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Let &(t) = 6(¢) 4+ n(t) be a Gaussian process with discrete time, representing the
sum of a real function 0(t) = a; 6, (t)+-+-+a,0,(t) from the linear span of known

functions 0, (t), ..., 0,(t) and a real stationary process 7(t) with zero mean. It is
required to estimate the unknown coefficients ay, ... y from observation of the
process £(t) on the interval 0 < ¢ < n. As is known, for the parameters ay, ..., o,

there exist best unbiased estimates, coinciding with maximum-likelihood esti-
mates (see, for example, (1)). However, constructing the best estimates requires
knowledge of the correlation function B(t) (or the spectral measure F(d\)) of
the process 7(t); moreover, the corresponding computations are connected with
inversion of the matrix {B(t — s), t,s = 0,1,...,n}, and this substantially com-
plicates the practical use of the best estimates for large n. In the present work
a new class of unbiased estimates for the coefficients ay, ..., a,,, proposed by one
of the authors in (*), is considered. Namely, as estimates @, ..., d, one pro-
poses maximum-likelihood estimates computed under the assumption that the
Gaussian stationary process 7(t) has as its spectral density an a priori chosen
function g(\). In what follows g(A) will be called a pseudospectral density, and
the corresponding estimates &y, ..., &, pseudobest. Below the asymptotic prop-
erties of pseudobest estimates with respect to the true probability distribution
(corresponding to the true spectral density f(\)) are studied.

Let us indicate explicit expressions for the pseudobest estimates. Let

,l/}j()\) = Z Cj(s>ei)\sv ]: 1; ~ey Py

0<s<n

be solutions of the equations

/e*i)‘twj()\)g()\) dX = 0,(t), 0<t<n. (1)

Denote by {1, j = 1,...,p} the system conjugate to {1;, j = 1,...,p} in the
Hilbert space L?(g) of functions on the interval [—m, 7] with scalar product
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(o, ), = [@(\)Y(N)g(A)dX. The observed random process is harmonizable
(&(t) = [eMP(dN)) with stochastic measure ®(dA) = W(dA) + [aq1h; (N) +
<o+ ayh, (A)] < g(A)dA, where W(d\) is the stochastic spectral measure of the
process 7n(t). The pseudobest estimates can be represented in the following
spectral form:

6= [0, =1 (2)

We note that for g(A\) = 1 we obtain the classical least-squares estimates, and
for g(A) = f(X), the truly best unbiased estimates.

From a practical point of view, the most interesting case is when pseu-

the pseudospectral density is chosen in the form

=g Q[ Q= Y gt (3)

0<k<m

where the polynomial (with real coefficients) Q(z) has no zeros in the disk |z| < 1.
Let ©,, be the (n+ 1) X p-matrix whose columns are the values of the functions

01(t),...,0,(t), 0 <t < n. Introduce the shift operator A (Af(t) = 6(t + 1))

and put

QA = > gAk, QA= > gak

0<k<m 0<k<m

Then

a" = {6[Q(2)Q(A1)0, 1} Q(A)QA O, )", (4)

where @™ denotes the vector (@, ... , Q) €M) = (£(0),£(1),...,&(n)), and the
operator Q(A)Q(A™!) is applied to the functions 0;(t), previously continued
from the interval 0 < ¢ < n to the whole axis by formulas (1). We note that
for n > m the indicated continuation is easily carried out by means of linear
recurrence relations:

b= =—— 3 qubk— ),

90 1<k<m

. 1 . .
9(n+]):f% Z @(n+j—k), j>0.
1<k<m

From expression (4) it is easy to see that the number of operations necessary
for computing @™ (for fixed n) is a linear function of n. If, however, the
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observations are made sequentially, then it is expedient at each computational
step to keep in memory the p x p-matrix 07 [Q(A)Q(A™1)©,,] and the p-vector
[Q(A)Q(A™1)O,,]¢™. In this case, increasing the observation interval by 1 leads
to additional computations of bounded complexity (depending only on p), and
as a result the number of operations of such a computational process is also a
linear function of n.

We shall assume that the true spectral density f(\) and the chosen pseu-
dospectral density g(\) are continuous and positive, and that the functions

01 (t), ..., 0,(t) satisfy the conditions:

Z |9j(t)|2 — 00, n — 00, i=1,..,p; (5)

0<t<n

1/2
max [0,(6)] = o0 (Z |ej<t>|2) , ©)

for all s there exists the limit

1/2
Tim > 0,0+ )0,(1) / ( > 6P Y |9j<t>2> = Ryys),

0<t<n

det{R,;(0)} > 0. (7)

As is known, the matrix function R(s) admits the spectral representation R(s) =

Je**H (d)\) with a positive definite matrix measure H(d\) = {Hy,;(d)\)}
1

(usually called the regression measure, see (1)). Put H(d\) = mHO(d/\),

H = [ H(d)). In addition, introduce the normalizing diagonal matrix D,, with
elements

on the main diagonal.

