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1. Let Q be a domain of Euclidean space R"*!, bounded by a sufficiently smooth
closed surface X. We consider problems for the Helmholtz equation

[A+w?C2(MUM) =0, MeQ; (1)

I. U‘E = 0 (OI‘ II. %U‘E = 0) 5 (2)

where A is the Laplace operator in R™™!; C(M) > 0 is a sufficiently smooth
function in ; w is a real parameter.

The present note is devoted to constructing, by the ray method, asymptotics of
such subsequences of eigenvalues of problem (1), (2) to which there correspond
eigenfunctions concentrated in a neighborhood of certain one-dimensional cycles
in Q. Asymptotically, as w — oo, within the framework of the ray method the
solution of equation (1) is sought in the form U(M) ~ [u 4+ O(1/w)] exp(iw®),
where u and ® satisfy the equations

(VO)? = C72(M), (3)

2(Vu,V®) + uAd = 0. (4)

2. Consider in € a closed curvilinear N-gon L, whose sides are formed by
smooth curves and whose vertices belong to ¥. We shall call the polygon L an
extremal one-dimensional cycle in €2 if the first variation 6/ = 0 on L, where
I = [C7'(M)do is the functional of geometrical optics (do is an element of
length in R™™1).
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In what follows it is assumed that, if the extremal cycle under consideration
in Q is stable in the first approximation (12), then there exists the desired
subsequence of eigenvalues of problem (1), (2), to which there correspond eigen-
functions concentrated in a neighborhood of this cycle, i.e. essentially different
from zero in some neighborhood of the cycle and decreasing sufficiently rapidly
when moving away from it.

3. Let r = r(s), r € R"! be an extremal cycle in € with vertices
r(sy),...,r(sy) = r(0); s is arc length along the cycle. In each plane normal
to the cycle, introduce the radius vector q(s) € R™ so that along the cycle
q(s) = 0. Denote the components of q(s) by g;, j = 1,...,n. The conjugate
momenta are defined by the formula

0 do

= Ys.q.)—22

D; (s q])aq.j Io

where ¢; = %qj. We expand the Hamiltonian function J(s; g;; p;), correspond-
ing to the functional I, in a neighborhood of the cycle into the series

F(s;q5p;) = — Ho(s3a53p5) + Hs(s:q55p5) + s (5)

Jr
C(s,0)
where H(s; 4 pj) is a homogeneous polynomial of degree k in the canonical
variables with coefficients depending on s. In the first approximation, discarding

in the expansion (5) the terms of order # ;, k > 3, we replace I by the functional
Iy:

Io=/{j§7;pjdqj+ [c*(i,())_}[2<8;qf’pj)] dS}, (6)

for which the canonical system of equations has the form

- Sp = =1,2,...,n.
Ry o, 7P oq, J=12...n (7)

A solution of the system (7)

YE(s) = (@ (5), e 0 (8), 07 (5), e I (5)),

defined on the k-th (k = 1,2,...,N) side Ly, ie. for s,_; < s < s, will be
called a ray. Let the 2n vectors Zlgk)(s), t =1,...,2n, form on the k-th side
Ly a fundamental system of solutions of the equations (7). With the aid of the
matrix

k k
W® () =2 (s), .., Zy ()]
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the ray is defined by the formula

through the specification of a 2n-dimensional vector A*) independent of s.

Upon reflection of the ray from the boundary ¥ in a neighborhood of the k-th
vertex L, we have:

A = WD ()] W (s) - AW 4 O(IJ?), ®)

where the reflection matrices v, of order 2n are determined by the local proper-
ties of ¥ at the point r(s;), dety, = 1. Let Agk> specify some initial ray, and let

Agk) be the ray arising after a single “traversal” of the initial ray along the cycle;
then, in the first approximation, discarding the correction terms in formula (8),
we obtain " "

AT =TLAy7,

and after m traversals " "
Ay =T"A,

9

with detI';, = 1 by virtue of the existence of the integral invariant

/(5q1 ... 0q,0p; ... Op,,

for the canonical system (7).

An extremal cycle is called stable in the first approximation (1) if
IAW]| < M < oo

as m — oo. Let A\, t = 1,...,2n, be the eigenvalues of the matrix I',.* The
conditions for stability of the cycle in the first approximation are that |\,| =1,
and the elementary divisors of I'j, are simple.

4. For cycles stable in the first approximation there exist 2n linearly inde-
pendent Floquet solutions of the equations (7), X,(s), such that

X;(s+sy) = €¥1X,(s), X,y j(stsy) = e X, i(s),” ji=1,...,n.

