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Abstract
Full Text
UDC 517.512.2/4

MATHEMATICS

M. A. SUBHANKULOV, F. I. AN

ON A TAUBERIAN THEOREM OF M. V.
KELDYSH
(Presented by Academician M. V. Keldysh on 13 V 1968)

Let 𝜓(𝑢) and 𝜑(𝑢) be positive increasing functions defined for 𝑢 > 0, with 𝜑(𝑢)
differentiable and satisfying the conditions: lim

𝑢→∞
𝜑(𝑢) = ∞ and, as 𝑢 → 0,

𝛼𝜑(𝑢) < 𝑢𝜑′(𝑢) < 𝛽𝜑(𝑢),

where 𝛼 and 𝛽 are positive constants satisfying 0 < 𝛽 < 𝛼 + 1, and, for 𝑢 < 𝑎/2,
𝜑(𝑢) = 0, 𝜓(𝑢) = 0, and let

Φ1(𝑥) = ∫
∞

0

𝑑𝜑(𝑢)
(𝑢 + 𝑥)𝑚 , Φ2(𝑥) = ∫

∞

0

𝑑𝜓(𝑢)
(𝑢 + 𝑥)𝑚 (𝑚 > 𝛽 + 1).

If Φ2(𝑥) ∼ Φ1(𝑥) as 𝑥 → ∞, then 𝜓(𝑥) ∼ 𝜑(𝑥) as 𝑥 → ∞. (1)
This theorem belongs to M. V. Keldysh (1) and has an important application in
spectral theory. Subsequently, in (2) the conditions of this theorem were some-
what weakened, and in (3) the remainder term was calculated. In particular, in
(3) it was shown that if, instead of (1), one requires the condition

Φ2(𝑥) = Φ1(𝑥){1 + 𝑂[𝑟(𝑥)]}, 𝑥 → ∞,

then
𝜓(𝑥) = 𝜑(𝑥) {1 + 𝑂 ( 1

ln𝑥)} , if 𝑟(𝑥) = 𝑥−𝛾, 𝛾 > 0, (2)

𝜓(𝑥) = 𝜑(𝑥){1 + 𝑂(𝑥−𝛿)} + 𝑂(1)∗, if 𝑟(𝑥) = 𝑒−𝑐𝑥𝛿 , 𝑐 > 0, 0 < 𝛿 ≤ 1
2 . (3)

Under the given conditions these estimates cannot be improved (4). However, in
solving concrete problems we may have more information about the functions
Φ1(𝑥) and Φ2(𝑥) and obtain better results than in (2) and (3), even under
weaker requirements imposed on 𝜑(𝑥).
In this note we shall give several results of this kind.

Here and below, the logarithm means the principal branch of the logarithmic
function, and 𝑙 is the curve |𝑦| = 𝑐0(𝜀 − 𝑥)𝜏 , 𝑐0 > 0, 0 ≤ 𝜏 < 1, 𝑥 ≤ 𝜀; 𝜀
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is a sufficiently small positive number. For 𝜏 = 0, by 𝑙 we shall mean the two
half-lines 𝑦 ± 𝑐0, joined by the segment of the straight line 𝑥 = 𝜀.
Theorem 1. Let 𝜓(𝑢) and 𝜑(𝑢) be positive increasing functions defined for
𝑢 ≥ 0, and let 𝜓(𝑢) = 𝜑(𝑢) = 0 if 0 < 𝑢 < ℎ, ℎ = const. Suppose, moreover,
that the integrals

Φ1(𝑧) = ∫
∞

0

𝜑(𝑢) 𝑑𝑢
𝑢𝜇(𝑢 + 𝑧)𝜈+1 , Φ2(𝑧) = ∫

∞

0

𝜓(𝑢) 𝑑𝑢
𝑢𝜇(𝑢 + 𝑧)𝜈+1 , 𝜇 ≥ 0, 𝜈 ≥ 0,

converge for 𝑧 ∈ 𝑙 and satisfy the condition

Φ2(𝑧) = Φ1(𝑧) + 𝑂(|𝑧|−𝜔), 0 < 𝜔 < 1, 𝑧 ∈ 𝑙, 𝑧 → ∞. (4)

Then
𝜓(𝑥) = 𝜑(𝑥) + 𝑂 (𝜑(𝑥)

𝑥1−𝜏 ) + 𝑂(𝑥𝜇+𝜈−𝜔), 𝑥 → ∞.

