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CYBERNETICS AND CONTROL THEORY
M. V. KOZLOV

ON THE CORRECTING CAPABILITIES OF
LINEAR CODES
(Presented by Academician A. N. Kolmogorov on 1 XI 1968)

Let 𝐺𝐹(2) be the Galois field with 2 elements*; let 𝑉 𝑛 be the set of all ordered
collections v = (𝑣1, … , 𝑣𝑛) with components 𝑣𝑖 ∈ 𝐺𝐹(2). 𝑉 𝑛 forms an 𝑛-
dimensional vector (coordinate) space over 𝐺𝐹(2)**. A linear (𝑘, 𝑛)-code is
any homomorphism from 𝑉 𝑘 into 𝑉 𝑛, 𝑘 < 𝑛 (see (1)). The image of 𝑉 𝑘 under
this mapping is called the code space, and its elements are called codewords.
It is convenient to specify a linear (𝑘, 𝑛)-code by means of a matrix ‖𝑎𝑖

𝑗, 𝑖 =
1, … , 𝑘; 𝑗 = 1, … , 𝑛‖ over 𝐺𝐹(2) of rank 𝑘, whose rows a1, … , a𝑘 form a basis
of the code space.

The correcting capabilities of a linear (𝑘, 𝑛)-code can be characterized by the
minimum weight*** of nonzero codewords: if the minimum is equal to 2𝑡 + 1,
then any two codewords differ in at least 2𝑡 + 1 positions, and consequently the
distortion of any codeword in no more than 𝑡 positions (replacement of 0 by 1
and 1 by 0) does not lead to loss of information. One of the problems of coding
theory consists in finding theoretical bounds for the correcting capabilities of
linear codes. There are a number of results here (see (1,2)), among which we
note the following, due to Varshamov and Gilbert:

If

∑
0≤𝑖≤𝑡−2

𝐶𝑖
𝑛−1 < 2𝑛−𝑘, (1)

then there exists a (𝑘, 𝑛)-code with minimum weight ≥ 𝑡. However, the exact
upper bound for the minimum weights of (𝑘, 𝑛)-codes is still unknown. In the
present note it is proved that the minimum weights of the majority of (𝑘, 𝑛)-
codes are grouped around the largest solution (in 𝑡) of inequality (1). We now
pass to the precise formulation of the assertion.

On the set of all binary 𝑘 × 𝑛 matrices let us define the uniform probability
measure, assuming that 𝑎𝑖

𝑗, 𝑖 = 1, … , 𝑘; 𝑗 = 1, … , 𝑛, are mutually independent
random variables taking the values 0 and 1 with equal probabilities. Introduce
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the random variable 𝜂𝑛, equal to the minimum weight of the code space gen-
erated by the matrix ‖𝑎𝑖

𝑗‖, and denote by 𝛽𝑛(𝑡) = 𝑃{𝜂𝑛 > 𝑡} its distribution
function. We shall assume in what follows that 𝑘 = [𝑛𝑅]****, where 0 < 𝑅 < 1
is fixed, and shall be interested in the asymptotic behavior of 𝛽𝑛(𝑡) as 𝑛 → ∞.
For the largest solution 𝑡𝑛 of inequality (1) one can write the asymptotic expres-
sion

𝑡𝑛 = 𝑛𝑝 + 1
2 (log2

1 − 𝑝
𝑝 )

−1
log2 𝑛 + 𝑂(1), (2)

where 𝑝 < 1/2 is the root of the equation 1 − 𝑅 = 𝐻(𝑝)*****. Taking (2) into
account, we rewrite the Varshamov–Gilbert result in the following form.

* The elements of the field are 0 and 1; addition and multiplication are defined
by the relations
0 ⊕ 0 = 1 ⊕ 1 = 0, 0 ⊕ 1 = 1, 0 ⋅ 0 = 0 ⋅ 1 = 0, 1 ⋅ 1 = 1.
** The operations in 𝑉 𝑛 are defined by the relations
v ⊕ u = (𝑣1, … , 𝑣𝑛) ⊕ (𝑢1, … , 𝑢𝑛) =
(𝑣1 ⊕ 𝑢1, … , 𝑣𝑛 ⊕ 𝑢𝑛), 𝑤 ⋅ v = (𝑤 ⋅ 𝑣1, … , 𝑤 ⋅ 𝑣𝑛), where 𝑤, 𝑣𝑖, 𝑢𝑖 ∈ 𝐺𝐹(2).
*** The weight 𝑤(a) of a vector a is the number of its nonzero coordinates.