We divide the Floquet solutions into two groups of n each so that, for the
solutions of the first group,

W(X;, X,) = (q}cﬁ(s) To;t)(s) fp?(s) -ng)(s)) = —idy, jt=1,...,n,
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where 4, is the Kronecker symbol; X, is the vector complex-conjugate to the
vector X,. At the same time, for the Floquet solutions of the second group

W(Xnﬂ'aynﬂ) = +i5jt'

Introduce normal coordinates () Q;, P; by the formula

X:Zn: Q+Bn+]() j)

Jj=

The functions B,(s), periodic on the cycle, have the form
B,(s) = efw"'sz(S% B, (s)= 6i#jan+j(s)7 B =¢;/sn-

In nor-

* The characteristic equation of the matrix I, is reciprocal (see, for example,
(3)) and therefore reduces to an equation of degree n.

** By these formulas the phases ¢; of the eigenvalues of the matrix I'; are
determined uniquely as the increment of arg X; on the cycle.

10:/{—zZPdQ+ Zn: 1 }

and the ray is described by the functions Q;(s) = Q;(0)e's, Pi(s) =

P;(0)e s, continuous on the cycle. Here Q;(0) = P;(0) are constants of

integration.

normal coordinates

5. The set of rays whose constants of integration satisfy the conditions
Q;(0)P;(0) = 5?, j=1,...,n, where ¢; are fixed real parameters, forms in
the space R*" x S1* an invariant manifold 7, since for all s

Q;(s)P;(s) = Q;(0)P;(0) = €7, j=1,..,n. (9)

The section of T. by the Euclidean plane R?", s = const, is the direct product
of n circles (9); therefore topologically T is described as the direct product of
(n+ 1) circles S* x St x ... x S*. The manifolds 7. are Lagrangian; therefore
the solution of the eikonal equation (3) is found by integrating over T the total
differential

o 1
®=—i) PdQ;+ [Cso

=1

n
— Z MijQj] ds.
j=1
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6. The asymptotics of the eigenvalues of the problem (1), (2) within the
framework of the ray method is found from the “quantization conditions”
(>6) following from the requirement that the function ue™?® be single-
valued on the invariant manifold 7. The one-dimensional homology group
H,(T.) of the manifold T is the direct product of (n+1) free cyclic groups
and has (n+1) generators [;,, k =0, 1,...,n. In the case of boundary-value
problem I, the “quantization conditions,” which constitute a system of
(n + 1) equations with respect to w and the n parameters €, have the
form

™

2mg, k=0,1,...,n, (10)

w}{d@zmek—i—ﬁm;—i—
!

k

where my, is an integer; m), and m}, are, respectively, the “reflection”and “caustic”
intersection indices, i.e. the Kronecker intersection indices (see also (¢10)) of the
oriented basis cycles [, respectively, with the boundary ¥ and the caustic. As
n basis cycles [;, j = 1,...,n, we take the circles (9) in the plane s = const;
for them m} = 0, m] = 2. The cycle [, is fixed by the conditions @; = const,
0 < s < sp; for it my =N, mg =0.

From equations (10) there follows a formula for the eigenvalues wj,,,

SN dS n
. / = (g + YsN) 4 S Omy 4 V), 1)
=1

where m, > 1; ¢, are the Floquet exponents of the first group of Floquet
solutions.

In the case of boundary-value problem II, in formula (11) the term !/, N should
be omitted, since in this case the term 7mm/, is absent in equations (10).

Formula (11), obtained on the basis of the linear system (7), coincides with the
formula found by the parabolic-equation method (7%).

* The one-dimensional cycles under consideration are homeomorphic to the circle
St since the points of self-intersection L, if there are any, should, in view of
the linearity of the problem (1), (2), be regarded as lying on different copies of
the domain 2.

7. Using “Birkhoff series”?, one can, within the framework of the ray method,
successively take into account further terms in the expansion (5), provided
that ¢, and 27 are linearly independent over the ring of integers. In
this case, at each step, in a neighborhood of a cycle stable in the first
approximation, we shall have a continuous family of invariant Lagrangian
manifolds with the same topology as in the first approximation. The
correction terms to formula (11) that arise in this way are homogeneous
polynomials in (m; +1 /2) of the second, etc., degrees. There are grounds,

sovietrxiv.org/items/ru-196901.58761 Machine Translation


https://sovietrxiv.org/items/ru-196901.58761

however, for believing (see 1!, where, in a special case, the next terms
in the formula for the eigenvalues were obtained) that the corrections
obtained by the ray method are meaningful only for my > m; > 1.

The proposed scheme admits a generalization to the case of more general elliptic
operators.
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