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MATHEMATICS

M. I. KLYUCHANTSEV

ESTIMATES OF SOLUTIONS OF BOUNDARY-
VALUE PROBLEMS WITH THE BESSEL
OPERATOR
(Presented by Academician I. N. Vekua on March 6, 1969)

In the modern theory of boundary-value problems, an important place is oc-
cupied by the question of limiting sharp estimates of the norms of solutions
of boundary-value problems in terms of the norms of the right-hand sides and
boundary conditions. The present note is devoted mainly to estimates of so-
lutions of boundary-value problems for certain singular differential equations.
These estimates can be obtained rather simply, once explicit formulas are known
for the solutions of equations with constant coefficients.

In the metrics 𝐿2,𝑘, estimates of solutions were obtained earlier by I. A.
Kipriyanov in the paper (1).

1. Let 𝐸++
𝑛+2 be the Euclidean space of points (𝑥, 𝑦, 𝑡), 𝑥 = (𝑥1, … , 𝑥𝑛), 𝑦 ≥ 0,

𝑡 ≥ 0. In this domain we shall consider a solution 𝑢(𝑥, 𝑦, 𝑡) of the 𝐵-elliptic
(1) equation of order 2𝑚 with constant (complex) coefficients

ℒ(𝐷, 𝐵𝑦)𝑢 = ∑
𝑖+2𝑟=2𝑚

𝑎𝑖,𝑟𝐷𝑖𝐵𝑟
𝑦𝑢 = 𝑓(𝑥, 𝑦, 𝑡) for 𝑡 > 0, (1)

satisfying 𝑚 boundary conditions

𝐻𝑗(𝐷, 𝐵𝑦)𝑢 = ∑ 𝑏𝑗
𝑖,𝑟𝐷𝑖𝐵𝑟

𝑦𝑢 = 𝑔𝑗(𝑥, 𝑦) for 𝑡 = 0. (2)

These conditions are expressed by differential operators 𝐻𝑗 with constant co-
efficients. The order of the operator 𝐻𝑗 is equal to 𝑚𝑗. The numbers 𝑚𝑗 are
nonnegative and may exceed the number 2𝑚—the order of the operator ℒ. In
addition, ℒ and all 𝐻𝑗 are homogeneous. Here

𝐵𝑦 = − ( 𝜕2

𝜕𝑦2 + 𝑘
𝑦

𝜕
𝜕𝑦 ) , 𝑘 > 0,
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𝐷 = (𝐷𝑥, 𝐷𝑡), where 𝐷𝑡 = 1
𝑖

𝜕
𝜕𝑡 .

The functions 𝑓 and 𝑔𝑗 for 𝑡 ≥ 0 and 𝑦 ≥ 0 are infinitely differentiable and have
compact support. In what follows we shall assume that the boundary operators
are connected with the operator ℒ by the Ya. B. Lopatinskii condition (the
complementing condition (2)).
For sufficiently large 𝑁 , let 𝐶𝑁

𝐵 denote the class of functions continuously dif-
ferentiable 𝑁 times with respect to 𝑥 and 𝑡, and continuously admitting 𝑁/2
applications of the Bessel operator with respect to the variable 𝑦 in the case of
even 𝑁 , and 𝜕

𝜕𝑦 𝐵(𝑁−1)/2
𝑦 in the case of odd 𝑁 . Extend the function 𝑓 to the

entire half-space 𝑦 ≥ 0 so that 𝑓𝑁 ∈ 𝐶𝑁
𝐵 . The solution of equation (1) with

right-hand side 𝑓𝑁 has (3) the form

𝑣 = 𝑣𝑁(𝑥, 𝑦, 𝑡) = ℰ ∗ 𝑓𝑁 = ∫ 𝑇 𝑧
𝑦 ℰ(𝑥 − 𝑠, 𝑦, 𝑡 − 𝜏)𝑓𝑁(𝑠, 𝑧, 𝜏)𝑧𝑘 𝑑𝑠 𝑑𝑧 𝑑𝜏, (3)

where ℰ is the fundamental solution of the 𝐵-elliptic equation, determined by
the formula (3)

ℰ(𝑃 ) = |𝑃 |2𝑚−𝑛−𝑘−2Ω( 𝑃
|𝑃 |) + 𝑞(𝑃) ln |𝑃 |, 𝑃 = (𝑥, 𝑦, 𝑡),

and 𝑇 𝑧
𝑦 is the generalized shift operator

𝑇 𝑧
𝑦 𝑓(𝑦) = Γ((𝑘 + 1)/2)

Γ(1/2)Γ(𝑘/2) ∫
𝜋

0
𝑓(√𝑦2 + 𝑧2 − 2𝑦𝑧 cos 𝛼) sin𝑘−1 𝛼 𝑑𝛼. (4)

Integration in formula (3) is carried out over the whole half-space 𝑧 > 0.

