Soviet-era science, translated into English

ASYMPTOTICS OF AN
AXISYMMETRIC
SOLUTION

HYDROMECHANICS
1969

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196901.58993

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196901.58993

Abstract

Full Text

UDC 532.516
HYDROMECHANICS

V. V. PUKHNACHEV

ASYMPTOTICS OF AN AXISYMMETRIC SO-
LUTION

OF THE FLOW-PAST PROBLEM FOR THE
NAVIER-STOKES EQUATIONS

(Presented by Academician M. A. Lavrent ev, 28 X 1968)

Let G be a domain in the space R3, exterior with respect to a closed surface X.
As is known, the flow-past problem for the Navier-Stokes equations consists in
finding a solution of the system

vAw —Vp = (w-V)w, divw =0 (1)

in G, satisfying the conditions

W|Z=O, w — wy =const £0 as |z| =1 — 0. (2)
Here w = w(z), p = p(z) are, respectively, the velocity and the pressure;
x(1y, 29, 25) is a point of the space R3; v > 0 is a constant.

Leray proved ! (see also 2) the existence of a solution of system (1) for which
the Dirichlet integral is finite,

/ Vw[2dz < (3)
G

and the first of conditions (2) is satisfied, while the condition at infinity is
satisfied in a certain generalized sense. (Physically, condition (3) means that the
given solution describes a flow of a viscous fluid in which the rate of dissipation
of kinetic energy is finite.) We note that Leray’ s theorem does not require any
restrictions on the data of the problem. Subsequently 23 it was proved that
solutions with finite Dirichlet integral satisfy the second of conditions (2), and
their derivatives tend to zero at infinity. However, no additional information
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on the asymptotic behavior of solutions of problem (1)—(2) with finite Dirichlet
integral has so far been obtained.

Finn # showed that considerably more can be said about the asymptotics of the
solution of the flow-past problem if one assumes that the condition

lw(z) —wo| < Or /2= asr — oo (4)

is satisfied with some positive constants ¢, C. In particular, every solution of
(1)—(2) satisfying (4) admits the representation

w(z) =wy+al(x)+O(|VE]) asr— (5)

and an analogous representation for the pressure. Here a is a constant vector;
&(x) is the fundamental tensor of the Oseen system corresponding to (1)—(2)
5. Tt follows from this that there is a paraboloidal wake region in the direction
of wy, inside which |w — wy| = O(r~'). Outside any circular cone with axis
directed along wy, |[w — wy| = O(r~2).

Let us observe that every solution of (1)—(2) satisfying (4), on the basis of (5),
has a finite Dirichlet integral. However, in the class of functions satisfying (4) it
is not possible to establish an existence theorem for a solution of the flow-past
problem, except in the case of small Reynolds numbers ®. In connection with
this, Finn posed the question: does every solution of the flow-past problem for
which (3) is satisfied also satisfy (4)? It turns out—

it turns out that in the special case of axisymmetric solutions this question
should be answered in the affirmative.

Below it is assumed that ¥ is a surface of revolution with axis parallel to the
vector wy. We shall call a solution w = (w,,w,,w,),p of problem (1)—(2)
axisymmetric if w, = 0, and w,, w,,p do not depend on ¢. Here p = /a7 + 23,
p = arctg(z,/x,), 2 = x4 are cylindrical coordinates and the axis Oz is the axis
of rotation of ¥.

The following analogue of Leray’ s theorem is valid: for every sufficiently smooth
surface of revolution ¥ there exists at least one axisymmetric solution of system
(1) satisfying conditions (2)—(3).

The main result of the present paper is contained in the theorem:

Theorem. Every azisymmetric solution of problem (1)—(2) with finite Dirichlet
integral (3) satisfies inequality (4) and, consequently, admits the asymptotic
representation (5).

As a consequence of axisymmetry, in the representation (5) only the component
a, of the vector a is different from zero. The vector a has a simple physical
meaning: it is equal (under a suitable normalization of the tensor &) to the
force with which the fluid flow acts on the body being flowed around (*).
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The basic point in the proof of the theorem is obtaining an estimate of the
rate of decrease at infinity of the vorticity & of problem (1)—(2). In view of
axisymmetry,

w, =w, =0, w, = 0w,/0z — 0w, /0p = w(p, 2).

