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Abstract
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UDC 511.422+517.947+517.948.34

MATHEMATICAL PHYSICS

L. G. KHAZIN, É. É. SHNOL

ON THE PROBLEM OF THE GRAVITA-
TIONAL STABILITY OF A DUST CLOUD
(Presented by Academician Ya. B. Zel’dovich, 1 X 1968)

0. Statement of the problem. We consider the equation

𝜕𝑓/𝜕𝑡 + 𝑣𝑘𝜕𝑓/𝜕𝑥𝑘 + 𝐹 𝑘(𝑥)𝜕𝑓/𝜕𝑣𝑘 = 0; 𝑓 = 𝑓(𝑥, 𝑣, 𝑡); 𝑥 = (𝑥1, 𝑥2, 𝑥3);

𝑣 = (𝑣1, 𝑣2, 𝑣3); 𝐹 𝑘(𝑥) = − 𝜕Φ
𝜕𝑥𝑘 ; Φ(𝑥) = −𝛾 ∬ 𝑓(𝑦, 𝑣)

|𝑥 − 𝑦| 𝑑𝑦 𝑑𝑣. (1)

The stability of a stationary solution of equation (1) is studied. We shall restrict
ourselves to considering the simplest stationary solutions of the form

𝑓0(𝑥, 𝑣) = ℎ0(𝜀0(|𝑥|, |𝑣|)); 𝜀0(|𝑥|, |𝑣|) = |𝑣|2/2 + Φ0(|𝑥|). (2)

§ 1. Linear consideration.
1. Linearization.
Putting 𝑓 = 𝑓0 + 𝜀𝑔, we obtain

𝜕𝑔/𝜕𝑡 + ̂𝐴𝑔 − 𝐵̂𝑔 = 0, (3a)

where

̂𝐴𝑔 = 𝑣𝑘 𝜕𝑔
𝜕𝑥𝑘 + 𝐹 0𝑘(𝑥) 𝜕𝑔

𝜕𝑣𝑘 ; 𝐵̂𝑔 = 𝛾 𝜕𝑓0

𝜕𝑣𝑘
𝜕

𝜕𝑥𝑘 (∬ 𝑔(𝑦, 𝑣)
|𝑥 − 𝑦| 𝑑𝑦 𝑑𝑣) . (3b)

Following V. A. Antonov (1), we put 𝑔 = 𝑔+ +𝑔−; 𝑔+ = 1
2 (𝑔(𝑥, 𝑣, 𝑡)+𝑔(𝑥−𝑣, 𝑡)).

Since 𝐵̂𝑔− = 0, the consequence of (3) is the following equation for 𝜓 = 𝑔−

𝜕2𝜓/𝜕𝑡2 = 𝐾̂𝜓, where 𝐾̂ = − ̂𝐴2 + 𝐵̂ ̂𝐴. (4)
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2. The condition ℎ0′(𝜀) < 0 and the quadratic form 𝐾. Let ℎ′(𝜀0) < 0 in
the domain Ω, where ℎ(𝜀0) = 𝑓0(𝑥, 𝑣) ≠ 0. The operator 𝐾̂ is self-adjoint (see
(1)) in the scalar product

(𝜓1, 𝜓2) = ∫
Ω

𝜓1(𝑥, 𝑣)𝜓2(𝑥, 𝑣)
|ℎ′(𝜀0(𝑥, 𝑣))| 𝑑𝑥 𝑑𝑣.

(The functions 𝜓 are considered only on Ω.) For stability of equation (4) when
ℎ′(𝜀) < 0, it is necessary and sufficient that

𝐾(𝜓, 𝜓) = (𝐾̂𝜓, 𝜓) ≥ 0. (5)

More precisely: condition (5) guarantees the absence of solutions of (4) and (3)
growing faster than 𝑡. In equation (3) there are obvious growing solutions corre-
sponding to uniform translational motion of the cloud (see (1)). Conditions (5)
are insufficient to guarantee the absence of other growing solutions of equation
(3). Below, when speaking of stability, we have in mind the nonnegativity of
𝐾(𝜓, 𝜓). The difficult question of linearly growing solutions of (3) is left open
here.

