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Abstract
Full Text
THEORY OF ELASTICITY
V. A. BABESHKO

ASYMPTOTIC PROPERTIES OF SOLUTIONS
OF SOME INTEGRAL EQUATIONS
(Presented by Academician V. V. Novozhilov on 10 February 1969)

Mixed problems of the mathematical theory of cracks (1−3) lead to an integral
equation of the form

𝐾𝑞 = ∫
𝑎

−𝑎
𝑘(𝑥 − 𝜉) 𝑞(𝜉)𝑑𝜉 = 𝜋𝑓(𝑥), |𝑥| < 𝑎, 𝑓(−𝑥) = 𝑓(𝑥), (1)

whose kernel has a singularity at zero and tends to a constant at infinity. The
asymptotic solution of equation (1) as 𝑎 → 0 can be constructed by means of
N. I. Muskhelishvili’s method of singular integral equations, with subsequent
application of the contraction mapping principle to the regularized equation (1).
For large values of 𝑎, only the zero term of the asymptotics of the solution has
been constructed (1−3).
In the present note a theorem is given in which an analytic form of the solution
of equation (1) as 𝑎 → ∞ is established, and certain of its properties are also
determined. The manner of applying the theorem is illustrated by an example.

We note that integral equation (1) with the indicated properties also arises in
mixed problems of elasticity theory for a strip and a wedge with free faces, when
a rigid punch acts on them, loaded only by a moment (4).

1. We shall assume that 𝐾(𝑧) is an odd function, real on the real axis. Denote
by Ω a domain of the form (a parabolic strip) |𝜎| ≤ ∞, |𝜏| ≤ 𝛼(𝜎), 𝑧 =
𝜎 + 𝑖𝜏 , where 𝛼(𝜎) is an even piecewise-smooth function possessing the
properties 𝛼(𝜎) ≥ 𝜇 > 0, 𝛼(𝜎) = 𝑂(𝜎𝜀), 𝜎 → ∞, 𝜀 > 0. It is assumed
that in Ω the function 𝐾(𝑧) has no zeros and is regular everywhere, with
the exception of the point 𝑧 = 0, where it has a simple pole. On the
boundaries Γ+ (of the upper half-plane) and Γ− (of the lower half-plane)
of the domain Ω the function 𝐾(𝑧) is continuous, and in the domain Ω
itself the asymptotic estimate holds

𝐾(𝑧) = 𝑐2 [1 + 𝑂(𝑧−1)] , |𝑧| → ∞, Re 𝑧 > 0, 𝑘(𝑡) = ∫
∞

0
𝐾(𝑥) sin 𝑡𝑥 𝑑𝑥.

(2)
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In this case (5) the representation

𝑧𝐾(𝑧) = 𝐾+(𝑧)𝐾−(𝑧), (3)

is valid, where 𝐾+(𝑧) is regular in the domain Ω ∪ Im 𝑧 > 0, and 𝐾−(𝑧) in
Ω ∪ Im 𝑧 < 0; moreover,

𝐾+(𝑧) ∼ 𝑐𝑧0.5, 𝑧 ∈ Ω, |𝑧| → ∞. (4)

Introduce for consideration the operator (6)

𝐹(𝑎, 𝑧)𝜑 ≡ 1
2𝜋𝑖 ∫

Γ−

𝐾−(𝑡) exp(−2𝑎𝑖𝑡)𝜑(𝑡) 𝑑𝑡
𝐾+(𝑡)(𝑡 + 𝑧) , (5)

acting continuously in the space 𝐴 of functions 𝜑(𝑧), analytic

for Im 𝑧 ≤ −𝛿 and admitting in 𝑆 = Ω ∩ Im 𝑧 ≤ −𝛿 the representation

𝜑(𝑧) = 𝜓(𝑧)𝑧−1, max
𝑧∈𝑆

|𝜓(𝑧)| < ∞, 𝛿 > 0. (6)

Denote by 𝐸 the set of piecewise-smooth contours 𝛾 from the domain 𝑆, on
which, for any function 𝜑(𝑡) ∈ 𝐴, the identity

𝐹(𝑎, 𝑧)𝜑 ≡ 1
2𝜋𝑖 ∫

𝛾

𝐾−(𝑡) exp(−2𝑎𝑖𝑡)𝜑(𝑡) 𝑑𝑡
𝐾+(𝑡)(𝑡 + 𝑧) . (7)

