝑟, 𝑠),

𝐹 (𝑟, 𝑠) = ∑
𝜉2𝑚+1<0

𝜑(𝑟 + 𝜉2𝑚+1𝑠, 𝑠) exp [− ∫
0

𝜉2𝑚+1

𝜎(𝑟 + 𝜉′𝑠) 𝑑𝜉′] . (4)
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Solvability conditions for the corresponding homogeneous problem (1) have also
been found.

Denote by 𝐶𝑙𝛼( ̄𝑌 ) the space of functions 𝑢(𝑦), 𝑙 times continuously differentiable
in the closed domain ̄𝑌 ⊂ 𝑅𝑛, with finite magnitude (norm) (1, 7)

𝑙
∑
𝑘=0

∑
(𝑘)

max |𝐷𝑘𝑢| + ∑
(𝑙)

|𝐷𝑙𝑢|𝛼 ̄𝑌 = ‖𝑢‖𝑙𝛼 ̄𝑌 ,

where 𝐷𝑘𝑢 is the derivative of 𝑢 of order 𝑘;

|𝑢|𝛼 ̄𝑌 = sup
𝑦0∈ ̄𝑌

0≤𝜌≤𝜌0

osc{𝑢, 𝐾𝜌(𝑦0)}
𝜏(𝜌) ;

𝜏(𝜌) = 𝜌𝛼 for 0 ≤ 𝛼 < 1; 𝜏(𝜌) = 𝜔(𝜌) = 𝜌(1 + | ln |𝜌||) for 𝛼 = 1; 𝐾𝜌(𝑦0) is the
ball of radius 𝜌 in 𝑌 with center at the point 𝑦0 ∈ ̄𝑌 .

Let 𝐿𝑙𝛼
𝑝 be the set of functions 𝑢(𝑦), 𝑙 times generalized differentiable in 𝑌 , for

which the inequality

⎡⎢
⎣

∫
𝑌

𝑑𝑦
𝑙

∑
𝑘=0

∑
(𝑘)

|𝐷𝑘(𝑦 + Δ′(𝑦)) − 𝐷𝑘𝑢(𝑦)|𝑝⎤⎥
⎦

1/𝑝

≤ 𝑐𝑢Δ𝛼, Δ ≡ sup
𝑌

vrai Δ′(𝑦).

Lemma 1. Let 𝑓(𝑠) ∈ 𝐿𝑞(Ω). Then, for 𝑝−1 = 1 − 𝑞−1 and 𝑔(𝜇) ∈ 𝐿𝑙𝛼
𝑝 (−1, +1),

𝑙 = 0, 1, …, 𝛼 ∈ [0, 1], there exists any derivative 𝐷𝑘 ̂𝑔𝑓 (𝑘 = 0, 1, … , 𝑙) of the
function

̂𝑔𝑓(𝑠) = ∫
Ω

𝑔(𝑠𝑠′)𝑓(𝑠′) 𝑑𝑠′,

and moreover ̂𝑔𝑓 ∈ 𝐶𝑙𝛼(Ω).
Consequently, under conditions (2), 𝑁 ≡ ̂𝑔Φ ∈ 𝐶𝑙𝛼(Ω) at every point 𝑟 ∈ 𝐺,
where 𝑔(𝑟, 𝑠𝑠′) ∈ 𝐿𝑙𝛼

1 (−1, +1), since in this case Φ ∈ 𝐿∞(𝐺 × Ω) and 𝑝 = 1.

From the definition of the source function 𝑁 it follows that its degree of smooth-
ness with respect to the spatial variables 𝑟 is at least the same as that of the
functions 𝑔 and Φ. However, owing to the absolute continuity of Φ(𝑟, 𝑠) along
the rays Π𝑟𝑠, 𝑁 turns out to be a smoother function than Φ.

Theorem 1. Let the 𝛾𝑗—the boundaries of the subdomains 𝐺𝑗 (𝑗 = 1, 2, … , 𝐽)
—be piecewise smooth surfaces of class 𝐶𝑙𝛼 (𝑙 ≥ 1), 𝜑(𝑟𝛾, 𝑠) = 0, and let 𝐵̄, 𝑔,
and 𝜎 satisfy the conditions: 1) 𝜎 ≥ 0, 𝜎 ∈ 𝐶0𝛼( ̄𝐺𝑗); 2) 𝐵 ∈ 𝐶0𝛼(Ω) in 𝐺; 3)

sovietrxiv.org/items/ru-196901.68648 Machine Translation

https://sovietrxiv.org/items/ru-196901.68648


𝑔(𝑟, 𝑠𝑠′) ∈ 𝐿∞(𝐺 × (−1, +1)), 𝑎𝑖 ∈ 𝐶0𝛼(𝐾𝑅(𝑟)), 𝑔𝑖 ∈ 𝐿0𝛼
1 (−1, +1), 𝛼 > 0, 𝐼

finite.