§ 3. On the simplest sufficient condition of nonnegativity
𝐾(𝜓, 𝜓) = Γ(𝛽, 𝛽) =

= − ∫ 𝛽2(𝑥, 𝑣)
ℎ′(𝜀0(𝑥, 𝑣)) 𝑑𝑥 𝑑𝑣 − 𝛾 ∫ 𝛽(𝑥1, 𝑣1)𝛽(𝑥2, 𝑣2)

|𝑥1 − 𝑥2| 𝑑𝑥1 𝑑𝑣1 𝑑𝑥2 𝑑𝑣2, (6)

where

𝛽 = 𝐴𝜓 = 𝑣𝑘𝜕𝜓/𝜕𝑥𝑘 + 𝐹 0𝑘(𝑥)𝜕𝜓/𝜕𝑣𝑘; 𝜓(𝑥, 𝑣) = −𝜓(𝑥, −𝑣). (7)

Sufficient conditions for the nonnegativity of 𝐾(𝜓, 𝜓) are obtained from the
requirement Γ(𝛽, 𝛽) ≥ 0 on a class of functions 𝛽 broader than (7). The crud-
est sufficient condition is obtained if one requires Γ(𝛽, 𝛽) ≥ 0 for all 𝛽. Fix
∫ 𝛽(𝑥, 𝑣) 𝑑𝑣 = 𝛼(𝑥) and solve the variational problem for the minimum of Γ(𝛽, 𝛽)
under this additional condition. We obtain

minΓ(𝛽, 𝛽) = 𝐺(𝛼, 𝛼) = ∫ 𝛼2(𝑥)
𝑎0(𝑥) 𝑑𝑥 − 𝛾 ∫ 𝛼(𝑥)𝛼(𝑦)

|𝑥 − 𝑦| 𝑑𝑥 𝑑𝑦 =

= ∫ [ 𝛼(𝑥)
𝑎0(𝑥) + 4𝜋𝛾Δ−1𝛼(𝑥)] 𝛼(𝑥) 𝑑𝑥∗, (8a)
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where

𝑎0(𝑥) = − ∫ ℎ′(𝜀0(𝑥, 𝑣)) 𝑑𝑣 = 𝜌0′(𝑟)
Φ0′(𝑟) ; 𝜌0(𝑟) = ∫ 𝑓0

−(𝑥, 𝑣) 𝑑𝑣; |𝑥| = 𝑟.
(8�)

The condition 𝐺(𝛼, 𝛼) ≥ 0 for all 𝛼 is the simplest sufficient condition for the
nonnegativity of 𝐾(𝜓, 𝜓). It can be rewritten as the condition of nonnegativity
of the operator 1/𝑎0 + 4𝜋𝛾Δ−1 ≥ 0, or in the equivalent form

̂𝑃0 = − 1
𝑟2

𝑑
𝑑𝑟 (𝑟2 𝑑

𝑑𝑟) − 4𝜋𝛾𝑎0(𝑟) ≥ 0∗∗ (9)

(see (2)). Let us now note that the equation ̂𝑃1𝛼 = 0, where ̂𝑃1 = ̂𝑃0 + 2/𝑟2,
has the solution

𝛼0(𝑟) = 1
𝑟2 ∫

𝑟

0
𝜌0(𝑟)𝑟2 𝑑𝑟.

Since

∫
∞

0
(𝛼0(𝑟))2𝑟2 𝑑𝑟 < ∞,

𝜆 = 0 is an eigenvalue of ̂𝑃1. Since ̂𝑃0 < ̂𝑃1, condition (9) is never satisfied. It is
not difficult to indicate other sufficient conditions; however, their effectiveness
needs to be checked.

Remark. Since 𝑎0(𝑟) ≠ 0 for 𝑟 > 0, by virtue of the known oscillation theorems
(see, for example, (3)), ̂𝑃1 ≥ 0.

§ 4. Radial perturbations
The function Φ(𝑥, 𝑣), invariant under a simultaneous rotation in the spaces 𝑥
and 𝑣, is represented in the form

𝜓(𝑥, 𝑣) = 𝜓(|𝑥|, |𝑣|, (𝑥, 𝑣)); (𝑥, 𝑣) =
3

∑
1

𝑥𝑘𝑣𝑘. (10)

For brevity we shall agree to call such functions radial. An arbitrary function

𝜓(𝑥, 𝑣) = 𝜓(𝑥, 𝑣) + ̃𝜓(𝑥, 𝑣), (11)
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where 𝜓(𝑥, 𝑣) is radial, and ∫ ̃𝜓(𝑥, 𝑣)𝜇(𝑥, 𝑣) 𝑑𝑥 𝑑𝑣 = 0 for any radial 𝜇. If
one restricts oneself to considering radial perturbations, then one may require
𝐾(𝜓, 𝜓) > 0∗∗∗.

