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MATHEMATICS

S. B. USPENSKII

ON THE SUMMABILITY (BOUNDEDNESS)
OF SOLUTIONS OF ONE CLASS OF HYPOEL-
LIPTIC EQUATIONS IN UNBOUNDED DO-
MAINS
(Presented by Academician S. L. Sobolev on 30 XII 1968)

In the present communication we continue the investigation, begun by the au-
thor in (1), of solutions of the equation

𝐿(𝜕/𝜕𝑥)𝑈 = 𝑓, (1)

We shall assume below that the characteristic polynomial 𝐿(𝑖𝑠), with complex
constant coefficients, has no real zeros for |𝑠| ≠ 0 and is quasi-homogeneous, i.e.,
for every 𝜆 > 0 the equality

𝑃(𝑖𝑠𝜆) = 𝜆𝑃(𝑖𝑠)

holds.

The vector 𝛼 = (𝑎1, … , 𝑎𝑛) will be called the homogeneity exponent of the oper-
ator. If 𝑓 ∈ 𝐿𝑝(𝐶𝑙

𝜀), then, as was shown in (1), equation (1) is always solvable
in classes of functions that consist of summable (bounded) derivatives of order
𝜌, where 𝜌 ⋅ 𝛼 = 1. Solvability of equation (1) in narrower classes of functions
containing summable (bounded) derivatives of lower orders, generally speaking,
does not occur. However, one can distinguish a class of regular solutions for
which, under certain conditions, one can guarantee the summability (bounded-
ness) of derivatives of all orders 𝜌, where 0 ≤ 𝜌 ≤ 1. These conditions are
formulated below in the form of four theorems.

This work is close in subject matter to the works (11, 2−4), where other conditions
are imposed on the operator 𝐿(𝜕/𝜕𝑥), the most essential of which is the absence
of real zeros of 𝐿(𝑖𝑠) in (2), and of common zeros of 𝐿(𝑖𝑠) and grad𝐿(𝑖𝑠) in (3,4).
The results obtained also develop the well-known works of S. M. Nikol’skii (5),
V. P. Il’in (6) on estimates of partial derivatives of functions of many variables,
and the related works (7,8) on coercivity.
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Let us introduce definitions. Denote by 𝑅𝑛 the Euclidean space of points

𝑥 = (𝑥1 … 𝑥𝑛); 𝑥𝛽 = 𝑥𝛽1
1 … 𝑥𝛽𝑛𝑛 ; |𝑥| = [

𝑛
∑
𝑖=1

𝑥2
𝑖 ]

1/2

;

𝐷𝛽 = 𝐷𝛽1 … 𝐷𝛽𝑛 = 𝜕𝛽/𝜕𝑥𝛽1
1 … 𝜕𝛽𝑛/𝜕𝑥𝛽𝑛𝑛 ; |𝑙| =

𝑛
∑
𝑖=1

𝑙𝑖; 𝑙 ⋅ 𝛼 =
𝑛

∑
𝑖=1

𝑙𝑖𝛼𝑖;

Δ(𝑓, ℎ𝑙𝑖) = 𝑓(𝑥1, … , 𝑥𝑖, … , 𝑥𝑛) − 𝑓(𝑥1, … , 𝑥𝑖 + ℎ, … , 𝑥𝑛),

𝑅𝑣[𝑓(𝑥)] =
𝑛

∏
𝑖=1

𝑣−1
𝑖 ∫

𝑣1

0
⋯ ∫

𝑣𝑛

0
𝑓(𝑥 + 𝑢) 𝑑𝑢; (2)

‖𝑓, 𝐿𝑙
𝑝‖ =

𝑛
∑
𝑖=1

‖𝐷𝑖𝑓, 𝐿𝑝‖, 1 < 𝑝 < ∞; (3)

‖𝑓, 𝐿𝑙,𝛼
𝑝 ‖ = ∑

𝜌⋅𝛼=1
‖𝐷𝜌𝑓, 𝐿𝑝‖ + ‖𝐷𝜃𝑓, 𝐿𝑙

𝑝‖; (4)

‖𝑓, 𝐿1,𝛾‖ = ∫
𝑅𝜈

𝜈
∏
𝑖=1

(1 + |𝑥𝑖|)
𝛾𝑖 |𝑓(𝑥1, … , 𝑥𝑛)| 𝑑𝑅𝜈, 𝛾 = (𝛾1, … , 𝛾𝜈),

1 ≤ 𝜈 ≤ 𝑛; (5)

‖𝑓, 𝐶𝜀, 𝐿1,𝛾‖ = sup
|𝑣|≥0, 𝑥∈𝑅𝑛

∣𝑣𝜀𝑅𝜈[‖𝑓, 𝐿1,𝛾‖]∣; (6)

‖𝑓, 𝐶𝜀‖ = sup
|𝑣|≥0, 𝑥∈𝑅𝑛−𝜈

∣𝑣𝜀𝑅𝜈[𝑓(𝑥)]∣; (7)

𝜀 = (𝜀𝜈+1, … , 𝜀𝑛), 𝛾 = (𝛾1, … , 𝛾𝜈), 0 ≤ 𝜈 ≤ 𝑛 − 1.