* Here 𝑂(1) may be replaced by a constant.

Theorem 2. Let 𝜓(𝑢) and 𝜑(𝑢) satisfy the conditions of Theorem 1, and let
the integrals

𝐹1(𝑧) = ∫
∞

0

𝑑𝜑(𝑢)
𝑢𝜇(𝑢 + 𝑧)𝜈+1 , 𝐹2(𝑧) = ∫

∞

0

𝑑𝜓(𝑢)
𝑢𝜇(𝑢 + 𝑧)𝜈+1 , 𝜇 ≥ 0, 𝜈 ≥ 0,

converge for 𝑧 ∈ 𝑙 and satisfy the condition

𝐹2(𝑧) = 𝐹1(𝑧) + 𝑂(|𝑧|−𝜔), 0 < 𝜔 < 1, 𝑧 ∈ 𝑙, 𝑧 → ∞.

Then

𝜓(𝑥) = 𝜑(𝑥) + 𝑂(𝜑(𝑥)
𝑥1−𝜏 ) + 𝑂(𝑥𝜇+𝜈+1−𝜔), 𝑥 → ∞.

Theorem 3. Let 𝜓(𝑢) satisfy the conditions of Theorem 1, and let the integral

Φ(𝑧) = ∫
∞

0

𝑧𝑝+1𝜓(𝑢)
𝑢𝑝+1(𝑢 + 𝑧) 𝑑𝑢, 𝑝 > 0,

converge for 𝑧 ∈ 𝑙 and satisfy the condition

Φ(𝑧) = 𝑧𝑝𝐿(𝑧) + 𝑂(|𝑧|𝜌−𝜔), 𝜌 > 0, 0 < 𝜔 < 1, 𝑧 ∈ 𝑙, 𝑧 → ∞,
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where 𝐿(𝑧) is regular in the domain |𝑦| ≥ 𝑐0(𝜀 − 𝑥)𝜏 . Then

𝜓(𝑥) = 𝑥𝑝

2𝜋𝑖ΔΓ1
{𝑧𝜌−𝑝𝐿(𝑧)} − 𝑥𝜏+𝑝

𝜋 Re{ 𝑑
𝑑𝑧 [𝑧𝜌−𝑝𝐿(𝑧)]}

+ 𝑂 {𝑥𝜏+𝑝 ∣Im [𝑧−𝑝 𝑑
𝑑𝑧 (𝑧𝜌𝐿(𝑧))]∣} + 𝑂(𝑥𝜌−𝜔), 𝑥 → ∞.

Here ΔΓ1
{𝑧𝜌−𝑝𝐿(𝑧)} denotes the increment of the function 𝑧𝜌−𝑝𝐿(𝑧) with re-

spect to 𝑧 along the arc Γ1 of the curve 𝑙1, |𝑦| = 2𝑐0(𝜀 − 𝑥)𝜏 , lying between the
points ̄𝑧 = −𝑥 − 𝑖𝑦 and 𝑧 = −𝑥 + 𝑖𝑦.
Theorem 4. Let

0 ≤ 𝜆0 ≤ 𝜆1 ≤ 𝜆2 ≤ ⋯ ≤ 𝜆𝑛 ≤ ⋯ ; lim
𝑛→∞

𝜆𝑛 = ∞;

let 𝑎𝑛(𝑡) be real functions; and let the series

𝐺(𝑡, 𝜏; 𝑧) =
∞

∑
𝑛=0

𝑎𝑛(𝑡)𝑎𝑛(𝜏)
𝜆𝑛 + 𝑧

converge for 𝑧 ∈ 𝑙 and, uniformly with respect to 𝑡 and 𝜏 from some bounded
domain 𝐷, satisfy the condition

𝐺(𝑡, 𝜏; 𝑧) = 𝐹(𝑧, 𝜌) + 𝑂(|𝑧|−𝜔), 𝑧 ∈ 𝑙, 𝑧 → ∞,

where 𝜌 is the distance between the points 𝑡 and 𝜏 . Suppose further that

|𝐹 (𝑧, 𝜌)| ≤ 𝐶𝐹(𝑥, 𝜌), 𝑧 ∈ Γ, lim
𝜌→∞

𝐹(𝑧, 𝜌) = 𝐻𝑧−𝛾, 0 < 𝛾 < 𝜔,

where 𝐶, 𝐻 are constants. Then

∑
𝜆𝑛≤𝑥

𝑎𝑛(𝑡)𝑎𝑛(𝜏) = Φ(𝑥, 𝜌) + 𝑂(𝐹(𝑥, 𝜌)𝑥𝜏) + 𝑂(𝑥𝜏−𝛾) + 𝑂(𝑥1−𝜔), 𝑥 → ∞.