**** [𝑎] is the integer part of the number 𝑎.
***** 𝐻(𝑝) = −𝑝 log2 𝑝 − (1 − 𝑝) log2(1 − 𝑝).
Theorem 1. (Varshamov, Gilbert). If the difference

[𝑛𝑝 + 1
2 (log2

1 − 𝑝
𝑝 )

−1
log2 𝑛] − 𝑠𝑛 (3)

is bounded below by some constant 𝑐∗
𝑝, then 𝛽𝑛(𝑠𝑛) > 0.

For the distribution function 𝛽𝑛(𝑡) the following estimate is known (see (3,4 )):

𝛽𝑛(𝑡) ⩾ 1 − 2𝑘−𝑛 ∑
0⩽𝑖⩽𝑡

𝐶𝑖
𝑛,

from which one can derive:

Theorem 2. (Gallager, Koshelev). If the difference (3) tends to +∞, then
𝛽𝑛(𝑠𝑛) → 1 as 𝑛 → ∞.

The following complements Theorem 2.

Theorem 3. If the difference (3) tends to −∞, then 𝛽𝑛(𝑠𝑛) → 0 as 𝑛 → ∞.
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Theorem 3 is an immediate consequence of the following:

Theorem 4. Uniformly for

𝑡 ⩽ 𝜏𝑛 = 𝑛𝑝 + (log2
1 − 𝑝

𝑝 )
−1

log2 𝑛 − 𝑐′
𝑝,

the relation

𝛽𝑛(𝑡) = [1 + 𝑂 (2−𝛿√𝑛)] exp{−2𝑘−𝑛
𝑡

∑
𝑖=0

𝐶𝑖
𝑛} , 𝑛 → ∞. (4)

Corollary. If the difference

[𝑛𝑝 + (log2
1 − 𝑝

𝑝 )
−1

log2 𝑛] − 𝑠𝑛 ⩾ 𝑐″
𝑝 ,

then 𝛽𝑛(𝑠𝑛) > 0. In other words, there exists a (𝑘, 𝑛)-code with minimum
weight

𝑛𝑝 + (log2
1 − 𝑝

𝑝 )
−1

log2 𝑛 + 𝑂(1)

or greater.

We proceed to the proof of Theorem 4. Introduce the notation 𝐷𝑡
𝑣 for the event

{𝑤(𝑥1
𝑣𝑎1 ⊕ ⋯ ⊕ 𝑥𝑘

𝑣𝑎𝑘) > 𝑡},

which consists in the fact that the weight of the linear combination of the rows
𝑎𝑖 of the matrix ‖𝑎𝑗

𝑖 , 𝑖 = 1, … , 𝑘; 𝑗 = 1, … , 𝑛‖, with coefficients 𝑥𝑖
𝑣, is greater

than 𝑡; here 𝑥1
𝑣 … 𝑥𝑘

𝑣 is the binary representation of the number 𝑣, 1 ⩽ 𝑣 ⩽ 2𝑘 −1.
Then

𝛽𝑛(𝑡) = 𝑃{𝜂𝑛 > 𝑡} = 𝑃 { ⋂
1⩽𝑣⩽2𝑘−1

𝐷𝑡
𝑣} .

Lemma 1 (5). Let 𝐺𝑣, 𝑣 = 1, … , 𝑁, be an arbitrary collection of events, and

𝑆𝑟 = ∑
1⩽𝑣1<𝑣2<⋯<𝑣𝑟⩽𝑁

𝑃{𝐺𝑣1
𝐺𝑣2

… 𝐺𝑣𝑟
}. (5)

Then
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𝑃 {
𝑁
⋃
𝑣=1

𝐺𝑣} = 𝑆1 − 𝑆2 + 𝑆3 − ⋯ + (−1)𝑁−1𝑆𝑁 .