For 𝑝 = ∞, 𝑙 an integer, 0 < 𝜇 < 1, put

‖𝑓, 𝐶𝑙+𝜇‖ =
𝑛

∑
𝑖=1

⎛⎜
⎝

sup
|ℎ|≤1, 𝑥∈𝑅𝑛

∣Δ(𝑓 (𝑙𝑖)
𝑖 , ℎ𝑙𝑖)
ℎ𝜇𝑖

∣ +
𝑙𝑖

∑
𝑘=0

|𝐷𝑘𝑓|⎞⎟
⎠

; (8)
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‖𝑓, 𝐶 𝑙+𝜇
𝜀 ‖ =

𝑛
∑
𝑖=1

‖𝑓, 𝐶𝑙+𝜇‖ +
𝑙𝑖

∑
𝑘=0

‖𝑓𝑘, 𝐶𝜀‖; (9)

‖𝑓, 𝐶 𝑙+𝜇,𝛼
𝜀 ‖ = ∑

𝜌⋅𝛼=1
‖𝐷𝜌𝑓, 𝐶 𝑙+𝜇

𝜀 ‖. (10)

We shall say that a function 𝑓 belongs to the functional space 𝐿𝑙
𝑝(𝐶 𝑙

𝜀) if 𝑓 belongs
to the closure, in the corresponding norm, of smooth functions all of whose
derivatives are summable (for which the norm is finite). Define a generalized
solution of equation (1) as the limit, in the norm (4) (respectively, (10)), of
solutions of the equation

𝐿(𝜕/𝜕𝑥)𝑈𝜈 = 𝑓𝜈,

where 𝑓𝜈 converges to 𝑓 in the norm 𝐿𝑙
𝑝(𝐶 𝑙

𝜀).
We shall call a solution 𝑈 of equation (1) regular if on every compact 𝐺 ∈ 𝑅𝑛,
𝑈 ∈ 𝑊 1/𝛼

𝑝 (𝐺) (𝐶1/𝛼+𝜇), and there exists a natural number 𝑁 such that for
almost all 𝑥 = (𝑥1, … , 𝑥𝑖−1, 𝑥𝑖+1, … , 𝑥𝑛) one has

lim
|𝑥𝑖|→∞

(1 + |𝑥𝑖|)𝑁 |𝐷𝜌𝑈| = 0 (11)

for 𝑖 = 1, … , 𝑛, 0 ≤ 𝜌 ⋅ 𝛼 ≤ 1. Put

𝐺0(𝑥) =
𝑛

∏
𝑖=1

𝐺𝑖(𝑥𝑖) =
𝑛

∏
𝑖=1

exp[−(𝑚𝑖𝛼𝑖)−1𝑥𝑚𝑖
𝑖 ], (12)

where the 𝑚𝑖 are sufficiently large numbers,

𝐺(𝑥) = 𝐺0(𝑥)
𝑛

∑
𝑖=1

𝑥𝑚𝑖
𝑖 [𝐿(𝑖𝑥)]−1. (13)

Then the following theorem on the representation of functions holds, generalizing
the corresponding Radon formula (9).
Theorem 1. Let 𝑈 be summable on every compact 𝐺 ⊂ 𝑅𝑛, and let

lim
|𝑣|→∞

𝑅𝜈[𝑈] = 0

for almost all 𝑥 ∈ 𝑅𝑛.

Then for almost all 𝑥 ∈ 𝑅𝑛,
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𝑈 = lim
ℎ→0

𝑈ℎ = lim
ℎ→0

𝐿(𝜕/𝜕𝑥)
(2𝜋)𝑛 ∫

1/ℎ

ℎ
𝑣−|𝛼| 𝑑𝑣 ∫

𝑅𝑛

𝐺(𝑡 − 𝑥
𝑣𝛼 ) 𝑈(𝑡) 𝑑𝑡. (14)

Corollary. Let 𝑓 ∈ 𝐿𝑝(𝐶 𝑙
𝜀), and let 𝑈 be a regular solution of (1) satisfying

the condition

lim
|𝑣|→∞

𝑅𝜈[𝐷𝜌𝑈] = 0 for almost all 𝑥 ∈ 𝑅𝑛 (for all 𝑥). (15)

Then for almost all 𝑥 ∈ 𝑅𝑛 (for all 𝑥) one has

𝐷𝜌𝑈 = lim
ℎ→0

1
(2𝜋)ℎ ∫

1/ℎ

ℎ
𝑣−|𝛼|−𝜌𝛼 𝑑𝑣 ∫

𝑅𝑛

𝐷𝜌𝐺(𝑡 − 𝑥
𝑣𝛼 ) 𝑓(𝑡) 𝑑𝑡. (16)

Using Theorem 1, one can obtain the following assertions.