Let 𝑢 = 𝑣𝑁 + 𝑤. To determine the function 𝑤 we obtain the following problem:
ℒ𝑤 = 0 for 𝑡 > 0 and 𝐻𝑗𝑤 = 𝜑𝑗(𝑥, 𝑦) for 𝑡 = 0, where the function

𝜑𝑗(𝑥, 𝑦) = 𝑔𝑗(𝑥, 𝑦) − 𝐻𝑗𝑣𝑁 ∣𝑡=0 (5)

is no longer finite. Using the results of paper (4), for the solution of the latter
problem we obtain the representation

𝐷𝑖𝐵𝑟
𝑦𝑤 =

𝑚
∑
𝑗=1

∫
𝐸+

𝑛+1

𝐷𝑖𝐵𝑟
𝑦𝑇 𝑧

𝑦 𝐾𝑗(𝑥 − 𝑠, 𝑦, 𝑡)𝜑𝑗(𝑠, 𝑧)𝑧𝑘 𝑑𝑠 𝑑𝑧, (6)
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where 𝑖 + 2𝑟 = 𝑙0 = max(2𝑚, 𝑚𝑗), 𝐾𝑗 is the Poisson kernel of the 𝐵-elliptic
problem constructed in (4), so that for the finite function 𝑢 we obtain the
representation

𝐷𝑖𝐵𝑟
𝑦𝑢 = 𝐷𝑖𝐵𝑟

𝑦𝑣𝑁 + 𝐷𝑖𝐵𝑟
𝑦𝑤. (7)

The uniqueness of the function 𝑢 defined by (7), (6), can be proved according
to the scheme of the proof of Theorem 4.1 of paper (2).

2. Let 𝑙 be an arbitrary integer ≥ 𝑙0. For any function 𝑣 of the class 𝐶𝑙
𝐵 put

[𝑣]𝑙 = sup |𝐷𝑖𝐵𝑟
𝑦𝑣|, |𝑣|𝑙 =

𝑙
∑
𝑗=0

[𝑣]𝑗,

where 𝑖+2𝑟 = 𝑙. The subclass of all functions from 𝐶𝑙
𝐵 for which the expressions

𝐷𝑖𝐵𝑟𝑣 uniformly satisfy the Hölder condition with exponent 𝛼 (0 < 𝛼 < 1) will
be denoted by 𝐶𝑙+𝛼

𝐵 . For these functions we define the seminorm by the formula

[𝑣]𝑙+𝛼 = sup |𝐷𝑖𝐵𝑟𝑣(𝑃 ) − 𝐷𝑖𝐵𝑟𝑣(𝑄)|
|𝑃 − 𝑄|𝛼 ,

where the supremum is taken over all 𝑖 + 2𝑟 = 𝑙 and 𝑃 ≠ 𝑄.

Theorem 1. Let 𝑢(𝑥, 𝑦, 𝑡) be a solution of problem (1)—(2), belonging to the
class 𝐶𝑙0+𝛼

𝐵 , and let it have compact support. If 𝑓 ∈ 𝐶𝑙−2𝑚+𝛼
𝐵 in the quarter-

space 𝑦 > 0, 𝑡 > 0, and 𝑔𝑗 ∈ 𝐶𝑙−𝑚𝑗+𝛼
𝐵 on the half-plane 𝑡 = 0.

Then 𝑢 ∈ 𝐶𝑙+𝛼
𝐵 ,

[𝑢]𝑙+𝛼 ≤ 𝐶 ([𝑓]𝑙−2𝑚+𝛼 + ∑[𝑔𝑗]𝑙−𝑚𝑗+𝛼) , (8)

where 𝐶 depends only on 𝑙, 𝛼 and on the 𝐵-ellipticity constant of our problem.