Then 𝑁 ∈ 𝐶0𝛼(Ω × 𝐾𝑅(𝑟)), where 𝐾𝑅(𝑟) is the open ball of radius 𝑅 with
center at the point 𝑟, contained in 𝐺.

The proof is based on representing 𝑁(𝑟, 𝑠) by the integral

𝑁(𝑟, 𝑠) = ∫
𝐺

𝑑𝑟′ 𝑔(𝑟, 𝑠𝑠′)𝐾(𝑟, 𝑟′)𝐵(𝑟′, 𝑠′), (5)

where 𝐾(r, r′) = |r − r′|−2 exp{−𝑤𝜎(r, r′)},

𝑤𝜎(r, r′) = |r − r′| ∫
1

0
𝜎(r𝑡 + (1 − 𝑡)r′) 𝑑𝑡, s′ = r − r′

|r − r′| .

The difficulty of the proof, just as in the problem with isotropic scattering
(𝑔𝑖 ≡ 1) (1), is explained by the dependence of the function playing the role of
the potential density not only on the spatial and angular coordinates, but also
on the functional 𝑤𝜎.

Theorem 2. Suppose that, for some 𝛼 > 0, the following conditions are
satisfied:

1. 𝜎(r) ∈ 𝐶1𝛼(𝐺𝑗), 𝑎𝑖(r) ∈ 𝐶0𝛼(𝐺𝑗), 𝑔𝑖(𝜇) ∈ 𝐿2𝛼
1 (−1, +1) for all 𝑗 =

1, 2, … , 𝐽, 𝑖 = 1, 2, … , 𝐼 .

2. There is a ball 𝐾𝑅(r), lying entirely in 𝐺𝑗, such that: a) 𝑎𝑖 ∈ 𝐶1(𝐾𝑅(r));
b) 𝜉𝑛(r, s) ∈ 𝐶1𝛼(𝐾𝑅 × Ω), 𝑙 ≥ 0; c) 𝐷 𝑘

𝑠 𝑓 ∈ 𝐶0𝛼(𝐾𝑅) on Ω for 𝑘 = 0, 1, 2;
d) 𝜑(r𝑛, s) = 0 for all r ∈ 𝐾𝑅, s ∈ Ω (r𝑛 = r + 𝜉𝑛s).

Then the function 𝑁(r, s), defined by the integral (5), is differentiable with respect
to the spatial variables at the point r for all s ∈ Ω.

Let v(r𝑛) be the normal to the surface 𝛾 at the point r𝑛 = r+𝜉𝑛s, and let 𝜉𝑛 < 0.
If, in a neighborhood of the point r, 𝛾 ∈ 𝐶1𝛼 and Δ, 𝛿 are sufficiently small
positive numbers, then, for v(r𝑛)s ≠ 0, 𝜉𝑛 ∈ 𝐶1𝛼(𝐾Δ(r)×𝐾𝛿(s)); for v(r𝑛)s = 0
and finite radii of curvature of 𝛾 at the point r𝑛, 𝜉𝑛 ∈ 𝐶01/2(𝐾Δ(r) × 𝐾𝛿(s)).
For 𝜕𝑁/𝜕𝑧 the formula obtained is

𝜕𝑁
𝜕𝑧 =

𝐼
∑
𝑖=1

(𝜕𝑎𝑖
𝜕𝑧 𝑁𝑖 + 𝑎𝑖

𝜕𝑁𝑖
𝜕𝑧 ) ,

where
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𝑁𝑖 = ∫
Ω

𝑔𝑖(ss′)Φ(r, s′) 𝑑s′,

𝜕𝑁𝑖
𝜕𝑧 = ∫

Ω
𝑑s′ (s′e𝑧) 𝑔𝑖(ss′)𝐵(r, s′)

+ ∫
𝐾𝑅

𝑑r′ 𝜕′

𝜕𝑧 {[𝐵(r′, s′)𝐾(r, r′) − 𝐵(r, s′)
|r − r′|2 ] 𝑔𝑖(ss′)}

+ ∫
𝐺∖𝐾𝑅

𝑑r′ 𝜕″

𝜕𝑧 {𝑔𝑖(ss′)𝐵(r′, s′)
|r − r′|2 exp[−𝑤𝜎(r, r′)]}

− ∫
𝛾

𝑑𝛾 𝑔𝑖(−ss𝛾) |e𝑧v|
|r − r𝛾|2 𝛿𝜎(r𝛾) ∫

𝑑

|r𝛾−r|
𝑑𝜉 𝐵(r + 𝜉s𝛾, −s𝛾)

× exp [− ∫
𝜉

0
𝜎 𝑑𝜉] (1 − |r𝛾 − r|

𝜉 ) ,

(6)

𝛿𝜎(r𝛾) = 𝜎+(r𝛾) − 𝜎−(r𝛾), 𝜎±(r𝛾) = lim
𝜁→0

𝜎(r𝛾 ± 𝜁e𝑧), 𝜁 > 0.

