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Let t(u) and p(u) be positive increasing functions defined for u > 0, with ¢(u)
differentiable and satisfying the conditions: lim ¢(u) = oo and, as u — 0,
uU—00

ap(u) < up'(u) < Be(u),

where « and 8 are positive constants satisfying 0 < 8 < e+ 1, and, for u < a/2,
p(u) =0, t(u) =0, and let

[T de(u) [ dip(u)
@1(33)_/0 e e <1>2(x)_/0 s m> B+,

If y(x) ~ @4 (x) as x — 00, then ¥(x) ~ p(x) as v — oo. (1)

This theorem belongs to M. V. Keldysh (!) and has an important application in
spectral theory. Subsequently, in (?) the conditions of this theorem were some-
what weakened, and in (®) the remainder term was calculated. In particular, in
(3) it was shown that if, instead of (1), one requires the condition

Dy(x) = @1 (z{1+Olr(2)]}, = — oo,

then

() = p(x) {1 +0 <i) } , ifr(z)=a""7, v>0, (2)

Inz
P(x) = p@) {1+ 0@ )} +00), ifr(z)=e", ¢>0,0<5<L (3)

Under the given conditions these estimates cannot be improved (). However, in
solving concrete problems we may have more information about the functions
O, () and P,(x) and obtain better results than in (2) and (3), even under
weaker requirements imposed on p(x).

In this note we shall give several results of this kind.

Here and below, the logarithm means the principal branch of the logarithmic
function, and [ is the curve |y| = ¢y(e — )7, ¢g >0, 0 <7< 1, z<¢; ¢
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is a sufficiently small positive number. For 7 = 0, by [ we shall mean the two
half-lines y £ ¢, joined by the segment of the straight line z = e.

Theorem 1. Let ¢(u) and ¢(u) be positive increasing functions defined for
u > 0, and let ¥(u) = p(u) = 0if 0 < w < h, h = const. Suppose, moreover,
that the integrals

e d o d
‘1’1<Z>/OW <1>2<z>/0uf’(“>“ W0, >0,

(u+ 2)v+1’ (u—+ z)r+1t’
converge for z € [ and satisfy the condition
Dy(2) = @(2) + O(Jz[™), O<w<l, z€l, z— oo. (4)

Then

P(x) = p(x)+ O (w(x)> + O(zrtv—w), T — 00.

l.lf‘r

* Here O(1) may be replaced by a constant.

Theorem 2. Let ¢(u) and ¢(u) satisfy the conditions of Theorem 1, and let
the integrals

_ [T delw) o= [ W ,
FI(Z)_/O U“(U+Z)V+1’ F2( )_/0 U'u( :U/Zov 207

converge for z € [ and satisfy the condition

Fy(z) = Fi(2) + O(|z| ™), O<w<l, zel, z— oo.

Then

33177—

Y(z) = p(z) + O(w(w)) +O(zr ) 0.

Theorem 3. Let ¢(u) satisfy the conditions of Theorem 1, and let the integral

fb(z):/mzpﬂw(u)du, p >0,
0

uPtl(u + 2)

converge for z € [ and satisfy the condition

D(z) = 2PL(2) + O(|z]P7¥), p>0 0<w<l, z€l, z— oo,
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where L(z) is regular in the domain |y| > ¢q(e — 2)7. Then

TP TP
0la) = s=Ap 27D} - o Re { Ll v L] |

211 T z

+0 {x”p Im {z_p%(zplj(z))] ‘} + O(zP™v), T — 00.

Here A {2#7PL(2)} denotes the increment of the function 2#"PL(z) with re-
spect to z along the arc I'; of the curve Iy, |y| = 2¢,(e — )7, lying between the
points z = —x — iy and z = —x + iy.

