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The article sets forth a new method for the qualitative investigation of second-
order dynamical systems, making it possible to study the question of the stability
of equilibrium states of these systems and to establish the possibility of the
existence of nonlinear oscillations and self-oscillations in the system.

Let the motion of a physical system be described by two nonlinear differential
equations with respect to the variables z; and x,

Ty = f1<x17x2>7

Ty = fo(2q,2o),

(1)

where f(xy,25) and fy(z;,z5) are continuous and differentiable functions of
the variables z; and z,.

The singular points, or points of rest, of system (1), i.e., the equilibrium states
of the dynamical system, are defined as the points (a:(lp ), 3:(2’) )) at which

fi@P ey =0, i=1,2

The study of the behavior of integral curves in the neighborhood of a singular

point is of great importance both for questions of stability (1,2) and for the

general qualitative analysis of differential equations (3,%).

Represent the functions f; and f, in the form

f1(xy,m5) = a2 + aq57,,

fo@y,m3) = ag @ + agyy,
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where ay; = a;;(z1,29), k = 1,2; j = 1,2, are continuous and differentiable
functions of the variables z; and z,.

Introduce new variables by means of the equalities

Ns = Ls1y + 052x27 s = ]'7 27 (3)
where Cy;, = Cg(x1,2,), s = 1,2; k = 1,2, are continuous and differentiable
functions of the variables z; and .

We require that equations (1) have, in the new variables, the canonical form:

My = Pgllgs s=1,2, (4)

where p, are certain functions.

Let the functions C,;(z,, x) satisfy differential equations of the form

Coay + Copry =0, s=1,2. (5)

Substituting expressions (3) into equations (4) and taking into account equations
(1) under condition (2), as well as equations (5), we obtain the equations

(a1 = ps)Cs1 + ayCsp =0,

6
a15C + (ag — p,)Cia =0, s=1,2. ©)

The system of equations (6) has a nontrivial solution under the condition that

p, are roots of the equation

11— Ps Qa1 —0. (7)
a1 Qg — Ps

Thus, the functions p, = p,(x1,z5), s = 1,2, which may be called characteristic
functions, are completely determined by the right-hand sides of equations (1),
represented in the form (2).

Let us establish the conditions under which the relations (3) represent a one-to-
one continuous transformation of the coordinate system Oz;x, into the coordi-
nate system Onyn,.

Solving equations (5) and (6) jointly, we obtain

t /
032 = cpscsla Csl - 02(1» eXp l/ & dt] ) s = 1, 2; (8)
0
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where
Ps = au/(ﬂs —agy) = (Ps —ayy)/ag, s=1,2; 9)

0
Ogl) = Cy1 (2015 T02), s=1,2, (10)

and the prime denotes differentiation with respect to time t.

The transformation (3) will take the form

t ’
x
Ns = Cé?)<xl + ¢5I2)exp l_/ {,Cf-% dt] 5 S = 1,2. (11)
0 1 52

Taking into account the obvious equality

d<m1+wsx2>1 1o

(0)
Ty + 9y = (o + @5 Tpy) €XP /
1 2 o1 02 o4 @+ Pt

we represent the transformation (11) in the form

Ns = 7720) exXp [/ le(x17x2) dxl + QQs(x17x2) d$2] ) § = 15 27 (12)
AgA

where it is denoted that

Q1s(T1,75) = 1/(21 + ¢429), Qa5 (71, m5) = oy /(71 + p75), 5= 1(7 2~)
13

The variables 1, and 7, will be single-valued functions of the variables z; and
x5 provided that the curvilinear integral

/ Q15(71,T9) dry + Qoy(xy, 75) dag
(r)

along a closed contour I' in some simply connected domain is equal to zero, i.e.,
under the condition that

0Q1,/0xy = 0Q4, /024, s=1,2. (14)

Conditions (14) are satisfied if the functions ¢ (x4, z,) satisfy the relations
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2109, /0x, + 2500, /0xs = 0, s=1,2. (15)

The transformation (12) will be nonsingular if the functional determinant (Ja-
cobian) of this transformation is different from zero (°), i.e.,

D(ny,m5)

Dz, 25) #0. (16)

If the functions n; (zq,z5) and n,(z,z5) and their partial derivatives with re-
spect to

and z, are continuous in some domain L, and the Jacobian

D(ny,1m5)
D(xq,25)

is a continuous function of z; and z, in this domain E.

