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In the present note we consider the question of the order of polynomial approx-
imation in the mean on the contour of analytic functions of V. I. Smirnov’ s
class E, (p > 1). This problem for domains with analytic boundary was solved
by J. Walsh and H. Russell (!). S. Ya. AlI' per (?) studied the analogous prob-
lem under more general assumptions on the smoothness of the boundary of the
domain, namely when 6(s)—the angle between the tangent and a fixed direc-
tion, expressed as a function of the arc length of the curve—has a modulus of
continuity satisfying the condition

154
w(d,0
/ (,6) dé < +o0, e > 0.
b 0

In (?) a constructive characterization was obtained of analytic functions of the
class E, (p > 1), whose angular boundary values satisfy an integral Lipschitz
condition of order o, 0 < o < 1. At the same time an analogue of the well-known
Jackson inequality was established.

Questions of approximation of analytic functions of the class E; were studied
in (379).

In our notes (®7), exact in order direct and inverse inequalities were established

which characterize the order of approximation in the mean by algebraic polyno-
mials of analytic functions of the class E, (p > 1) in a domain with boundary
satisfying condition (1). In the present note we give a direct theorem, exact in
order, under general assumptions on the boundary of the domain.

In what follows, L,(I') will denote the set of complex-valued measurable func-
tions defined on the curve I' and satisfying the condition

o1 { / If(t)pIdt}l/p < 4o, 1)
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Definition. A Jordan rectifiable curve I" will be called a curve of class A if the
operator

1 f(r)ydr
S = —
1®) 2mi /F T—1t"’
understood in the sense of principal value, is bounded in the space L,(I') for
p>1.
In the case when I is the unit circle, by a well-known theorem of M. Riesz the
operator Sf(t) is bounded in L, (p > 1). B. V. Khvedelidze (%) generalized
this result to the case of Lyapunov curves. Further, in the works (°~'2) various

classes of curves (among them nonsmooth ones) were found along which the
operator Sf(t) is bounded in L,(T'), p > 1.

Let G be a simply connected finite domain with rectifiable Jordan boundary I'.
Denote by w = v(z) the function conformally mapping—

the exterior of the domain G onto the exterior of the unit disk with the condition
(00) = 00, ¥’ (00) > 0, and by z = p(w) the inverse function. With the aid of
the mapping function, we define the generalized modulus of smoothness in the
;eﬁse of L, of the angular boundary values of analytic functions f(r) € E, as
ollows:

1/p

27
Wi (8, f), = sup {/ |AL o) d9} ,
0

where

1o0) = £ lp(e®)] /¢’ (e), AZfo(9)=§n:(—1)kV(z]j)fo(HJrvh)-

v=1

Next, let pSf’ )( f,T) denote the best approximation in the mean on the boundary
of the function f(z) € E,, i.e.

) (f,T) = inf | f(t) = P (t)]

over all algebraic polynomials of degree < n.

Theorem 1. If f(z) is an analytic function of class E, (p > 1) in the domain G,
whose boundary T" belongs to the class A, then for every natural n there exists
a polynomial of degree n such that
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I£0) = P(0)] < Cy(p. D (1.7 -

From Theorem 1 there immediately follows an inequality analogous to the well-
known Jackson inequality

AT < Culp D (55) (2)

Inequality (2) admits a further refinement in the sense of order.

Theorem 2. For f(z) € E,, 1 <p < 400, in the domain G with boundary of
class A, the inequality

1/8
nk{zyﬂk L[ (r.)] } <ComDw; (nf), O

where = max(2,p).

In general, estimate (3), for the given class E, (p > 1), cannot be improved. For
1 < p < 2 this is seen from the following proposition.

Theorem 3. Let M, () denote the class of those functions f(z) € £, (p > 1)
for which

! (£.0) ~a
where {a, }2, is a given monotonically decreasing sequence of numbers tending

to zero.

Then

1/2
1 5(p k: I)
inf Wt (—, ) g ! v#-la2 | ) 4
eyt F \ a0 » {Z @

As an apparatus for investigating the question of the order of approximation
in the mean of analytic functions of class £, this time series in generalized
Faber polynomials are considered. The mentioned polynomials are defined by
the expansion

[/ (w Ji-tp
o(w) anﬂ, |lw| >1, ze€Qaq. (5)
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For series in the polynomials B,,(z), assertions are valid analogous to the known
theorems of Marcinkiewicz (13 and Littlewood—Paley (*) on multipliers and
composition of power series.

Theorem 4. Let f(z) € E, (p > 1) in a domain G with boundary of class A,
and let a,, be its Faber coefficients, defined by the formula

1 fle)] ¢ (w)
L R (6)

" 2mi w1
If the sequence {\,, }5°, of complex numbers satisfies the condition

gm+1

A, < M, SN =AMl <M (m=0,1,2,.), (7)

y=2m

then the series

Z Awar By (2) (8)
k=0

converges uniformly in the domain G to an analytic function F(z) € E,; its
angular boundary values almost everywhere coincide with the sum in the mean
of the p-th degree of the series (7) on the boundary, and the estimate

IF@®] < Calp, L) M f(#)] (9)

holds.

Theorem 5. For f(z) € E, (p > 1) in a domain G with boundary belonging
to class A, the estimates

- 1/2
Cs(p, D) f ()] < (Z |Ak(t)|2> < Co(p, DI F @) (10)
k=0

hold, where

AL(t) = 2 a,B,(t) for k>1, Ay(t) = ayBy(t).

p=2k-1

Theorems 4 and 5 are used in the proof of Theorem 2. For series in Faber
polynomials, when the boundary of the domain satisfies condition (1), analogous
theorems were obtained by us earlier (1%).
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Let {)\S,m} (v=0,1,....n; n =12 .; /\é") =1, A" =0forv > n) be a
certain triangular matrix of numbers, and let U, (f, z, ) be the linear operator
defined for f(z) € E, (p > 1) as follows:

Un(f, 20 = MVa,B,(2),
v=0

where a,, are the Faber coefficients expressed by formula (6).

For each linear operator U, (f, z, A) consider the quantity

Rn<f7 )‘) = ”f(t) - Un<f7t7 )‘)”a

which characterizes the deviation of the angular boundary values of the function
f(2) on T from the linear operator U, (f,z, A).

Theorem 6. Let

p =12 for 1 < v < [nkim),

ps) =0 forv> [nk/m].

If
g+l (n) (n)
Mg s L
Dlait | S wE0l2iam=12.0, ()
s=2v

then for f(z) € E, (1 < p < +00) in a domain with boundary of class A the
estimate is valid

1
Rn(f7 >‘) < 07(]77 F7 )‘) Win <W7 f)p .
From Theorem 6, as corollaries, one obtains estimates of the deviations of Cesaro

means of order «, o > 0, Zygmund normal means, and many others.

Theorem 7. Let 0 < A\ = 1.

If
25+1 k k
1
> ( *(‘m) _Ln) <Lym*  (s=0,1,2,..; n=1,2,.),
v=2° My fq Hv
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then for any f(z) € E,, 1 <p < +o0, the estimate is valid

1
nk

. 1/8
{Z VA1 [0, mﬂ} < C(p. D) [5(8) — U, (£, M),
v=1

where § = max(2,p).

Estimates analogous to (10) and (11), for series in Faber polynomials in the case
when the boundary satisfies condition (1), were announced in our note (°).
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