Introduce the function f = w/p and denote u = w — w,. By the definition of f,
it follows from equations (1) that

_ (9*f 39f &f of
cr=v (Gt o ) ey~ ot

in the domain €2, the intersection of G with the half-plane ¢ = 0. Since the
solution w, p satisfies (3), it follows, on the basis of (3), that w,u,,u, — 0 as
Vp?+22 =17 — oo. From the interior a priori estimates (?) it follows that
in the domain €2 all derivatives of f entering into (6) exist and are continuous.
Moreover, in a neighborhood of the singular line p = 0 the inequalities

of
5o =0 (6)

U, \lﬂSM@o as p— 0 (7)
pOp

hold uniformly in z.

To prove (7), note that the components Wy s Wy, , Wy of the vector w are, by
virtue of the interior a priori estimates, infinitely differentiable functions of
the Cartesian coordinates x;,%4,25 in the domain G. In combination with
the axisymmetry and solenoidality of w, this leads to (7). It follows from the

estimates (7) that equation (6) is satisfied in the limit as p — 0.

Arguments analogous to those just presented show that w/p = f — 0 as r — co.
We shall now prove that, for fixed v, wy, for any «, 0 < o < 1/2, there exists an
R = R(«) such that for > R the inequality

[f] < Crr 232 e2 Ky 5 (qr) = Cro(p, 2) (8)

is fulfilled. Here ¢ = w;(1 — a/4)/2v; Kj)5(s) is the Macdonald function (7);
Kyp(s) > 0 for 0 < s < 00; Kyp(s) = /7/2s¢*[1 +O(s7")] as s — oc.
The symbols C),, k = 1,2, ..., here and below denote positive constants. We
note that for @ = 0 the function v(p, z) satisfies equation (6) in the “Oseen

approximation,” i.e. for u, = u, = 0.

Let o € (0,1/2) be fixed. Computations show that in the domain R < r < oo,
where R is sufficiently large, the inequality £v < 0 holds. In doing so one uses
the asymptotic representations of the Macdonald function and of its derivative,
the first of the inequalities (7), and also the fact that
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Uy, u, — 0 as r — co. We now choose C; so that the functions g, = Civ+ f
are nonnegative for r = R. The functions g, satisfy, for R < r < oo, the
differential inequality £g, < 0 and, moreover, g, — 0 as r — oo. Hence we
conclude that for r > R the functions g, cannot attain a negative minimum.
For interior points of the domain €2 this follows directly from the definition of
£, and for points of the z-axis from the definition of £ and inequalities (7) for
the function f and the analogous inequalities for the function v. Taking into
account the nonnegativity of g, for » = R, we obtain that g, > 0 for all 7 > R,
i.e. inequality (8).

As a consequence of (8) we have the a priori estimate for w

|w[ < Cypexp [—q (W— z)] [(p? + 22)t-e/? (9)
for r > R.

It remains to prove how (4) follows from (9). To this end we use the represen-
tation of the solenoidal vector u = w — w, in terms of its rotor. Denote by ¥ 5
the sphere || = R; by Gy the exterior of ¥ p; and by n the unit normal vector
to X¥p. If divu =0, rotu =& in G and u — 0 as r — oo, then, according to
8 the representation

u=u; + uy, u, = rot 1, u, = VA, (10)
holds, where

S 1 @(y)
() /@ dy (11)

ar Jg, |z =yl
and A(x) is the solution of the Neumann problem

AN =0, z € Gp, ONon|. =n-(u—uy)|, .
ER ER

It is easy to see that for w, = u, + w,, condition (4) is satisfied with ¢ = 3/2.

For u,, by virtue of (10)—(11), we obtain

VB[ BG)
i<y [ (12)

—yl2 7
=yl

In estimating the last integral it is convenient to pass to cylindrical coordinates
p,,z and, using the fact that & = (0,w,0) does not depend on ¢, to carry
out the integration with respect to . Taking into account that for all p,& > 0,

z# 1,

/271' pd@ g T
b P2+ E —2pfcosp+(z—n)? " \S(p—E2+ (z—n)?

and applying inequality (9), from (12) we find the estimate

luy | < 03// §exp [—q (\/524‘7772—77)] d€dn _ C,Inr
242> R2 (

€2 4 y2)1-a/2 /(p— €2 + (z — 1)2 = plea
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for r = \/p? + 22 > R. In view of the arbitrariness of o € (0,1/2), we conclude
from this that (4) is satisfied for w = u; + wy. The theorem is proved.

In conclusion, the author expresses gratitude to V. I. Yudovich for a valuable
discussion.
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