* Δ−1 is the operator inverse to the Laplace operator in all space.

** If 𝑃 and 𝑄 are two self-adjoint operators and 𝑄 > 0, then from 𝑃 > 𝑄
it follows that 𝑃 −1 < 𝑄−1. The proof follows easily from writing 𝑃 − 𝑄 =
𝑃 1/2(1 − 𝐶)𝑃 1/2, 𝑃 −1 − 𝑄−1 = 𝑃 −1/2(1 − 𝐶−1)𝑃 −1/2, where 𝐶 = 𝑃 −1/2𝑄𝑃 −1/2.

*** Considering 𝜓 = −𝜓(|𝑥|, |𝑣|) does not make sense, since such functions are
not invariant with respect to (3).

p. 5. Lemma. Let 𝛼(𝑥) = ∫ 𝛽(𝑥, 𝑣) 𝑑𝑣, and suppose that in the expansion of
𝛼(𝑥) in spherical harmonics there is no zeroth term:

𝛼(𝑥) =
∞

∑
𝑙=1

𝛼𝑙𝑚(𝑟)𝑌𝑙𝑚(𝜃, 𝜑). (12)

|𝑚| < 𝑙

Then Γ(𝛽, 𝛽) > 0.
Proof. The minimum of Γ(𝛽, 𝛽) under the condition ∫ 𝛽(𝑥, 𝑣) 𝑑𝑣 = 𝛼(𝑥) is
given by formula (8). Substituting (12) into (8), we obtain

minΓ(𝛽, 𝛽) = 𝐺(𝛼, 𝛼) =
∞

∑
𝑙=1

𝐺𝑙(𝛼𝑙𝑚, 𝛼𝑙𝑚), (13a)

|𝑚| < 𝑙

where

𝐺𝑙(𝛼, 𝛼) = ∫ ( 𝛼(𝑟)
𝑎0(𝑟) + 4𝜋𝛾Δ−1

𝑙 𝛼) 𝛼(𝑟) 𝑑𝑟,

Δ𝑙 = 1
𝑟2

𝑑
𝑑𝑟 (𝑟2 𝑑

𝑑𝑟) − 𝑙(𝑙 + 1)
𝑟2 . (13b)

For 𝑙 > 1, Δ−1
𝑙 > Δ−1

1 , and hence 𝐺𝑙(𝛼, 𝛼) > 𝐺1(𝛼, 𝛼). We now note that the
operator 1/𝑎0(𝑟) + 4𝜋𝛾Δ−1

1 ≥ 0, since −Δ1 − 4𝜋𝛾𝑎0(𝑟) ≥ 0 (see the remark in
p. 4). Consequently, 𝐺1(𝛼, 𝛼) ≥ 0, and therefore 𝐺(𝛼, 𝛼) ≥ 0.
p. 6. Reduction to radial perturbations.
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Theorem. If the solution 𝑓0(𝑥, 𝑣) = ℎ(𝜀0(𝑥, 𝑣)), with ℎ′(𝜀) < 0, is stable
with respect to radial perturbations, then it is stable with respect to arbitrary
perturbations*. In other words: if 𝐾( ̄𝜓, ̄𝜓) ≥ 0 for any radial ̄𝜓, then 𝐾(𝜓, 𝜓) ≥
0 for any 𝜓.
Proof. Write the expansion 𝜓 = ̄𝜓 + ̃𝜓 (see (11)). It is easy to verify that
𝐾(𝜓, 𝜓) = 𝐾( ̄𝜓, ̄𝜓) + 𝐾( ̃𝜓, ̃𝜓). Every function ̃𝜓 satisfies the conditions of the
lemma, since ∫ ̃𝜓 𝜇(𝑟) 𝑑𝑥 𝑑𝑣 = 0 for any 𝜇(𝑟). Consequently, 𝐾( ̃𝜓, ̃𝜓) ≥ 0. The
theorem is proved.