Set

inf
𝑡∈𝛾

| Im 𝑡| = 𝜇𝛾, 𝛾 ∈ 𝐸. (8)

Theorem. The solution 𝑞(𝑥) of the integral equation (1), satisfying the condi-
tion

∫
𝑎

−𝑎
𝑞(𝑥) 𝑑𝑥 = 0,

is unique in 𝐿𝑝(−𝑎, 𝑎) (𝑝 > 1) and, for an even right-hand side 𝑓(𝑥) ∈ 𝐶𝜆
1 (−𝑎, 𝑎)

(𝜆 > 0.5), for 𝑎 > 𝑎0 is given by the relation

𝑞(𝑥) = ∫
∞

−∞

𝑖Φ(𝜂)
𝐾(𝜂) 𝑒𝑖𝜂𝑥 𝑑𝜂 +

∞
∑
𝑘=0

(−1)𝑘[𝑆(𝑎 + 𝑥) − 𝑆(𝑎 − 𝑥)]𝐹 𝑘(𝑎, 𝑧)𝜓. (9)
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Here 𝑎0 is the greatest root of the equation

1 = inf
𝛾∈𝐸

max
𝑧∈𝛾

𝑒−2𝑎0𝜇𝛾

2𝜋 ∫
𝛾

∣ 𝑧𝐾−(𝑡)𝑒−2𝑎0(𝑖𝑡−𝜇𝛾)

(𝑧 + 𝑡)𝐾+(𝑡)𝑡 ∣ |𝑑𝑡|. (10)

Moreover, the representation

𝑞(𝑥) = 𝜔(𝑥)(𝑎2 − 𝑥2)−0.5, 𝜔(𝑥) ∈ 𝐶(−𝑎, 𝑎), (11)

is valid, and for 𝑞𝑛(𝑥)—the partial sum consisting of 𝑛 terms of the series (9)
and the improper integral—there is the asymptotic estimate

[𝑞(𝑥) − 𝑞𝑛(𝑥)](𝑎2 − 𝑥2)0.5 = 𝑂{exp[−2𝑎(𝜇 − 𝜀)𝑛]} (𝑎 → ∞),

𝑥 ∈ [−𝑎, 𝑎]; (12)

𝜀 > 0 is an arbitrarily small fixed number.

Here the following notation has been introduced:

𝜓(𝑡) = ∫
∞

−∞

Φ(𝜂)𝑒−𝑖𝜂𝑎 𝑑𝜂
𝐾+(𝜂)(𝑡 + 𝜂) , 𝑆(𝑥)𝑓 = 1

2𝜋 ∫
∞−𝑖𝜀

−∞−𝑖𝜀

𝑡𝑓(𝑡)𝑒−𝑖𝑡𝑥 𝑑𝑡
𝐾+(𝑡) , 0 < 𝜀 < 𝜇,

𝑓(𝑥) = ∫
∞

−∞
Φ(𝜂)𝑒𝑖𝜂𝑥 𝑑𝜂, Φ(−𝜂) = Φ(𝜂). (13)

𝐹 𝑘(𝑎, 𝑧) is the 𝑘-th iteration of the operator 𝐹(𝑎, 𝑧); 𝐶𝜆
1 (−𝑎, 𝑎) is the set of

functions whose first derivative satisfies a Hölder condition with exponent 𝜆 on
[−𝑎, 𝑎]; 𝐶(−𝑎, 𝑎) is the set of functions continuous on [−𝑎, 𝑎].
2. Example. In applications one often encounters the case (1–4), when 𝑓(𝑥) =
cos 𝜂𝑥 and 𝐾(𝑧) has the form

𝐾(𝑧) = 𝑧−1(𝑧2 + 𝐷2)(𝑧2 + 𝐵2)−0.5, Im 𝐵 = Im 𝐷 = 0. (14)

We restrict ourselves to the investigation of the case 𝐷 > 𝐵 > 0.

The function 𝐾(𝑧) is regular in the entire complex plane with a deleted neigh-
borhood of zero and with a cut joining, along the imaginary axis, the points-

branches 𝑖𝐵 and −𝑖𝐵 through the point at infinity. The functions 𝐾+(𝑧) and
𝐾−(𝑧), regular in the plane with cuts respectively from −𝑖𝐵 to −𝑖∞ and from
𝑖𝐵 to 𝑖∞, are representable in the form
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𝐾+(𝑧) = (𝐷 − 𝑖𝑧)(𝐵 − 𝑖𝑧)0.5, 𝐾−(𝑧) = (𝐷 + 𝑖𝑧)(𝐵 + 𝑖𝑧)−0.5, (15)

𝑖𝐾+(𝑧) ∼ √𝑧 exp(𝑖𝜋/4), 𝐾−(𝑧) ∼ 𝑖√𝑧 exp(−𝑖𝜋/4) (𝑧 → ∞).