Theorem 4. Let

OS/\Og)\lS)\QSS)\ngy Hm)\n:oo;

n—oo

let a,,(t) be real functions; and let the series

converge for z € [ and, uniformly with respect to ¢ and 7 from some bounded
domain D, satisfy the condition

G(t,m52) = F(z,0) + O(|2[),  z€l, 2= o0,

where p is the distance between the points ¢t and 7. Suppose further that

[F(z.p)| < CF(z,p),  z€l,  lim F(zp)=Hz", 0<7y<uw,

p—00
where C'; H are constants. Then
Y ay(t)a,(r) = (x,p) + O(F(z, p)a7) + O(x™) + O(x'™), & — oo.
A<z

Here
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and I is the arc of the curve [ lying between the points z = —x — iy and
z=—x+1y.

All the theorems are proved by one method.
We give the main points of the proof of Theorem 1.

Using the device employed in the paper (1), from condition (4) we obtain

T =) o o frel 200
/O u““’(qu Z) du = O(‘ ‘ )? fze l7 ' (5)
Let
_ [T () — e(u)]
R(z) = /O B 2) du. (6)

According to (4), for z € I we shall have

R(2)

ZHTV—w

<M (M = const).

Moreover, since in the domain F, defined by the condition |y| > ¢4(e — )7, the
function R(z)/z#1"~% is regular and, for any ¢ > 0,

R(z)/z* 2 = 0(e),  r=]z| = oo,

uniformly in FE, application of the Phragmén-Lindel6f theorem leads to the
estimate

R(z) =O0(]2|"™™),  z— o0, (7)

if z belongs to the domain E. Hence, applying Cauchy’ s theorem, we obtain

RI(z) = O(]z[7277), 2= 00, (8)

if z € I, where [, is the curve |y| = 2¢y(e — ).

On the other hand, taking into account (5), (8), and the fact that ¥ (u)/u*t" —
0, p(u)/u*t — 0 as u — 0o, we obtain

o0 putv—l u) — o(u
o= [ pto) o)

uttv(u+ z)

From (5), (8), (9) we have
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9 e P(u) du 5 o p(u) du - - oo
s e R s e e L

, [~ dip(u) L [T dip(u) 1w
Y \/[; u“*”*l[(u—w)z—l—yz] =Y /0\ UN+V*1[(U—£L’>2+@/2]+O($ )7 r — OQ.

From (5), (8)-(11) it follows that

/ ] d)quy] O(xﬁfzf)JrO(xi%), x —o00; (12)

yz/ooo p— u_;) — :o<xﬁf)T> +O<I;ZT>, z — co. (13)

Now let = be a sufficiently large number and let I'; be the arc of the curve [,
enclosed between the points z = —xr — iy and z = —x + iy. Then, according to
(6)-(9), we shall have

{/ —w@ﬂ_w+y_nowwmwwmom}w

uttr =1y + 2) uktt (u 4+ 2)

~
| I

27 /
(14)
1 v+1 _ l1—w
mﬁd[“mecx>,x%w

On the other hand, since

4 Ylu=2) +O<( v ),u<az,

R N
21 Flu+z_ y(u— ) % e
T o) e
then, by virtue of (6)—(13), we find
x d 1—w
+m276+0@uuwkiﬁﬁgéﬁ+o<1w+ouﬂV”¢m»

(15)
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From (14) and (15) the assertion of Theorem 1 follows.

Remark. In Theorems 1 and 2 one may put 0 < w < 1. However, for 7 > 0 and
w = 1, a logarithmic factor will appear in the corresponding remainder term.

The results obtained here cannot be improved. For example, the non-
improvability of Theorems 1, 2, and 3 is easily verified by applying them to
estimate the distribution function of the zeros of the entire function

f(z) = ! ﬁ(1+%)e*z/k, c>0,

e?I'(z) - Pt
where I'(z) is Euler’ s gamma function, taking into account the estimate

1
lnf(z):z<lnz+c—1+¥>JrO(l), zel, T=0, z = 0.
z

In connection with the results obtained here, we note the interesting works (°,5 ).
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