The prime ′ means that differentiation is not performed with respect to the
spatial variable r in the function 𝐵(r, s′). The double prime ″ means that
the derivative 𝜕𝜎/𝜕𝑧 is computed only at points of the domain 𝐺 where it is
bounded. As r approaches the surface 𝛾𝑗, where 𝜎 and 𝐵 have a discontinuity,
the last two terms in (6) grow without bound and

𝜕𝑁
𝜕𝑧 ≃ − ln |r − r0| |e𝑧s0| 2𝜋𝑔(r, −ss0)×

× [𝐵+(r0, −s0) − 𝐵−(r0, −s0)𝜎+(r0)
𝜎−(r0)] , (7)

where

𝐵±(r0, −s0) = lim
𝜁→0

𝐵(r0 ± 𝜁e𝑧, −s0), s0 = r0 − r
|r0 − r| , s𝛾 = r𝛾 − r

|r𝛾 − r| ,

r0 is the point of the surface 𝛾 nearest to r.

Note that, when the conditions of Theorem 2 are fulfilled, everywhere in 𝐺,
|∇𝑁| ∈ 𝐿𝑝(𝐺 × Ω) for any finite 𝑝. From (7) one easily obtains an approximate
formula for 𝑁 , valid in neighborhoods of the discontinuity surfaces 𝜎 and 𝐵. For
spherical and plane surfaces, when 𝑔𝑖 = 1/4𝜋, it coincides with the previously
obtained formula (6).
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The transformation Φ(r, s) = Φ0(r, s) + 𝐹(r, s) (1) reduces the problem to one
with homogeneous boundary conditions and free term 𝑓0 = 𝑓 + ̂𝑔𝐹 . On the
other hand, extracting the first iterations, i.e., putting Φ0 = Φ1 + ℒ−1𝑓0 =
Φ2 + ℒ−1𝑓0 + ℒ−1 ̂𝑔ℒ−1𝑓0, where

ℒ−1𝑓(r, s)× = ∫
0

𝜉1

𝑓(r + 𝜉s, s)×

× exp {∫
0

𝜉
𝜎(r + 𝜉′s) 𝑑𝜉′} 𝑑𝜉,

we shall have

ℒΦ𝑘 = ̂𝑔Φ𝑘 + 𝑓𝑘, Φ𝑘(r + 𝜉2𝑚+1s, s) = Φ𝑘(r + 𝜉2𝑚s, s), 𝑚 = 1, 2, … , 𝔑/2,

𝑘 = 1, 2, 𝑓1 = ̂𝑔ℒ−1𝑓0, 𝑓2 = ( ̂𝑔ℒ−1)2𝑓0.

Thus, the investigation of the solutions of the original problem is reduced to the
analysis of 𝐹 , ℒ−1𝑓0, and Φ1; or of 𝐹 , ℒ−1𝑓0, ℒ−1 ̂𝑔ℒ−1𝑓0, and Φ2—problems
that are simpler, since 𝐹 , ℒ−1𝑓0, ℒ−1 ̂𝑔ℒ−1𝑓0 are quadratures, whose behavior
in concrete problems, as a rule, is easily traced, while the study of Φ1 and Φ2 is
considerably facilitated by the smoothness of the free terms: for 𝑓0 ∈ 𝐿∞(𝐺×Ω),

̂𝑔ℒ−1𝑓0 ∈ 𝐶𝑙𝛼, while ( ̂𝑔ℒ−1)2𝑓0 satisfies the conditions of Theorem 2.

Theorem 3. Suppose that everywhere in 𝐺 × Ω, under the conditions of The-
orem 1, the functions Φ and 𝑁 are defined by the integrals (3) and (5), respec-
tively. Then everywhere in 𝐺 × Ω the derivative s∇Φ exists; it is uniformly
bounded and equals −𝜎Φ + 𝐵. If the assumptions of Theorem 2 are fulfilled in
𝐺×Ω, and the point (r∗, s∗) is such that, for 𝜉𝑛(r∗, s∗) < 0, the boundary surface
𝛾 in a neighborhood of the points r∗𝑛 belongs to the class 𝐶𝑙𝛼 (𝑙 ≥ 1, 𝛼 ≥ 0),
then in the case when the direction s∗ is not tangent, i.e., 𝜈(r∗𝑛) ⋅ s∗ ≠ 0 for
all 𝜉𝑛 < 0, the spatial and angular derivatives of the function Φ at (r∗, s∗) exist
and are bounded; in a neighborhood of tangent directions, for which 𝜈(r∗𝑛) ⋅ s∗
vanishes for at least some 𝑛 corresponding to 𝜉𝑛 < 0, the singularities of the
derivatives 𝐷𝑟Φ, 𝐷𝑠Φ have orders respectively (r − r∗)−1/2, |s − s∗|−1/2, if the
radii of curvature of 𝛾 at the points r∗𝑛 are finite. On surfaces with zero cur-
vature the angular derivatives of Φ have a singularity ln |s − s0|, where s0 is
the tangent direction, and the function Φ itself has a discontinuity along these
directions.
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