As the contour Γ− one may take a contour lying on the left and right banks of
the cut connecting the points −𝑖𝐵, −𝑖∞. The domain 𝑆 will be the entire lower
half-plane with the indicated cut.

With the indicated choice of the contour Γ−, the integrand in (5), by virtue of
(15), will have a polar singularity at 𝑡 = −𝑖𝐷 on Γ−, and the integral must be
understood in the sense of the principal value.

On the basis of relation (7), as 𝛾 ∈ 𝐸 one may take the family of contours 𝛾(𝜈)
defined by the relation

𝑧 = 𝜎 − 𝑖(𝜈|𝜎| + 𝐵), |𝜎| ≤ ∞, 0 < 𝜈 < ∞. (16)

On the contours (16) the integrand in (17) is absolutely summable. Evidently,
2Φ(𝑥) = 𝛿(𝑥 − 𝜂) + 𝛿(𝑥 + 𝜂); (𝛿(𝑡) is the Dirac delta function). As a result 𝑞(𝑥)
assumes the form

𝑞(𝑥) = −𝐾−1(𝜂) sin 𝜂𝑥 + 𝜘(𝑎 + 𝑥) − 𝜘(𝑎 − 𝑥)+

+
∞

∑
𝑘=1

(−1)𝑘 [𝑆(𝑎 + 𝑥) − 𝑆(𝑎 − 𝑥)]𝐹 𝑘(𝑎, 𝑧)𝜓,

𝜘(𝑥) =𝑒−𝐵𝑥
√𝜋𝑥 [ 𝑒−𝑖𝜂𝑎

𝐾+(𝜂) + 𝑒𝑖𝜂𝑎

𝐾−(𝜂)] + 𝐷
√

𝐵 − 𝐷 𝑒−𝐷𝑥

𝐷2 + 𝜂2 erf √(𝐵 − 𝐷)𝑥×

× [ 𝑒−𝑖𝜂𝑎

𝐾+(𝜂)(𝐷 + 𝑖𝜂) + 𝑒𝑖𝜂𝑎

𝐾−(𝜂)(𝐷 − 𝑖𝜂)] − 𝑖𝜂𝑒𝑖𝜂𝑎√𝐵 − 𝑖𝜂
𝐾−(𝜂)(𝐷 − 𝑖𝜂)𝑒−𝑖𝜂𝑥 erfc √(𝐵 − 𝑖𝜂)𝑥

+ 𝑖𝜂𝑒−𝑖𝜂𝑎√𝐵 + 𝑖𝜂
𝐾+(𝜂)(𝐷 + 𝑖𝜂) 𝑒𝑖𝜂𝑥 erfc √(𝐵 + 𝑖𝜂)𝑥.

(17)

Let us determine 𝑎0. An upper estimate for 𝑎0 is given by the solution of the
inequality

1 ≥ min
0<𝜈<∞

max
𝑧∈𝛾(𝜈)

1
2𝜋 ∫

𝛾(𝜈)
∣ 𝑧(𝐷 + 𝑖𝑡)

√
𝐵 − 𝑖𝑡 𝑒−2𝑎𝑖𝑡

(𝑧 + 𝑡)(𝐷 − 𝑖𝑡)√𝐵 + 𝑖𝑡 ∣ |𝑑𝑡|. (18)

A more overestimated bound is obtained from the inequality
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𝜋 ≥ (𝐷 + 𝐵) [𝑒−2𝑎𝐵 − 𝑒−2𝑎𝐷] [2𝑎𝐵(𝐷 − 𝐵)]−1 − 2𝑒−2𝑎𝐵 Ei[−2𝑎(𝐷 − 𝐵)]. (19)

In the problem of the theory of elasticity on a crack in a strip (1), the case
occurs when 𝐵 = 0.64; 𝐷 = 1.13. Solving (19), we find

𝑎0 < 0.3. (20)

Thus, relation (17) represents, in the indicated particular case, a solution of
equation (1) for the values

0.3 ≤ 𝑎 ≤ ∞.

Rostov State University
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