Theorem 2. Let 𝑓 ∈ 𝐶𝑙+𝜇,𝛼
𝜀 , 𝜀 = (𝜀1, … , 𝜀𝑛), 0 < 𝜀𝑖 ≤ 1, 𝜌 = (𝜌1, … , 𝜌𝑛),

𝜌𝑖 ≥ 0, 𝑖 = 1, … , 𝑛, 0 < 𝜇𝑖 < 1, 𝑙𝑖 > 0, 𝜇𝑖 = 𝜇𝛼−1
𝑖 . If (𝜌 + 𝜀)𝛼 > 1, 𝜌𝛼 < 1,

then there exists a solution of equation (1) 𝑈 ∈ 𝐶𝑙+𝜇,𝛼
𝜀 , whose partial derivative

𝐷𝜌𝑈 ∈ 𝐶, and the estimate holds

𝐶1‖𝑓, 𝐶𝑙+𝜇
𝜀 ‖ ≤ ‖𝑈, 𝐶𝑙+𝜇,𝛼

𝜀 ‖ + ‖𝐷𝜌𝑈, 𝐶𝑙+𝜇
𝜀 ‖ ≤ 𝐶2‖𝑓, 𝐶𝑙+𝜇

𝜀 ‖, (17)

where ̄𝜀𝑖 < 𝜀𝑖(1 − (1 − 𝜌𝛼)/|𝛼|), 𝑖 = 1, … , 𝑛. Every regular solution 𝑣 satisfying
condition (15) has estimate (17).

Corollary. Let 𝑓 ∈ 𝐿𝑝(𝑅𝑛) ∩ 𝐶𝑙+𝜇(𝑅𝑛), 1 < 𝑝 < ∞, 𝑙𝑖 > 0, 0 < 𝜇𝑖 < 1; if
|𝛼| > 𝑝, 𝜇𝑖 = 𝜇𝛼−1

𝑖 , then equation (1) has a solution

𝑈0 ∈ 𝐶𝑙+𝜇+1/𝛼
̄𝜀 , 𝐶1‖𝑓, 𝐶𝑙+𝜇

𝜀 ‖ ≤ ‖𝑈0, 𝐶𝑙+𝜇+1/𝛼
̄𝜀 ‖ ≤ 𝐶2(‖𝑓, 𝐿𝑝‖ + ‖𝑓, 𝐶𝑙+𝜇‖),

where

̄𝜀𝑖 < 1
𝑝 (|𝛼| − 1

|𝛼| ) , 𝑖 = 1, 2, … , 𝑛.

Every regular solution 𝑣 satisfying condition (15) for |𝜌| = 0 coincides with 𝑈0.

The following assertion generalizes to the case of operators the known Sobolev
embedding theorem (10) for the limiting exponent (see also (5,6)).
Theorem 3. Let 𝑓 ∈ 𝐿𝑝(𝑅𝑛), 1 < 𝑝 < ∞, 𝑝 < 𝑞 < ∞, 𝜘 = 𝜌𝛼+(1/𝑝−1/𝑞)|𝛼| =
1.
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Then there exists a solution 𝑈0 of equation (1), for which the estimate holds

𝐶1‖𝑓, 𝐿𝑝‖ ≤ ‖𝑈0, 𝐿𝑙,𝛼
𝑝 ‖ + ‖𝐷𝜌𝑈0, 𝐿𝑞‖ ≤ 𝐶2‖𝑓, 𝐿𝑝‖. (18)

Every regular solution 𝑣, for which (15) holds, satisfies estimate (18).*

Remark. From the embedding theorem for the limiting exponent it follows
that Theorem 2 is sharp in the limiting sense.