Here

Φ(𝑥, 𝜌) = 1
2𝜋𝑖 ∫

Γ
𝐹(𝑧, 𝜌) 𝑑𝑧,
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and Γ is the arc of the curve 𝑙 lying between the points ̄𝑧 = −𝑥 − 𝑖𝑦 and
𝑧 = −𝑥 + 𝑖𝑦.
All the theorems are proved by one method.

We give the main points of the proof of Theorem 1.

Using the device employed in the paper (1), from condition (4) we obtain

∫
∞

0

𝜓(𝑢) − 𝜑(𝑢)
𝑢𝜇+𝜈(𝑢 + 𝑧) 𝑑𝑢 = 𝑂(|𝑧|−𝜔), if 𝑧 ∈ 𝑙, 𝑧 → ∞. (5)

Let

𝑅(𝑧) = ∫
∞

0

𝑧𝜇+𝜈[𝜓(𝑢) − 𝜑(𝑢)]
𝑢𝜇+𝜈(𝑢 + 𝑧) 𝑑𝑢. (6)

According to (4), for 𝑧 ∈ 𝑙 we shall have

∣ 𝑅(𝑧)
𝑧𝜇+𝜈−𝜔 ∣ < 𝑀 (𝑀 = const).

Moreover, since in the domain 𝐸, defined by the condition |𝑦| ≥ 𝑐0(𝜀 − 𝑥)𝜏 , the
function 𝑅(𝑧)/𝑧𝜇+𝜈−𝜔 is regular and, for any 𝛿 > 0,

𝑅(𝑧)/𝑧𝜇+𝜈−𝜔 = 𝑂(𝑒𝑟𝛿), 𝑟 = |𝑧| → ∞,

uniformly in 𝐸, application of the Phragmén–Lindelöf theorem leads to the
estimate

𝑅(𝑧) = 𝑂 (|𝑧|𝜇+𝜈−𝜔) , 𝑧 → ∞, (7)

if 𝑧 belongs to the domain 𝐸. Hence, applying Cauchy’s theorem, we obtain

𝑅′(𝑧) = 𝑂 (|𝑧|𝜇+𝜈−𝜔−𝜏) , 𝑧 → ∞, (8)

if 𝑧 ∈ 𝑙1, where 𝑙1 is the curve |𝑦| = 2𝑐0(𝜀 − 𝑥)𝜏 .

On the other hand, taking into account (5), (8), and the fact that 𝜓(𝑢)/𝑢𝜇+𝜈 →
0, 𝜑(𝑢)/𝑢𝜇+𝜈 → 0 as 𝑢 → ∞, we obtain

𝑅′(𝑧) = ∫
∞

0

𝑧𝜇+𝜈−1 𝑑[𝜓(𝑢) − 𝜑(𝑢)]
𝑢𝜇+𝜈(𝑢 + 𝑧) . (9)

From (5), (8), (9) we have
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𝑦2 ∫
∞

0

𝜓(𝑢) 𝑑𝑢
𝑢𝜇+𝜈[(𝑢 − 𝑥)2 + 𝑦2] = 𝑦2 ∫

∞

0

𝜑(𝑢) 𝑑𝑢
𝑢𝜇+𝜈[(𝑢 − 𝑥)2 + 𝑦2]+𝑂(𝑥𝜏−𝜔), 𝑥 → ∞,

(10)

𝑦2 ∫
∞

0

𝑑𝜓(𝑢)
𝑢𝜇+𝜈−1[(𝑢 − 𝑥)2 + 𝑦2] = 𝑦2 ∫

∞

0

𝑑𝜑(𝑢)
𝑢𝜇+𝜈−1[(𝑢 − 𝑥)2 + 𝑦2]+𝑂(𝑥1−𝜔), 𝑥 → ∞.