Moreover,

𝑃 {
𝑁
⋃
𝑣=1

𝐺𝑣} ⩾ 𝑆1 − 𝑆2 + ⋯ − 𝑆2𝑚, (6)

𝑃 {
𝑁
⋃
𝑣=1

𝐺𝑣} ⩽ 𝑆1 − 𝑆2 + ⋯ − 𝑆2𝑚 + 𝑆2𝑚+1, (7)

where 𝑚 is any number such that 2𝑚 + 1 ⩽ 𝑁 .

Applying (6) and (7) to the events 𝐺𝑣 = 𝐷𝑡
𝑣, 𝑁 = 2𝑘 − 1, and using Lemma 4,

proved below, we arrive at the following expression for 𝛽𝑛(𝑡):

𝛽𝑛(𝑡) =
2𝑚
∑
𝑟=0

[−𝑢𝑛(𝑡)]𝑟
𝑟! + 𝑂 {[𝑢𝑛(𝑡)]2𝑚+1

(2𝑚 + 1)! + 2−𝜀𝑛𝑒𝑢𝑛(𝑡)} , (8)

∗ 𝑐𝑝, 𝑐′
𝑝, 𝑐″

𝑝 are constants depending only on 𝑝.

where

𝑢𝑛(𝑡) = 2𝑘−𝑛 ∑
0≤𝑖≤𝑡

𝐶𝑖
𝑛, 𝑚 = 𝑂(√𝑛).

If 𝑢𝑛(𝜏𝑛) ≤ 1
2 𝑚, then the remainder term in (8) tends to zero uniformly for

𝑡 ≤ 𝜏𝑛 as 𝑛 → ∞. Further,

log2 𝑢𝑛(𝜏𝑛) = −1
2 log2 𝑛 + 𝑛 [𝑅 − 1 + 𝐻 (𝜏𝑛

𝑛 )] + 𝑂(1) =

= 𝑛 [𝐻 (𝜏𝑛
𝑛 ) − 𝐻 (𝑡𝑛

𝑛 )] + 𝑂(1) = 1
2 log2 𝑛 − (log2

1 − 𝑝
𝑝 ) 𝑐′

𝑝 + 𝑂(1).

Choosing the constant 𝑐′
𝑝 sufficiently large, we ensure that the condition

𝑢𝑛(𝜏𝑛) ≤ 1
2 𝑚 is fulfilled, whatever the 𝑚 of the form 𝑂(√𝑛). Thus it remains

for us to prove Lemma 4, which is preceded by the following two propositions.
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Lemma 2. If a system of vectors x𝑖 = (𝑥1
𝑖 , … , 𝑥𝑘

𝑖 ) ∈ 𝑉 𝑘, 𝑖 = 1, … , 𝑙; 𝑙 ≤ 𝑘, is
linearly independent, then the random vectors

b𝑖 = 𝑥1
𝑖 a1 ⊕ ⋯ ⊕ 𝑥𝑘

𝑖 a𝑘, 𝑖 = 1, … , 𝑙,

are mutually independent.*

Proof. Since all the quantities 𝑎𝑗
𝑖 are mutually independent, it suffices to verify

that

𝑥1
𝑖 𝑎1

1 ⊕ ⋯ ⊕ 𝑥𝑘
𝑖 𝑎1

𝑘, 𝑖 = 1, … , 𝑙,

are mutually independent. Without loss of generality one may assume that
𝑙 = 𝑘. We shall show that the probability of the intersection of the events

{𝑥1
𝑖 𝑎1

1 ⊕ ⋯ ⊕ 𝑥𝑘
𝑖 𝑎1

𝑘 = 𝑦𝑖}, 𝑖 = 1, … , 𝑘, (9)

is equal to the product of the probabilities, i.e. 2−𝑘; here 𝑦𝑖 = 0 or 1, 𝑖 = 1, … , 𝑘.
Solving the system of linear equations (9) by elimination of the unknowns, we
arrive at an event equivalent to (9),

⋂
1≤𝑖≤𝑘

{𝑎𝑘
𝑖 = ̃𝑦𝑖}

(where ̃𝑦𝑖 = 0 or 1, 𝑖 = 1, … , 𝑘), which obviously has probability 2−𝑘. This
proves Lemma 2.