Theorem 4. Let 𝑓 ∈ 𝐿𝑝 ∩ 𝐿𝑟, 1 < 𝑝 ≤ 𝑟 < 𝑞 < ∞ and, moreover, 𝜘1 =
𝜌𝛼 + (1/𝑝 − 1/𝑞)|𝛼| ≥ 1, 𝜘2 = 𝜌𝛼 + (1/𝑟 − 1/𝑞)|𝛼| ≤ 1.
Then equation (1) has a solution 𝑈0, for which the estimate holds

𝐶1(‖𝑓, 𝐿𝑝‖+‖𝑓, 𝐿𝑟‖) ≤ ‖𝑈0, 𝐿𝑙,𝛼
𝑝 ‖+‖𝑈0, 𝐿𝑙,𝛼

𝑟 ‖+‖𝐷𝜌𝑈0, 𝐿𝑞‖ ≤ 𝐶2(‖𝑓, 𝐿𝑝‖+‖𝑓, 𝐿𝑟‖).
(19)

For every regular solution 𝑣 satisfying (15), estimate (19) is valid.

Theorem 2 can be strengthened if certain structural requirements are imposed
on the right-hand side of equation (1) (oddness, equality to zero of certain
integrals, etc.). The following Theorem 5 gives some idea of the character of the
behavior of solutions in this case.

Theorem 5. Let 𝑓 = 𝐶𝑙+𝜇, and let the norms be finite

‖𝑓, 𝐶𝜀, 𝐿1,𝛾‖ < ∞, ‖𝑓, 𝐶 ̂𝜀‖ < ∞,

𝜀 = (𝜀𝜈+1, … , 𝜀𝑛), 𝛾 = (𝛾1, … , 𝛾𝜈), ̂𝜀 = ( ̂𝜀1, … , ̂𝜀𝑛),

0 < 𝜀𝑖 ≤ 1, 𝛾𝑖 > 1, 0 < ̂𝜀𝑖 ≤ 1, 𝑖 = 1, 2, … , 𝑛,

and, moreover, for each 𝑖, 1 ≤ 𝑖 ≤ 𝜈, it holds that

𝑓(𝑥1, … , −𝑥𝑖, … , 𝑥𝑛) = −𝑓(𝑥1, … , 𝑥𝑖, … , 𝑥𝑛).

* Coercive estimates of the form (18) were obtained earlier by O. V. Besov (8).
Then, if

𝜘1 = 𝜌 ⋅ 𝛼 +
𝑛

∑
𝑖=𝜈+1

𝜀𝑖𝑎𝑖 + 2
𝑛

∑
𝑖=1

𝑎𝑖 > 1, 𝜘2 = (𝜌 + ̂𝜀)𝛼 < 1,
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then there exists a solution 𝑈0 of equation (1) for which

𝐶1‖𝑓, 𝐶 𝑙+𝜇
̄𝜀 ‖ ≤ ‖𝑈0, 𝐶 𝑙+𝜇,𝛼

̄𝜀 ‖ + ‖𝐷𝜌𝑈0, 𝐶‖ ≤

≤ 𝐶2(‖𝑓, 𝐶 ̄𝜀𝐿1,𝛾‖ + ‖𝑓, 𝐶𝜀‖ + ‖𝑓, 𝐶𝑙+𝜇‖), (20)

̄𝜀𝑖 < {1, 𝑖 = 1, … , 𝜈,
𝜀𝑖, 𝑖 = 𝜈 + 1, … , 𝑛.

For any regular solution 𝑣 of equation (1) satisfying (15), the estimate (20)
holds.

Corollary. Let 𝑓 ∈ 𝐶𝑙+𝜇, ‖𝑓, 𝐿1,𝛾‖ < ∞, ‖𝑓, 𝐶𝜀‖ < ∞, 𝛾 = (𝛾1, … , 𝛾𝑛), 𝜀 =
(𝜀1, … , 𝜀𝑛), 𝛾𝑖 > 1, 0 < 𝜀𝑖 ≤ 1, 𝑖 = 1, 2, … , 𝑛,

𝜘1 = |𝛼| + 𝜌𝛼 + min
1≤𝑖≤𝑛

𝑎𝑖 > 1, 𝜘2 = (𝜀 + 𝜌)𝛼 < 1.

Then, if ∫𝑅𝑛
𝑓 𝑑𝑅𝑛 = 0, there exists a solution 𝑈0 of equation (1) satisfying the

estimate

𝐶2‖𝑓, 𝐶 𝑙+𝜇
̄𝜀 ‖ ≤ ‖𝑈0, 𝐶 𝑙+𝜇,𝛼

̄𝜀 ‖ + ‖𝐷𝜌𝑈0, 𝐶‖ ≤

≤ 𝐶1(‖𝑓, 𝐿1,𝛾‖ + ‖𝑓, 𝐶𝑙+𝜇‖ + ‖𝑓, 𝐶𝜀‖), ̄𝜀𝑖 < 1, 𝑖 = 1, 2, … , 𝑛. (21)

Every regular solution 𝑣 of equation (1) satisfies condition (21), if condition (15)
is fulfilled.
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