Computing the Jacobian of the transformation (12), we obtain that condition
(16) is satisfied if ¢, # @, i.e., if the characteristic functions p, satisfy the
condition

p1(T1,T3) # po(Tq,To). (17)

Condition (16) is violated at those points of the plane at which the characteristic
functions take the same value, i.e.,

pl(l‘;a I;) = pZ(I’{a .T;)

The solution of the system of differential equations (4) can be represented in
the form

t
Ng = ngo) exp [/ Ps(T1, %) dt] , s=1,2. (18)
0

Consequently, questions concerning the stability of equilibrium states of the
dynamical system, i.e., the character of the singular points of equations (1), the
existence of periodic solutions of these equations, the existence and stability of
limit cycles, etc., are decided on the basis of an investigation of the behavior of
the characteristic functions p,(x;, z,) entering into solution (18) and determined
from the characteristic functional equation (7).

For convenience, denote
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t
I, = / Re py(zq,x4) dt, s=1,2. (19)
0

Thus, on the basis of the foregoing and of the mean-value theorem, one may
assert that:

I If Rep,(zy,29) < 0, s = 1,2, in a domain E containing the equilibrium
position (x(lp),mgp)), then I, < 0, s = 1,2, for ¢ > 0, and the equilibrium state

of the dynamical system is asymptotically stable in the sense of Lyapunov.

II. If Repy(xy,25) < 0, s = 1,2, at every point of the plane Ox,z,, then
I, <0,s =12 for t > 0, and the equilibrium state of the dynamical
system is asymptotically stable under arbitrary initial perturbations.

ITII. If Repy(xy,25) > O for at least one value of s in some domain E con-
taining the equilibrium position (:E(lm,x(gp)), then I, > 0 for ¢ > 0, and
the equilibrium state of the dynamical system is unstable in the sense of
Lyapunov.

IV. If Rep, = 0, Imp, # 0 at every point of the domain E containing the
equilibrium position (x(lp),x(zp)), then I, =0, s = 1,2, for £ > 0, and the
equilibrium state of the dynamical system is non-asymptotically stable in
the sense of Lyapunov; in this case the domain E is entirely filled with
closed trajectories corresponding to a non-isolated periodic solution.

V. If Rep, > 0(< 0), s = 1,2, in a domain E containing the equilibrium
position (z(lp ),1:(2’) )), while in a domain N containing the domain E inside it,
Rep, < 0(> 0), and, consequently, Rep, = 0 on the boundary I'" of these
domains, then for ¢ > 0, I, > 0(< 0), s = 1,2, in the domain F, I, < 0(> 0),
s = 1,2, in the domain N, I, = 0, s = 1,2, on T', and the curve T'y (2, 25),
intersecting the curve T" or coinciding with it, is a stable (unstable) limit cycle,
i.e., there exists an isolated stable (unstable) periodic solution of system (1).

VL. If Rep, > 0(< 0), s = 1,2, in the domain E containing the equilibrium
position (x(lp),xgp)), and Rep, > 0(< 0), s = 1,2, in the domain N,
contained inside the domain F, while on the boundary I" of these domains
Rep, =0, s = 1,2, then, for t >0, I, > 0(< 0), s = 1,2, in the domain
E, I, >0(<0),s=1,2,in the domain N, I, =0, s = 1,2, on I', and
the curve T';(x,x,), intersecting the curve I' or coinciding with it, is a
semistable limit cycle.

VIL If Rep, > 0(< 0), s = 1,2, for #; < z; < Z; and Rep, < 0(> 0),

s=1,2, for z; < Z; and z; > Z;, and if no integral curve passes through
the equilibrium position (:cgp >,:c<2p >) for which x(lp ) lies inside the interval
(%,,7,), then there exists a stable (unstable) limit cycle encompassing the

interval [Z,, Z,].
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Example. Suppose the motion of a physical system is described by the system
of differential equations

k
& =a(x?+22—1) z, + B,
1 (23 2 ) xy + By (20)

. k
Ty =yxy + a(z} + 23 — 1) w,,

where a, 3,, k are constants, with k£ an integer. The characteristic functions of
the system of equations (20) have the form

k
pro=alzi+23—1) £/5.

Consequently:

a)

if k=1,3,..., v8 < 0, then a neighborhood of the singular point (0,0) is
of the type stable focus for a > 0, center for a = 0, and unstable focus for
a < 0; system (20) has one limit cycle (22 + 23 = 1, for v = —f3), stable
for a < 0 and unstable for a > 0;

if k=2,4,..., 8 < 0, then a neighborhood of the singular point (0,0) is

of the type stable focus for a < 0, center for a = 0, and unstable focus
for a > 0; system (20) has one semistable limit cycle (23 + 23 = 1, for

v =—B);
if k=1,3,..., 78 > 0, then a neighborhood of the singular point (0,0) is

of the type unstable node for a < —+/~f, saddle for —\/7v8 < a < /78,
and stable node for a > /7v0;

if k=2,4,...,v8 > 0, then a neighborhood of the singular point (0,0) is
of the type stable node for a < —+/78, saddle for —\/v8 < a < /73, and
unstable node for a > /0.
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