Lemma 3. Let b1, … , b𝑙; 𝑙 ≥ 2, be independent random vectors from 𝑉 𝑛.
Then, uniformly in 𝑡 ≤ 𝜏𝑛 and 𝑙 ≤ 𝑛,

𝑃{𝑤(b1) ≤ 𝑡, … , 𝑤(b𝑙) ≤ 𝑡, 𝑤(b1 ⊕ ⋯ ⊕ b𝑙) ≤ 𝑡} = 𝑂(2−𝜀1𝑛) [∑
𝑖≤𝑡

𝐶𝑖
𝑛2−𝑛]

𝑙

,

(10)

where 𝜀1 > 0 does not depend on 𝑙.
Proof. Denote by 𝛼𝑙 the probability (10), and by 𝛾𝑙 the probability of the
same event as in (10), but now assuming that the components of the vectors
b1, … , b𝑙 are mutually independent random variables taking the values 1 and 0
with probabilities 𝑝𝑛 and 1−𝑝𝑛, respectively; here 𝑝𝑛 = (𝑡𝑛/𝑛). Each elementary
outcome associated with the vectors b1, … , b𝑙 is described by a binary 𝑙 × 𝑛
matrix. The number of such matrices that correspond to the event in (10) is
equal to 𝛼𝑙 ⋅ 2𝑙𝑛, and each such matrix has no more than 𝑡𝑙 ones. Therefore,
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𝛾𝑙 ≥ 𝛼𝑙2𝑙𝑛𝑝𝑡𝑙
𝑛 (1 − 𝑝𝑛)𝑛𝑙−𝑡𝑙, (11)

provided only that 𝑝𝑛 ≤ 1
2 . Obviously,

𝛾𝑙 ≤ ̂𝑃{𝑤(b1 ⊕ ⋯ ⊕ b𝑙) ≤ 𝑡},

where the circumflex over 𝑃 indicates the new distribution of the components of
the vectors b1, … , b𝑙. The vector b1 ⊕⋯⊕b𝑙 has independent coordinates, each
of which takes the value 1 with probability 𝛿𝑙 satisfying the recurrence relation

𝛿𝑙 = 𝛿𝑙−1(1 − 𝑝𝑛) + (1 − 𝛿𝑙−1)𝑝𝑛, 𝛿1 = 𝑝𝑛.

It is not hard to derive from this that 𝛿𝑙 increases monotonically with 𝑙 (toward
1
2 ). Therefore, for 𝑡 ≤ 𝛿2𝑛,

𝛾𝑙 ≤ ∑
𝑖≤𝑡

𝐶𝑖
𝑛𝛿𝑖

2(1 − 𝛿2)𝑛−𝑖, 𝑙 ≥ 2. (12)

* Here and below, random vectors b𝑖, 𝑖 = 1, … , 𝑙, are called mutually indepen-
dent if the collection of all coordinates 𝑏𝑗

𝑖 , 𝑖 = 1, … , 𝑙; 𝑗 = 1, … , 𝑛, is mutually
independent.

But 𝛿2 = 2𝑝𝑛(1 − 𝑝𝑛) → 2𝑝(1 − 𝑝) > 𝑝, whereas 𝜏𝑛/𝑛 → 𝑝. Consequently, the
right-hand side of (12) is 𝑂(2−𝜀1𝑛) uniformly in 𝑡 ⩽ 𝜏𝑛. Combining (11) and
(12) and noting that, uniformly in 𝑡 ⩽ 𝜏𝑛,

∑
𝑖⩽𝑡

𝐶𝑖
𝑛 = 2𝑜(𝑛)[𝑝𝑡

𝑛(1 − 𝑝𝑛)𝑛−𝑡]−1,

we arrive at the required result.

Lemma 4. For 𝑆𝑡
𝑟, defined by (3), with 𝐺𝜈 = 𝐷𝑡

𝜈, 𝑁 = 2𝑘 − 1, 𝑟 ⩽ 2𝑚 + 1,
𝑚 = 𝑂( 7√𝑛), uniformly in 𝑡 ⩽ 𝜏𝑛 the relation holds

𝑆𝑡
𝑟 = [𝑢𝑛(𝑡)]𝑟

𝑟! + 𝑂(2−𝜀2𝑛) ∑
𝑖⩽𝑟

[𝑢𝑛(𝑡)]𝑖
𝑖! . (13)