§ 2. Nonlinear consideration. A nonlinear treatment of the problem seems
desirable, since in neutral problems (those without a distinguished direction of
time) a linear treatment cannot give a final answer to the question of stability**.

p. 7. Variational principle. Consider Hamiltonian variations of the original
function

𝑓0 → 𝑓𝜏 = 𝑓0(𝑥(𝜏), 𝑣(𝜏)); 𝑑𝑥/𝑑𝜏 = 𝜕𝐻/𝜕𝑣; 𝑑𝑣/𝑑𝜏 = −𝜕𝐻/𝜕𝑥; (14)

𝐻(𝑥, 𝑣, 𝜏) is an arbitrary function of 7 variables. Let 𝐸[𝑓] be the total energy
of the system,

𝐸[𝑓] = ∫ |𝑣|2
2 𝑓(𝑥, 𝑣) 𝑑𝑥 𝑑𝑣 − 𝛾

2 ∫ 𝑓(1)𝑓(2)
|𝑥1 − 𝑥2| 𝑑1 𝑑2. (15)

We shall show that 𝐸[𝑓] has a conditional extremum at 𝑓0, and find the condi-
tions under which this extremum is a minimum. For small 𝜏 ,

𝑓𝜏 = 𝑓0 + 𝜏𝛿𝑓 + 1
2 𝜏2𝛿2𝑓 + 𝑜(𝜏2),

𝛿𝑓 = 𝐻̂0[𝑓0]; 𝛿2𝑓 = 𝐻̂2
0 [𝑓0] − 𝐻̂1[𝑓0]; 𝐻0(𝑥, 𝑣, 𝜏) = 𝐻(𝑥, 𝑣, 0); (16)

𝐻1(𝑥, 𝑣, 0) = 𝜕
𝜕𝜏 𝐻(𝑥, 𝑣, 0); 𝐻̂[𝑓] = 𝜕𝐻

𝜕𝑣
𝜕𝑓
𝜕𝑥 − 𝜕𝐻

𝜕𝑥
𝜕𝑓
𝜕𝑣 .

* This assertion is analogous to the following theorem, proved recently by one
of the authors: for the stability of a gas sphere in its own gravitational field it is
necessary and sufficient that: 1) it be stable with respect to radial perturbations;
2) the condition of absence of convection hold.

** In addition, in the linear treatment of this problem we were forced to re-
strict ourselves to perturbations 𝑔 = 𝛿𝑓 concentrated where 𝑓0(𝑥, 𝑣) ≠ 0. This
restriction is in no way required by the substance of the problem.
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Substituting these expressions into (15), we obtain

𝐸𝜏 = 𝐸0 + 𝜏𝛿𝐸 + 1/2𝜏2𝛿2𝐸 + 𝑜(𝜏2),

where

𝛿𝐸 = ∫ (|𝑣|2
2 + Φ0(|𝑥|)) 𝛿𝑓 𝑑𝑥 𝑑𝑣 = ∫ 𝜀0𝛿𝑓 𝑑𝑥 𝑑𝑣,

𝛿2𝐸 = ∫ 𝜀0𝛿2𝑓 𝑑𝑥 𝑑𝑣 − 𝛾 ∫ 𝛿𝑓(1) 𝛿𝑓(2)
|𝑥1 − 𝑥2| 𝑑1 𝑑2.

(17)

Using: a) the antisymmetry of the operators 𝐻̂0, 𝐻̂1; ̂𝐴; b) 𝐻̂[ℎ(𝜀)] = ℎ′(𝜀)𝐻̂[𝜀];
c) ̂𝐴[ℎ(𝜀0)] = ̂𝐴[𝜀0] = 0, we obtain

𝛿𝐸 = ∫ 𝜀0ℎ′(𝜀0)𝐻̂[𝜀0] 𝑑𝑥 𝑑𝑣 = − ∫ 𝜀0ℎ′(𝜀0) ̂𝐴[𝐻] 𝑑𝑥 𝑑𝑣 = 0;

𝛿2𝐸 = − ∫ ℎ′(𝜀0)𝑏2(𝑥, 𝑣) 𝑑𝑥 𝑑𝑣 − 𝛾 ∫ 𝑏(1)𝑏(2)
|𝑥1 − 𝑥2|ℎ

′(𝜀0(1))ℎ′(𝜀0(2)) 𝑑1 𝑑2;

𝑏(𝑥, 𝑣) = 𝐻̂0[𝜀0(𝑥, 𝑣)].

