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Let the function f(z) belong to the class W) H_ on the segment [—1,1], i.e.,
have a first derivative with modulus of continuity w(d, f’), not exceeding the
given modulus of continuity w(d), and let M, be a matrix of nodes with (n+ 1)-
st row

ac;c”H) =coskr/n (k=0,..,n). (1)

In our paper (%), under these conditions the estimate

| (@) = Ly (x, f, M) < cqw(l/n)Inn, z€[-1,1], (2)
was established, where the constant ¢; does not depend on the function f(x),
and L, (z, f, M) is the Lagrange interpolation polynomial with nodes (1).

In the present paper it is shown that estimate (2) cannot be improved in order,
if the entire class of functions W H_, is considered.

We shall assume that the modulus of continuity w(§), as usual (1, p. 108), is
defined on the segment [0, 2], is continuous and nondecreasing on it, with w(0) =
0, and satisfies the subadditivity condition

w(d; + d3) < w(dy) + w(dy).

Further, putting x = cos @ for 0 < 6 < =, introduce the notation

O =0, =kn/n, 2" =z, =cos, (k=0,..,n),
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Let p = [n/2] be the integer part of the number n/2. For every n define the
function F),(z) as follows:

(1t
Fo(x) = W) dt+dy, @ € (2,1,
0

12

-1 k | 1p+1|
R =S [ e d i, se il (= 1p-2)
0

1 -
F (z)= _E/ w(t)dt, =€y, zq]-
0

Further, let F, (z) = 0 for € [z1,1]; let F, (z) = (—1)""'F,(—=x) for x €
[— 1,mp+1] and, finally, for x € [z,,,7,] set F, (v) = H, (),

where H, () is the Hermite interpolation polynomial (of the third degree), co-
inciding with the values of the function F, () and of its derivative at the points
T, and .

Lemma 1. For fixed n there exists a system of numbers {d,.} (k = 2,...,p) such
that the function F(z) belongs to the class W H_ on the segment [—1, 1].

Proof. For continuity of the function F, (x) at the point y,, it is necessary and
sufficient that the relations

k

6dy 1 = Z(—l)i—l/o iw(t) dt (k=1,..,p—1). (5)

1
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be fulfilled.

From the equalities (5) and the choice (3) of the points y,, (k=0,...,n—1) it
follows that the derivative F, (z) is also continuous on the segment [—1, 1]. It is

not difficult to see that F} (z) € H,,. Indeed, let, for example, ', 2" € [z,,.1,7,)]

(z” > 2’); then from the definition of the function F,, (z) it follows that

[Fp (") = Fy(2)| = |Hy, (2) — Hp ()] (6)

But H,(z) = d, for n =2p + 1, and therefore

134

(2”) = Fp(2')] < w(@” —2'). (7
For n = 2p we shall have

H, (z)= (dp + dpfl)(2x3/mg+1 — 3x2/x12)+1) +d,.

Now, by virtue of the estimate (n = 2p)

.2 T Tpi1
|d, +d, 4| < 4sin %w< p2 >
and the relation ((1),p.111)
w(dy)/8y < 2w(d1)/64 (05 > 0y) (8)

from (6) we obtain (7) also for n = 2p.

If 2 € (24,1, Ys), @7 € 241,y (i,k =1,...,p—1), then for i = k it follows
from the definition of the function F,,(x) that

W o 1 ” ’ 1 ” /
[EFa(2) = Fo(2)] = 35 [w(@” = @) —w(a’ =2 )| < (e’ —2')

by virtue of the semiadditivity of the function w(d); for the same z” and z” in
the case ¢ < k — 1 we have

|[Fa(e”) = (@] = £ lw(@” — @) = (=) 0@’ —ap)l;

but for ¢ < k—1 one has 2" —z;,, <az” —a’, 2’ —x,,, <2” —2’, and then
by the nondecreasing property of w(d) inequality (7) will hold. The validity of
relation (7) for other possible cases of the location of the points 2’ and z” is

established similarly.
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Lemma 2. For k =1,...,p — 2, for the numbers d,, ; defined by equalities (5),
the estimates

1
|dy 1| > QUkW(Uk) [1/8 = 2uy, +sin® 7/2n]. ()

are valid.

These estimates are obtained from (5), taking into account the nondecreasing
property of w(d) and inequality (8).

Theorem 1. For the function F, (z) the inequality

Inn

max |F () — L, (x, F., M1)|>62w( )lnn—i—O( <n> 7) (10)

ze[-1,1]
holds, where ¢, and the constant in the estimate of the remainder term do not
depend on n.

Proof. Let x = z,; then from (5) we obtain F} (z) = 0. For n = 2p, from (4)
we have

p—1

Ly (2, Fyy My) = Y [Fa(@)l (@) + Fy (2 )l (@)] + By ()l 0 (),
2

whence, taking into account the definition of the function F, (z), the equality
byn(z,) =0 (n=2p), and (5), (4), we find

23 1 1
L.(x,F,, M) =S |d n .
o P M) = Y ol (= + 55 )

Lrt1

Now, with the aid of (9), we obtain

|L;L(x7Fn,M1)\z%iﬂ ( )lnn+0< (n) ln?") (11)

where the constant in the estimate of the remainder term does not depend on
n. The case n = 2p 4 1 is considered analogously.

Thus, Theorem 1 is proved.

Let, as before, f(z) belong to the class W H_ on the segment [—1,1]. In the
paper (%) the estimate

|f’(:£) — H§n+1(:c,f,M1)| < cyu(%) Inn, x € [—1,1], (12)
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was established, where the constant ¢; does not depend on the function f(x),
and Hy, . (z, f, M) is the Hermite interpolation polynomial with double nodes
at the points (1).

It is not difficult to show that the estimate (12) likewise cannot be improved in
order in the class of functions W H . Put

2k —1
2, = COS Twsec% (k=1,...,2n),
ukZL;k“, y;ﬁ% (k=1,..,2n—1); (13)

Haypr (2, £, My) = Y (@) A (@) + [ (1) By, (@)},
0

(z — xk)] B (); (14)

sin” 6,

Bk,n(m) = <£L' - xk)l%:,n(x)

Theorem 2. On the segment [—1, 1] there exists a function @, (z) of the class
WWH_ such that the inequality

1 1\ 1

e [9](@) = Hp, oy (2,0, 000)| > e lan+0(w( ) -).(19)

holds, where ¢, and the constant in the estimate of the remainder term do not
depend on n.

For the proof of (15) it suffices, with the notation (13), to consider the function
O, (x) defined as follows:

o, (x)=2,(—x), ze€[-1,0]; ®,(x)=10,, x€]l0,z,];
_qyn—1 Tz,
d (z) = ( 12) /0 w(t)dt +b,, T € 2, Yn_1l;
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v =3 [ i welp,

0

|~

Here, as in the proof of Lemma 1, one first establishes the existence of a system
of numbers {b,} (k = 2,...,n) ensuring the continuity of ®,(x), and then the
membership of @, (z) in the class W<1>Hw. Next, slightly modifying the rea-
soning in Theorem 1, with the aid of the notation (1), (4), (13), (14), it is not
difficult to establish the estimate (15).

Analogous results hold if the interpolation nodes are the zeros of the polynomials
(2 =1)P," (),

where Pﬁilﬁ >(az) are Jacobi polynomials under the conditions |a] = |5] = 1/2,

different from those considered above.
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