Proof. To simplify the exposition, we identify the indices 𝜈𝑗 in the sum (5) for
𝑆𝑡

𝑟 with the 𝑘-dimensional binary vectors corresponding to the 𝑘-digit binary
notation of the numbers 𝜈𝑗. We split the sum (5) for 𝑆𝑡

𝑟 into 𝑟 − [log2 𝑟] parts
according to the number of vectors in a maximal linearly independent subsys-
tem of 𝜈1, … , 𝜈𝑟 (such subsystems contain at least [log2 𝑟] + 1 vectors, since
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all 𝜈1, … , 𝜈𝑟 are distinct). For the sum Σ(𝑟), corresponding to the case of lin-
ear independence of the vectors 𝜈1, … , 𝜈𝑟, using the independence of the events
𝐷𝑡

𝜈1
, … , 𝐷𝑡

𝜈𝑟
(Lemma 2), we obtain

(𝑟)
∑ 𝑃{𝐷𝑡

𝜈1
… 𝐷𝑡

𝜈𝑟
} = [𝑢𝑛(𝑡)]𝑟

𝑟! ∏
0⩽𝑗⩽𝑟−1

(1 − 2−𝑘+𝑗)∗, (14)

Let now the maximal linearly independent system consist of 𝑙 < 𝑟 vectors, and,
for definiteness, suppose that the independent vectors are 𝜈1, … , 𝜈𝑙. Then

𝑃{𝐷𝑡
𝜈1

… 𝐷𝑡
𝜈𝑟

} ⩽ 𝑃{𝐷𝑡
𝜈1

… 𝐷𝑡
𝜈𝑙

, 𝐷𝑡
𝜈𝑙+1

} =

= 𝑃{𝑤(b1) ⩽ 𝑡, … , 𝑤(b𝑙) ⩽ 𝑡, 𝑤(𝑥1b1 ⊕ ⋯ ⊕ 𝑥𝑙b𝑙) ⩽ 𝑡},

where the vectors b1, … , b𝑙 are mutually independent, and 𝑥𝑖 is equal to 0 or 1,
with the number of 𝑥𝑖 equal to 1 being at least 2. We estimate from above the
number of terms in the sum Σ(𝑙) by the quantity

1
𝑙! ∏

0⩽𝑖⩽𝑙−1
(2𝑘 − 2𝑖) 2𝑙(𝑟−𝑙)𝑟! = 1

𝑙!2
𝑘𝑙𝑂(2𝑟2) = 1

𝑙!2
𝑘𝑙𝑂(2𝑚2).

Choosing 𝑚 = 𝑂( 7√𝑛) so that 𝑚2 ⩽ 𝜀1
2 𝑛, and applying Lemma 3, we arrive at

the following estimate for Σ(𝑙):

(𝑙)
∑ 𝑃{𝐷𝑡

𝜈1
… 𝐷𝑡

𝜈𝑟
} = 𝑂(2−𝜀2𝑛) [𝑢𝑛(𝑡)]𝑙

𝑙! , 𝜀2 = 𝜀1
2 . (15)

Summing (14) and (15) for 𝑙 = 1, 2, … , 𝑟 − 1, we arrive at (13).

The author expresses his sincere gratitude to A. N. Kolmogorov for posing the
problem and for his guidance.

Moscow State University
named after M. V. Lomonosov

Received
30 X 1968

REFERENCES
1. W. Peterson, Error-Correcting Codes. Moscow, 1964.

sovietrxiv.org/items/ru-196901.58593 Machine Translation

https://sovietrxiv.org/items/ru-196901.58593


2. L. A. Bassalygo, Some Problems in Coding Theory, Dissertation, Moscow
State University, 1967.

3. R. Gallager, Low-Density Parity-Check Codes, Moscow, 1966.

4. V. N. Koshelev, Problems of Information Transmission, 1, no. 4 (1965).

5. W. Feller, An Introduction to Probability Theory and Its Applications,
Moscow, 1964.

6. D. Slepian, in: Theory of Message Transmission, collection, IL, 1967.

∗ ∏
0⩽𝑗⩽𝑟−1

(2𝑘 − 2𝑗)

is the number of 𝑟 × 𝑘 matrices of rank 𝑟 (see (6)).

Note: Figure translations are in progress. See original paper for figures.
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