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Consider a cooperative game I' = (I, v), where I = {1, ..., n} is the set of players,
and v(S) is the characteristic function of the game. The set of imputations A
is defined as

i=1

A= {x:(scl,...,scn) sy =2 (i), xi:U(In)}.

On A a domination relation is defined: x > y, if there exists such an .S C I that
x; >y, 1 €5, and

in < v(9).

€S
A solution V is a set of imputations having the following properties:
1) internal stability: it cannot be that x > y, if z,y € V;
2) external stability: whatever z ¢ V, there exists such an € V that > z.

The core is the set:

U= {9:— (Tqy.yx,) €A th > v(s) for everySCI}.

€S

We shall say that a game has property v if it has a solution, property cuv if
its solution coincides with the core, and property ¢v if this solution has the
following additional property:

whatever y ¢ V, if >, y; < v(5), then there exists such an x € V' that = - y
by the coalition S. Let us note that in all cases known to us where the solution
coincides with the core, property ¢v follows from cv.
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For any R C I define a game I'(ay, ag) with set of players R and characteristic
function u(S), S C R:

u(R) =ag, 0<ay<1; (1)

u(S) =ag, v(S) <ag< TI?IaE{R[U(S uT)—u(T)] =ag.

Consider a partition of the set I into sets M and N, and let v(M) +v(N) > 1
(if v(M) 4+ v(N) > 1, then the core is obviously empty). Construct I'y,(ay, ag)

and Iy (B, Br)-

Call the collections {aq,ag} and {8y, By} conjugate if: 1) ag + 5, = 1; 2)
as+/8T>U(SUT), SCM7TCN

Lemma. Whatever the collection {agy,ag} (S C M) satisfying (1), there exists
a conjugate collection {By, By} (I C N).

Proof. Take 5, =1 — ay,

Br = By = max[u(S UT) — o(S)].

Then By > v(T'US) —v(S), S C M,

ag~+ Br = v(S)+v(TUS)—v(S)=v(TUS).

Let Vy(ag, ag) be a solution of I'y,(agy, ag), and Vy(By, Br) a solution of
T n(By, Br); then by V(ag) = Vi (ag, ag) X Va(By, Br) we denote the set of all
such € A that

zy € Virlag, o), zy € Vn(Bo, Br)
(zy; and z are the projections of x onto M and N, respectively), and the
collections {ay, a5} and {5, 57} are conjugate.

Theorem 1. If in a game I' I is divided into two such coalitions M and
N (each with more than one player) that 1) v(M) + v(N) > 1; 2) all games
'y (ag, og) and T (By, Br), for all conjugate collections {ay, a’s} and {8y, 67},
where 1 —v(N) < ay < v(M), have the property ¢v, then

V(ao) = V(ag, ag) X VN(ﬁOaﬁT)

is a solution of T" for all g, from the interval 1 — v(N) < ay < v(M).
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Proof. The internal stability of V' (a,) follows from the fact that, for S O M or
S D N, domination cannot occur, while for the remaining S and x € V(a,)

D> x> a(SNM)+B(SNN) > u(S).
S

We now prove the external stability of V'(a,). Consider two cases:

1) Zyz = Qo
M

2) Zyi<a0 or Zyi<1—a0.
M N

Consider the first case. It is easy to show that, if y ¢ V(a,), then there exists
a coalition R such that

>y <u(R). 2)
R

If, moreover, there exists R C M (or R C N), then by the property ¢v there
exists such an x,; € Vy;(ag,v(S)) that z,; > y,, (on R), and by the lemma
there exists a collection {1 — ag, 87} conjugate with {agy,v(S5)}; then, if z, €
V(1 —ay, B7), then z = (x5, 25) > y.

Suppose now that, for any R satisfying (2), RN M # A, RN N # A. Denote by
R, such one of the coalitions R for which there is no coalition R C R, satisfying

property (2).
Put

ag%omM: Z Yy + €15 O/SZZ%, S C RyN M; ag =ag
RoNM S

for the remaining S C M.

%%mzvz Z Y; + €93 B/TZZyi, T C RyNN; B = Br
RN T

for the remaining T' C N,

where

€1 +52:v(RO)—Zyi, e >0, & >0.
Ry
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Since Y4 y; = v(S), S g Ry, it is not hard to see that the sets {a,, o} and

{1 — o, B} are conjugate and, for R,

& on  Brynn = v(Ro)

If |[Rg N M| > 1and |[RyN N| > 1, then by the property ¢v there exist z,; €
Vilag, o) and zy € V(1 — o, B7) such that z,, > vy, on Ry N M and
zy > yy on Ry NN, and hence x = (zy,,2y5) > y on Ry,.

If, for example, Ry, N M = {i,}, then, by Theorem 4.1 of ?) in the solution
(core) there exists an imputation x,, € V;,(ag,ay) such that the component
(zar);, 18 equal to a(iy), and the proof is preserved for this case as well.

Let now case 2 occur, and let }, v, < a; consider

Either z; € Vi (g, v(S)). Or there exists x,; € Vi (g, v(S)), 25 > 253 then
in the first case z = (2, z2y) > y on M, and in the second =z = (z,;,25) > ¥,
where zy, )y are constructed as in the proof of the first case.

Consider examples.

Example 1. If for a four-person game there exists 0 < oy < 1 such that

v(1,2) > ay, v(3,4) 21—y v(i,3) +v(i,4) <

gl_a()a Z:1a27 U(l,j)+11(2,j)<040, .]:3’4
then the game has a solution lying in the plane z; 4+ 25, = «; note that no
restrictions are imposed on the values v(S) for |S| = 3.

It is known that a three-person game has the property cv (¢v) if and only if
v(i,7) +v(i, k) <o), {i,7,k} C {1,2,3}. Tt can also be shown that, if a three-
person game with characteristic function v(S) satisfies the condition cv (¢v),
then the game with v'(S) = v(S), |S| > 1, v/(i) = a;, where a; < v(I — {i}),
i = 1,2, 3, also has the property cv (¢v). Using this, we have:

Example 2. If for a five-person game

1
v(1,2,3) 2 ap; v(4,5) =2 1—ay op— 3 < (i, 4) < g /2;

U(i,j,l) < a0/2§ ’U(’i,l) < (1 - O‘O)/2; {27.7} C {1’2’3}; l=4,5,
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where 0 < a < 1; the remaining v(S) are arbitrary, then such a game has a
solution lying in the hyperplane z; + x4 + 3 = ay.
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