(11)

From (5), (8)–(11) it follows that

𝑦2 ∫
∞

0

𝜑(𝑢) 𝑑𝑢
𝑢𝜇+𝜈[(𝑢 − 𝑥)2 + 𝑦2] = 𝑂 ( 𝜑(𝑥)

𝑥𝜇+𝜈−𝜏 ) + 𝑂 ( 1
𝑥2−2𝜏 ) , 𝑥 → ∞; (12)

𝑦2 ∫
∞

0

𝑑𝜑(𝑢)
𝑢𝜇+𝜈−1[(𝑢 − 𝑥)2 + 𝑦2] = 𝑂 ( 𝜑(𝑥)

𝑥𝜇+𝜈−𝜏 ) + 𝑂 ( 1
𝑥2−2𝜏 ) , 𝑥 → ∞. (13)

Now let 𝑥 be a sufficiently large number and let Γ1 be the arc of the curve 𝑙1
enclosed between the points ̄𝑧 = −𝑥 − 𝑖𝑦 and 𝑧 = −𝑥 + 𝑖𝑦. Then, according to
(6)–(9), we shall have

𝐼 = 1
2𝜋𝑖 ∫

Γ1

{∫
∞

0

𝑑[𝜓(𝑢) − 𝜑(𝑢)]
𝑢𝜇+𝜈−1(𝑢 + 𝑧) − (𝜇 + 𝜈 − 1) ∫

∞

0

𝜓(𝑢) − 𝜑(𝑢)
𝑢𝜇+𝜈(𝑢 + 𝑧) 𝑑𝑢} 𝑑𝑧

= 1
2𝜋𝑖 ∫

Γ1

𝑑
𝑑𝑧 [𝑧−𝜇−𝜈+1𝑅(𝑧)] 𝑑𝑧 = 𝑂(𝑥1−𝜔), 𝑥 → ∞.

(14)

On the other hand, since

1
2𝜋𝑖 ∫

Γ1

𝑑𝑧
𝑢 + 𝑧 =

⎧{{
⎨{{⎩

1 + 𝑦(𝑢 − 𝑥)
𝜋[(𝑢 − 𝑥)2 + 𝑦2] + 𝑂 ( 𝑦2

(𝑢 − 𝑥)2 + 𝑦2 ) , 𝑢 ≤ 𝑥,

𝑦(𝑢 − 𝑥)
𝜋[(𝑢 − 𝑥)2 + 𝑦2] + 𝑂 ( 𝑦2

(𝑢 − 𝑥)2 + 𝑦2 ) , 𝑢 > 𝑥,

then, by virtue of (6)—(13), we find

𝐼 = ∫
𝑥

0

𝑑[𝜓(𝑢) − 𝜑(𝑢)]
𝑢𝜇+𝜈−1 − (𝜇 + 𝜈 − 1) ∫

𝑥

0

𝜓(𝑢) − 𝜑(𝑢)
𝑢𝜇+𝜈 𝑑𝑢 + 𝑂(𝑥𝜏−𝜔) + 𝑂(𝑥1−𝜔)

+ 𝑂(𝑥2𝜏−2) + 𝑂(𝑥−𝜇−𝜈+𝜏) = 𝜓(𝑥) − 𝜑(𝑥)
𝑥𝜇+𝜈−1 + 𝑂(𝑥1−𝜔) + 𝑂(𝑥−𝜇−𝜈+𝜏𝜑(𝑥)) .

(15)
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From (14) and (15) the assertion of Theorem 1 follows.

Remark. In Theorems 1 and 2 one may put 0 < 𝜔 ⩽ 1. However, for 𝜏 > 0 and
𝜔 = 1, a logarithmic factor will appear in the corresponding remainder term.

The results obtained here cannot be improved. For example, the non-
improvability of Theorems 1, 2, and 3 is easily verified by applying them to
estimate the distribution function of the zeros of the entire function

𝑓(𝑧) = 1
𝑒𝑐𝑧Γ(𝑧) =

∞
∏
𝑘=1

(1 + 𝑧
𝑘) 𝑒−𝑧/𝑘, 𝑐 > 0,

where Γ(𝑧) is Euler’s gamma function, taking into account the estimate

ln 𝑓(𝑧) = 𝑧 (ln 𝑧 + 𝑐 − 1 + ln 𝑧
2𝑧 ) + 𝑂(1), 𝑧 ∈ 𝑙, 𝜏 = 0, 𝑧 → ∞.

In connection with the results obtained here, we note the interesting works (5,6 ).
Tajik State University
named after V. I. Lenin

Received
8 V 1968
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