Theorem 1. For the correlation matrix {a;;;.)} of the pseudobest

of the estimates &(ln), ey &;n) the relation holds
. (n) o —1 f(>‘> 1
Jim D, {o}; }D, =2rH /m H(dX)H. (8)
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Theorem 1 makes it possible to formulate conditions for the asymptotic efficiency
of pseudo-best estimates, similarly to how this is done in (1) for the case of least-
squares estimates (g(A) = 1). Namely, equating the asymptotic expressions (8)
for the correlation matrices of the best (g(A) = f(\)) and pseudo-best estimates,
we arrive at the following theorem:

Theorem 2. For the asymptotic efficiency of pseudo-best estimates correspond-
ing to the pseudospectral density g(\), it is necessary and sufficient that the

)

matriz function WE (where E is the identity p X p matriz) be constant al-
g

most everywhere with respect to the matriz measure

H(d\) = HY2H(d\)H /2,

i.e.

BE/A\;E — c} H(d)) =0

for some constant matriz C' = {c;}.

It is easy to see that, with a proper choice of g()), the estimates 64(1"), ,Ey](,m

are asymptotically efficient, whereas ordinary least-squares estimates (g(A) = 1),
generally speaking, do not possess this property. We emphasize that in the
practically most important case, when the measure H°(d\) is concentrated at
a finite number of points (for example, when 6,(t) = P;(t) [ e"*'m;(d\), where
P;(t) are polynomials and m;(t) are finite measures with a finite number of
jumps), in order to obtain asymptotically efficient estimates, one may take as

the pseudospectral density a function g(A) of type (3).
We give below the proof of Theorem 1.

Lemma 1. If the matriz measure

¢k(/\>m

HM(d\) = ¢ 1~
() {wkngnm

9(N) d/\} (115 = (. ),) 9)

converges weakly as n — oo to some measure I;T(d)\), then

_ B . A) - .
lim D {c\"1D :H*l/LH A1
nLH;o n{akj } n g<)\> (d>‘> )

where H = ff[(d)\), and D,, is the diagonal matriz with elements l;l, on the
main diagonal.
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The proof follows easily from the following relation for the correlation matrix
o\ of the pseudo-best estimates:
kj

{C’kj)} = {{Yr, V) s} = {<’l/)kvwj>g}71{<wk7wj>f}{<wkv7/)j>g}71

Lemma 2. For g(\) of the form (3), the matriz measure (9) converges weakly
to

{H,;(dN)} = {Hp 2 Hy (d\ H; Y

For the proof one must use the fact that the solutions of equations (1) can be
represented in the form (see (3))

P ) = 0 [QEEM + R (),

where

1/2

0<t<n 0<t<n

From Lemmas 1 and 2 follows the validity of Theorem 1 for functions g(A) having
the special form (3). To obtain the assertion of the theorem in the general case, it
suffices to show that the matrix measure (9) for an arbitrary continuous positive
g(\) converges weakly. The latter result is derived by uniformly approximating
g(A) from below by functions of the form (3).

Let g(A) and g’(A) be continuous, positive, 0 < m < g’(A) < g(A) < M, and let

ZC z)\s 1/};()\) _ ZC}(S)BMS

be the corresponding solutions of equations (1), i.e., for 0 <t < n,

/ e MYi(A)g'(A) dX = /6”'”%@)9()\) dr (= 6,(t)) (10)
D s (t—s) =D c;(s)b(t —s) = 0,(t), (11)
where 27b(t), 27b’ (t) are the Fourier coefficients of the functions g(A), g’(\).

To estimate the discrepancy of the matrix measures (9) corresponding to g(\)
and ¢’ (A), consider

/ e [, (M (Vg (V) — w5 (N EE Vg (V)] dA. (12)
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Adding and subtracting from (12) the expressions ;(\)¢;(A\)g(A) and

V(MNP (AN)g'(A), we split the integral (12) into three parts, each of which is
estimated separately using Cauchy’ s inequality and the relations (10); the
latter are applied after replacing 1} (\) (or ¢;(A)) by their representation as
linear combinations of e***.
bounded above by

As a result, the modulus of the integral (12) is

* 1/2 N 1/2
M (D ley)B) T Ul + Iy + M (3 1)) (gl + I51) +

(14— ) maxlaO) = g OV Qo + 1D (114 170) . 19

where the summation Z* isoverall ssuchthat 0 < s <t—1,n—t+1<s<n,
and

[P = / (N2 dA.

Passing in the right-hand equality (11) to the matrix inverse to {b(t — s)}, and
using Cauchy’ s inequality, it is easy to show that

1/2

(3 lens) = ch(s)P) " < 25l — g ] (X)) (19)

m

It is somewhat more difficult to prove that, for each fixed ¢,

&), e;(n—1) =0 (16"]). (15)
Together with (14) and (15), estimate (13) makes it possible to establish the
existence of the corresponding limit for the matrix measure (9).
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