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Let GF(2) be the Galois field with 2 elements*; let V™ be the set of all ordered
collections v = (v!,...,v™) with components v € GF(2). V" forms an n-
dimensional vector (coordinate) space over GF(2)**. A linear (k,n)-code is
any homomorphism from V¥ into V", k < n (see (!)). The image of V¥ under
this mapping is called the code space, and its elements are called codewords.
It is convenient to specify a linear (k,n)-code by means of a matrix a, i =
1,...,k; j=1,...,n| over GF(2) of rank k, whose rows a,,...,a; form a basis
of the code space.

The correcting capabilities of a linear (k,n)-code can be characterized by the
minimum weight*** of nonzero codewords: if the minimum is equal to 2t + 1,
then any two codewords differ in at least 2¢ + 1 positions, and consequently the
distortion of any codeword in no more than ¢ positions (replacement of 0 by 1
and 1 by 0) does not lead to loss of information. One of the problems of coding
theory consists in finding theoretical bounds for the correcting capabilities of
linear codes. There are a number of results here (see (12)), among which we
note the following, due to Varshamov and Gilbert:

If

Z Chq <2, (1)

0<i<t—2

then there exists a (k,n)-code with minimum weight > ¢. However, the exact
upper bound for the minimum weights of (k,n)-codes is still unknown. In the
present note it is proved that the minimum weights of the majority of (k,n)-
codes are grouped around the largest solution (in ¢) of inequality (1). We now
pass to the precise formulation of the assertion.

On the set of all binary k x n matrices let us define the uniform probability
measure, assuming that ai, i=1,..., k; 7 =1,...,n, are mutually independent
random variables taking the values 0 and 1 with equal probabilities. Introduce
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the random variable 7,,, equal to the minimum weight of the code space gen-
erated by the matrix [a’|, and denote by 3,(t) = P{n, > t} its distribution
function. We shall assume in what follows that k = [nR]**** where 0 < R < 1
is fixed, and shall be interested in the asymptotic behavior of 3, (t) as n — oco.
For the largest solution ¢,, of inequality (1) one can write the asymptotic expres-
sion

1 1—p\ '
t, =np+ 3 (log2 Tp> log, n + O(1), (2)

where p < 1/2 is the root of the equation 1 — R = H (p)*****. Taking (2) into
account, we rewrite the Varshamov-Gilbert result in the following form.

* The elements of the field are 0 and 1; addition and multiplication are defined
by the relations
060=161=0,061=1,0-0=0-1=0,1-1=1.

** The operations in V" are defined by the relations

vou=(vl,...,v")® (ul,..,u") =

(Wreul, ..., 0m@ut), w-v=(w-v,.., w-v"), where w,v',u’ € GF(2).
*#* The weight w(a) of a vector a is the number of its nonzero coordinates.
*H4* [a] is the integer part of the number a.

Wk H(p) = —plog,p — (1 —p)log,(1 —p).
Theorem 1. (Varshamov, Gilbert). If the difference

1 1—p\ "
lnp + 3 (log2 T> log, n} — s, (3)

is bounded below by some constant ¢, then 3, (s,,) > 0.

For the distribution function 3, (t) the following estimate is known (see (3,%)):

0<igt

from which one can derive:

Theorem 2. (Gallager, Koshelev). If the difference (3) tends to 400, then
B,,(s,) = 1 as n — oo.

The following complements Theorem 2.

Theorem 3. If the difference (3) tends to —oo, then f,,(s,) — 0 as n — oo.
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Theorem 3 is an immediate consequence of the following;:

Theorem 4. Uniformly for

1L
t<1,=np+ <log2 Tp> log, n — ¢,

the relation

B,(t) = [1+0(27V7)] exp {—2'” i: c;} . n— oo (4)

Corollary. If the difference

1yt
np + <log2 Tp> log, n} — 8, =Cp,

then 3,(s,,) > 0. In other words, there exists a (k,n)-code with minimum
weight

1\l
np + <log2 Tp> log, n + O(1)

or greater.

We proceed to the proof of Theorem 4. Introduce the notation D! for the event
{w(aya, & @ ayay) >t

which consists in the fact that the weight of the linear combination of the rows

a; of the matrix |al, i = 1,...,k; j = 1,...,n|, with coefficients 2, is greater

than ¢; here x} ... 2% is the binary representation of the number v, 1 < v < 28 —1.
Then

wo-rnsa=r ) o)

1<vg2k—1
Lemma 1 (°). Let G,, v =1,..., N, be an arbitrary collection of events, and
S, = > P{G, G, .G, }. (5)

1<y <vyp <<, KN

Then
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g

1C=

Gv} =8, =Sy + 85—+ (=1)NLG,.

Moreover,
N
P{UG’U}>Sl_S2+“'_SQTI’L7 (6)
v=1

N
P{U Gv}<31_52+'“_52m+52m+1’ (7)
v=1

where m is any number such that 2m + 1 < V.

Applying (6) and (7) to the events G, = ﬁz, N = 2F — 1, and using Lemma 4,
proved below, we arrive at the following expression for 3,,(t):

2m 2m+1
[—u, ()] [u, ()] -
=> L 0432 2-enetn(t 8
ull) =2 = O o T ®)
*c,, ¢, cr are constants depending only on p.

p> “p> P

where

u () =28 %" Ch, om=0(n).