It is easy to see that for nonnegativity of 𝛿2𝐸 it is necessary that ℎ′(𝜀0) ≤ 0.
If ℎ′(𝜀0) < 0, then 𝛿2𝐸 = Γ(𝛽, 𝛽), where 𝛽 = 𝐻̂[𝑓0] = − ̂𝐴[ℎ′(𝜀0)𝐻0] = ̂𝐴𝜓,
and Γ(𝛽, 𝛽) is the quadratic form already known to us, (6). Thus: 1) for the
Hamiltonian variations (14), 𝛿𝐸 = 0; 2) the conditions 𝛿2𝐸 ≥ 0 for these
variations coincide with the conditions of linear stability ℎ′(𝜀) < 0; 𝐾 ≥ 0*.
§ 8. Variational principle and stability. The set 𝑄 of all 𝑓𝜏 (for all pos-
sible 𝐻̂)** is invariant with respect to equation (1). For ordinary differential
equations, from the fact that a certain integral of the equations 𝐸 has a mini-
mum on the invariant surface 𝑄 at the (stationary) point 𝑓0, the stability of 𝑓0

automatically follows (cf. with (4)). A complete proof of the stability of 𝑓0 in
our case might consist (as in the finite-dimensional case) in constructing a Lya-
punov function, i.e. such a functional Λ[𝑓] that 𝑑Λ/𝑑𝑡 = 0 by virtue of (1) and
Λ[𝑓0] = min. In view of the neutrality of our problem, it must be 𝑑Λ/𝑑𝑡 = 0,
i.e. Λ is an integral of equation (1). Besides the energy 𝐸[𝑓] (15), we know only
the following integrals:

𝐼[𝑓] = ∫ 𝐽(𝑓(𝑥, 𝑣)) 𝑑𝑥 𝑑𝑣

sovietrxiv.org/items/ru-196901.66071 Machine Translation

https://sovietrxiv.org/items/ru-196901.66071


(𝐽(𝑓) is an arbitrary function). We have not succeeded in constructing Λ[𝑓]
from these integrals. It seems to us that this situation is typical for neutral
infinite-dimensional problems: information about the first integrals is often in-
sufficient for constructing a Lyapunov function, and one has to restrict oneself
to a variational principle in the spirit of § 7 and finite-dimensional analogies.
From this point of view, the problems considered in (4) (and the problem of
a gravitating gas sphere), where such a construction is possible, are rather the
exception than the rule.

The problem considered in this note was proposed for mathematical study to
one of the authors by Ya. B. Zel’dovich and was discussed with him repeat-
edly. The authors take this opportunity to thank Ya. B. Zel’dovich for useful
conversations.

Received
30 IX 1968

CITED LITERATURE
1. V. A. Antonov, Astron. zhurn., 37, no. 5, 918 (1960).

2. J. R. Ipser, K. S. Thorne, Relativistic, Spherically-Symmetric Star
Clusters, Preprint OAP-121, 1968.

3. I. M. Gel’fand, Direct Methods of Qualitative Spectral Analysis, Moscow,
1963.

4. a) V. I. Arnol’d, PMM, 29, no. 5, 846 (1965); b) L. A. Dikii, ibid.,
p. 852.

* The variational principle formulated is also valid for stationary solutions of a
more general type.

** More precisely: 𝑄 consists of all 𝑓(𝑥, 𝑣) = 𝑓0(𝑋(𝑥, 𝑣), 𝑉 (𝑥, 𝑣)), where 𝑥, 𝑣 →
𝑋, 𝑉 is an arbitrary canonical transformation.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196901.66071 Machine Translation

https://sovietrxiv.org/items/ru-196901.66071

	Abstract
	Full Text
	ON THE PROBLEM OF THE GRAVITATIONAL STABILITY OF A DUST CLOUD
	§ 3. On the simplest sufficient condition of nonnegativity
	§ 4. Radial perturbations
	CITED LITERATURE