Let Σ+ = Σ+
𝑅 denote the quarter-ball:

|𝑥|2 + 𝑦2 + 𝑡2 < 𝑅2, 𝑦 ≥ 0, 𝑡 ≥ 0

in (𝑥, 𝑦, 𝑡)-space. Denote by 𝜎+
𝑅 the flat part of the boundary: 𝑡 = 0, 𝑦 ≥ 0; 𝑑𝑃

is the distance from the point 𝑃 in Σ+ to the spherical part of the boundary
Σ+, and 𝑑𝑃,𝑄 = min(𝑑𝑃 , 𝑑𝑄). By 𝐶𝑙

𝐵(Σ+) denote the class of functions 𝑢 for
which the norm is finite

|𝑢̂|𝑙+𝛼 =
𝑙

∑
𝑗=0

[̂𝑢]𝑗 + [̂𝑢]𝑙+𝛼,
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where

[̂𝑢]𝑗 = sup 𝑑𝑗
𝑃 |𝐷𝑖𝐵𝑟

𝑦𝑢|,

[̂𝑢]𝑙+𝛼 = sup 𝑑 𝑙+𝛼
𝑃,𝑄

|𝐷𝑖𝐵𝑟𝑢(𝑃) − 𝐷𝑖𝐵𝑟𝑢(𝑄)|
|𝑃 − 𝑄|𝛼 .

Theorem 2. Let 𝑢 be a bounded solution of problem (1)—(2), belonging to the
class 𝐶𝑙0+𝛼

𝐵 . Suppose, moreover, that 𝑓 ∈ 𝐶 𝑙−2𝑚+𝛼
𝐵 (Σ+) and 𝑔𝑗 ∈ 𝐶 𝑙−𝑚𝑗+𝛼

𝐵 (𝜎+)
for fixed 𝑙 ≥ 𝑙0.

Then the function 𝑢 ∈ 𝐶𝑙+𝛼
𝐵 and the inequality holds

[𝑢̂]𝑙+𝛼 ≤ 𝐶 (𝑑2𝑚
𝑃,𝑄[ ̂𝑓 ]𝑙−2𝑚+𝛼 + ∑ 𝑑𝑚𝑗

𝑃,𝑄[ ̂𝑔𝑗]𝑙−𝑚𝑗+𝛼 + [𝑢̂]0) , (9)

where 𝐶 does not depend on 𝑢, 𝑓, 𝑔𝑗, and 𝑅.

If growth of the solution at infinity with some rate is allowed, then Theorem 2
implies a generalization of Theorem 1.

Theorem 3. Suppose the quantity

𝑀0 = lim
𝑅→∞

𝑅−(𝑙+𝛼) max
Σ+

|𝑢|

is finite.

Then 𝑢 ∈ 𝐶𝑙+𝛼
𝐵 and the inequality holds

[𝑢]𝑙+𝛼 ≤ 𝐶 ([𝑓]𝑙−2𝑚+𝛼 + ∑[𝑔𝑗]𝑙−𝑚𝑗+𝛼 + 𝑀0) . (10)

3. The theorems given above make it possible, by means of the usual proce-
dure of“freezing”the coefficients, to obtain analogues of Theorems 1 and 2 for
equations with variable coefficients. In this case our equations have the form

ℒ(𝑃 , 𝐷, 𝐵𝑦)𝑢(𝑃) ≡ ∑
𝑖+2𝑟≤2𝑚

𝑎𝑖,𝑟(𝑃 )𝐷𝑖𝐵𝑟
𝑦𝑢(𝑃) = 𝐹(𝑃), 𝑡 > 0, (11)

𝐻𝑗(𝑃 ′, 𝐷, 𝐵𝑦)𝑢(𝑃 ) = ∑
𝑖+2𝑟≤𝑚𝑗

𝑏 𝑗
𝑖,𝑟(𝑃 ′)𝐷𝑖𝐵𝑟

𝑦𝑢(𝑃) = 𝐺𝑗(𝑃 ′), 𝑡 = 0, (12)

where 𝑃 = (𝑥, 𝑦, 𝑡), 𝑃 ′ = (𝑥, 𝑦, 0).
We also assume that the operators ℒ, 𝐻𝑗 and their coefficients satisfy certain
conditions of type i)—iii) of work (2) (p. 70). We shall not formulate them, but
note that they are essential.

Theorem 4. Let the function 𝑢 belong to the class 𝐶𝑙+𝛼
𝐵 and be a solution of

the boundary-value problem (11)—(12) in the domain 𝐸++
𝑛+2.
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Then
|𝑢|𝑙+𝛼 ≤ 𝐶 ([𝐹 ]𝑙−2𝑚+𝛼 + ∑[𝐺𝑗]𝑙−𝑚𝑗+𝛼 + |𝑢|0) , (13)

where 𝐶 does not depend on 𝑢, 𝐹 , and 𝐺𝑗.

Theorem 5. Let 𝑢 be a solution of problem (11)—(12), belonging to the class
𝐶𝑙0+𝛼

𝐵 in Σ+ for 𝑅 < 1.