0<i<t

If u,(7,) < 4m, then the remainder term in (8) tends to zero uniformly for

t <, as n — oo. Further,

log, u,,(7,,) = —%loan—i—n [R— 1+ H (%)} +0(1) =

=n [H (T—") —H (%)] +0(1) = %logzn— <log2 lp%p) c, +O(1).

n

Choosing the constant c, sufficiently large, we ensure that the condition
u,(7,) < m is fulfilled, whatever the m of the form O(y/n). Thus it remains
for us to prove Lemma 4, which is preceded by the following two propositions.
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Lemma 2. If a system of vectors x; = (x},...,2¥) € VF i=1,...,1; | <k, is

79

linearly independent, then the random vectors

_ ol k -
b, =x;a; & P zia, 1=1,...,1,

are mutually independent.*

Proof. Since all the quantities az are mutually independent, it suffices to verify
that

1.1 ko1 L
z;a; - @ xiag, i=1,...,1,

are mutually independent. Without loss of generality one may assume that
I = k. We shall show that the probability of the intersection of the events

{x%a%@m@xfai:yi}, i=1,..,k, (9)

is equal to the product of the probabilities, i.e. 27%; herey; =0or 1, i = 1, ..., k.
Solving the system of linear equations (9) by elimination of the unknowns, we
arrive at an event equivalent to (9),

ﬂ {a? =¥;}

1<i<k
(where §, = 0 or 1, i = 1,...,k), which obviously has probability 27%. This
proves Lemma 2.

Lemma 3. Let by,...,b;; [ > 2, be independent random vectors from V™.
Then, uniformly in ¢t < 7,, and [ < n,

P{w(by) <t,...,w(b)) <t,wb; & db)) <t} =0(2"5")

> cia™

1<t

)

(10)
where ; > 0 does not depend on [.

Proof. Denote by «; the probability (10), and by ~, the probability of the
same event as in (10), but now assuming that the components of the vectors
by, ..., b; are mutually independent random variables taking the values 1 and 0
with probabilities p,, and 1—p,,, respectively; here p,, = (¢,,/n). Each elementary
outcome associated with the vectors by, ..., b; is described by a binary [ x n
matrix. The number of such matrices that correspond to the event in (10) is
equal to ; - 2! and each such matrix has no more than ¢ ones. Therefore,
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v = og2pll (1 —p,)" (11)

. 1 .
provided only that p,, < 5. Obviously,

n < Plw(b, & @b) <t}
where the circumflex over P indicates the new distribution of the components of

the vectors by, ..., b;. The vector b; @---@b; has independent coordinates, each
of which takes the value 1 with probability ¢, satisfying the recurrence relation

6 =06_1(1—=p,) + (1 —=0,_1)pp, 01 = Py

It is not hard to derive from this that J; increases monotonically with [ (toward
1). Therefore, for t < dyn,

N =< 20253(1 —0y)" 7, 1=2. (12)

1<t

* Here and below, random vectors b,, i = 1, ..., [, are called mutually indepen-

79

dent if the collection of all coordinates bf7 1=1,...,1; j=1,... n, is mutually
independent.

But 05, = 2p,,(1 —p,,) — 2p(1 — p) > p, whereas 7,,/n — p. Consequently, the
right-hand side of (12) is O(27¢1") uniformly in ¢ < 7,,. Combining (11) and
(12) and noting that, uniformly in ¢ < 7,,,

> =2 (1= p) T
i<t

we arrive at the required result.

Lemma 4. For St, defined by (3), with G, = bf,, N=2-1r<2m+1,
m = O(/n), uniformly in t < 7,, the relation holds

5= [u, ()] LoEen Y [u,L(t)L». 13)

7! —
Proof. To simplify the exposition, we identify the indices v; in the sum (5) for
S! with the k-dimensional binary vectors corresponding to the k-digit binary
notation of the numbers v;. We split the sum (5) for S} into r — [log, r] parts
according to the number of vectors in a maximal linearly independent subsys-
tem of vy,...,v, (such subsystems contain at least [log, ] 4 1 vectors, since

rer
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all vy,...,v, are distinct). For the sum X("), corresponding to the case of lin-

ear independence of the vectors vy, ..., v,, using the independence of the events
—t —t
D,,...D

vy v, (Lemma 2), we obtain

S R () -
> P{D, ..D, } =" [ a—27*), (14)

O<jsr—1

Let now the maximal linearly independent system consist of [ < r vectors, and,
for definiteness, suppose that the independent vectors are vy, ...,v;. Then

—t —t —t —t —i
p{D,, ..D,} < P{D, ..D,.D, }=

= P{w(b;) <t,...,w(b) <t, wiz'b, & & z'b)) < t},

where the vectors by, ..., b, are mutually independent, and x? is equal to 0 or 1,
with the number of z* equal to 1 being at least 2. We estimate from above the
number of terms in the sum X% by the quantity

1 A 1 2 1 8
5 I @ =220y = T2H0(T) = R2Mo@E™),

It 0<igi-1

Choosing m = O(/n) so that m? < %n, and applying Lemma 3, we arrive at

the following estimate for X(1:

©) t —t Uu. ! e
> P{D, ..D, } = 0(2*52”)[ ”l(!t” . gy = 51 (15)

Summing (14) and (15) for [ =1,2,...,r — 1, we arrive at (13).

The author expresses his sincere gratitude to A. N. Kolmogorov for posing the
problem and for his guidance.
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* H (2k_2])

0<ysr—1
is the number of r x k matrices of rank r (see (6)).
Note: Figure translations are in progress. See original paper for figures.
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