Then 𝑢 ∈ 𝐶𝑙+𝛼
𝐵 (Σ+) and

|𝑢̂|𝑙+𝛼 ≤ 𝐶 (𝑑2𝑚
𝑃,𝑄[𝐹 ]𝑙−2𝑚+𝛼 + ∑ 𝑑𝑚𝑗

𝑃,𝑄[𝐺𝑗]𝑙−𝑚𝑗+𝛼 + |𝑢̂|0) , (14)

where 𝐶 does not depend on 𝑅.

4. In conclusion we give 𝐿𝑝,𝑘-estimates for solutions of problems (1)—(2) and
(11)—(12). Put, for 𝑝 > 1 (𝑡 = 𝑥𝑛+2),

[𝑢]𝑗,𝐿𝑝,𝑘
= (

𝑛
∑
𝑖=1

∫
𝐸++

𝑛+2

|𝐷𝑗
𝑥𝑖𝑢|𝑝𝑦𝑘 𝑑𝑥 𝑑𝑦 + ∫

𝐸++
𝑛+2

|𝐷𝑗
𝑡𝑢|𝑝𝑦𝑘 𝑑𝑥 𝑑𝑦 + [𝐵[𝑗/2]

𝑦 𝑢]𝑝𝑦,𝑗−2[𝑗/2],𝐿𝑝,𝑘
)

1/𝑝

,

‖𝑢‖𝑙,𝐿𝑝,𝑘
= (

𝑙
∑
𝑗=0

[𝑢]𝑝𝑗,𝐿𝑝,𝑘
)

1/𝑝

. (15)

where

[𝐵[𝑗/2]
𝑦 𝑢]𝑦, 𝑗−2[𝑗/2], 𝐿𝑝, 𝑘 = (∫

𝐸++
𝑛+2

∣𝐵𝑗/2
𝑦 𝑢∣

𝑝
𝑦𝑘 𝑑𝑥 𝑑𝑦)

1/𝑝

in the case of even 𝑗. If 𝑗 is odd (𝑗 = 2𝑟 + 1), then

[𝐵[𝑗/2]
𝑦 𝑢]𝑦, 1, 𝐿𝑝, 𝑘 = (∫

𝐸++
𝑛+2

𝑦𝑘 𝑑𝑥 𝑑𝑦 ∫
∞

0

∣𝑇 2ℎ
𝑦 𝐵𝑟𝑢 − 2𝑇 ℎ

𝑦 𝐵𝑟𝑢 + 𝐵𝑟𝑢∣𝑝

ℎ1+𝑝 𝑑ℎ)
1/𝑝

.

For functions 𝜑(𝑥, 𝑦) that are boundary values of functions 𝑢(𝑥, 𝑦, 𝑡), and for
positive integers 𝑙, define the norms

‖𝜑‖𝑙−1/𝑝, 𝐿𝑝, 𝑘 = inf ‖𝑢‖𝑙, 𝐿𝑝, 𝑘,

where the infimum is taken over all such functions 𝑢 that 𝑢(𝑥, 𝑦, 0) = 𝜑(𝑥, 𝑦).
Theorem 6. Let 𝑢 be a solution of problem (1)—(2) and let it be finite. Suppose,
moreover, that ‖𝑢‖𝑙, 𝐿𝑝, 𝑘 < ∞, 𝑙 ≥ 𝑙0 + 1.

Then
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‖𝑢‖𝑙, 𝐿𝑝, 𝑘 ≤ 𝐶 (‖𝑓‖𝑙−2𝑚, 𝐿𝑝, 𝑘 + ∑ ‖𝑔𝑗‖𝑙−𝑚𝑗−1/𝑝, 𝐿𝑝, 𝑘) , (16)

where the constant 𝐶 depends only on 𝑙, 𝑝, and the constant of 𝐵-ellipticity of
our problem.

Theorem 7. Let 𝑢 be a solution of problem (11)—(12) and tend to zero as
|𝑃 | > 𝜌, where 𝜌 is sufficiently small. Suppose that the norm ‖𝑢‖𝑙0+1, 𝐿𝑝, 𝑘 is
finite.

Then the norm ‖𝑢‖𝑙, 𝐿𝑝, 𝑘 for 𝑙 ≥ 𝑙0 + 1 is also finite and

‖𝑢‖𝑙, 𝐿𝑝, 𝑘 ≤ 𝐶 (‖𝐹‖𝑙−2𝑚, 𝐿𝑝, 𝑘 + ∑ ‖𝐺𝑗‖𝑙−𝑚𝑗−1/𝑝, 𝐿𝑝, 𝑘 + ‖𝑢‖0, 𝐿𝑝, 𝑘) , (17)

where 𝐶 does not depend on 𝑢, 𝐹 , 𝐺𝑗.
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