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(Presented by Academician S. L. Sobolev on 15 VII 1968)
Consider the equation

0
37(%]'%]. +a;u+ fi) +bju, +au=f (1)

under the condition that the leading coefficients a,;(z) are bounded and the

equation is strictly elliptic, i.e., under the condition

v€:& < a;8;85 < p&&ss v, = const > 0. (2)

With respect to the lower-order coefficients and the free terms we shall assume

la?; o35 f25 a, £l

(D) = M (3)

(ry,75) € 25, (4)

(For the definitions of the space L, , (D) and the set Q<28>, see (8).)

Let us note that, when condition (4) is satisfied, the spaces L, , (D) contain
elements f(x) belonging to L., (« is a sufficiently small positive number), but
not belonging to the space L,, (D).

In the present work it is proved that every generalized solution u(x) from W} (D)
of equation (1), when conditions (2), (3), (4) are fulfilled, belongs to the class
C(0.04'

In the particular case 7, =7, = q¢/2, q¢ > n, i.e., when
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la?; 07 f25 @, flL, ) < 1 (5)

the membership of a generalized solution u(z) from Wy (D) in C; , had previ-
ously been established in a number of works (37%). We note that the study of
the smoothness of a generalized solution in the case 1, = r, = ¢/2, ¢ > n, and
in the case considered by us, differ substantially.

The works mentioned above in one way or another rely on Sobolev imbedding
theorems (1), which are not applicable in our case. This is also understandable,
since the spaces L, , (D) contain functions belonging to L,, 1 <p < n/2.

Thanks to the introduction of spaces with mixed norm L<T1)T2>(D) and the es-
tablishment for them of imbedding theorems and certain integral estimates (9),
and also thanks to a generalization of De Giorgi’ s lemma and of a number of
results of O. A. Ladyzhenskaya and N. N. Ural’ tseva, it has been possible to
study membership in the Holder class of generalized solutions of a broad class
of elliptic equations of the form (1).

We shall state the results obtained. First let us introduce some notation. Let D
be an n-dimensional bounded domain belonging to E™; let s be a natural number
less than n; let K, be a ball in E™ of radius p; D, = K, N D; osc{u(z); D} the
oscillation of u(z) on D, i.e., the difference between vraiDmax u(x)

and vraiminp u(z); A, is the set of points z in K, for which u(z) > k;
u® (z) = max{u(z) — k; 0}.

Definition. The boundary S of the domain D (or its part S) is said to satisfy
condition (A) if there exist two positive numbers a, and 6, such that, for every
ball K, with center on S (respectively on S;) of radius p < ay and for any

component D , of the intersection D, of the ball K, with D, the equality

mes 5p < (1—0p) mes K,,.

Lemma 1. If s/q; + (n—5) /¢y > n—1, u(x) € W} (K,), Q is a measurable set
belonging to K, Qy = {z € K; u(z) = 0}, then

ps/q1+(n—s)/q2+1 duld
< .
P Jgraduldz

[ is a constant depending on n, s.

Corollary 1. If s/q; + (n — s)/q, > n — 1, then for any function u(x) from
W} (K,), for arbitrary k and I (I > k), the estimate holds
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(L=hh| ﬂps/“;i“)wl/ |graduld
— < grad u| dx,
L(q1,92)(Ay,,) mes( o \ Ak,p) Ap NAL,

where (3 is the constant from Lemma 1.
Remark. For ¢; = ¢, = 1 we obtain the well-known result of De Giorgi (°).

Let M,~,6 be fixed numbers; let the numbers p;,p, and € > 0 satisfy the
condition

s/p1+(n—38)/py=n/2—1+e¢.

Definition. Denote by B(D, M,~,d,¢,s,p;, o) the set of functions u(z) from
W3 (D) with vraimaxp, [u| < M and such that, for +u(z) in any ball K, C D
and for any o € (0, 1), the inequalities

/

hold for k > vraimaxy u(zx) — 9.

|gradu(z)|da < vy [(0/})_2 / [u®[? dz + 1203 (o, 20 (A, ) (6)
A :

k,p(1-0) k,p
Lemma 2. Let u(x) € B(D,M,~,9,¢,s,p,,p,) and K, C D, where

PG < vra}i(maxu(a:) —k=H<§;

PO

then there exists a number 6 such that from

2-1+
12, 004, ,) < bpy "

it follows that

vraimax u(z) < i (vraimaxu(z) + k).

K, /2 Kpg

Lemma 3. There exists a positive number o such that, for any ball K, (p < 1)
belonging to D together with the concentric ball K,,, and for any function
u(x) € B(D,M,~,d,¢,8,p;,Dq), at least one of the two inequalities holds:

osc{u, K,} <27p°

or

osc{u, K,} < (1 —1/27"")osc{u, K,,}.
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From Lemma 3 and Lemma 4.8 (2), p. 90, it follows

Theorem 1. Let u(z) € B(D, M,~,0,¢,8,py,py) and K, C D (py < 1); then,
for any ball K, p < p,, concentric with K, , the estimate holds

osc{u, K,} < e(p/po)
where a = min{—Ilg,(1— 1/2971), e}, ¢ = 4% max{2M; 27p5}. The number o is
taken from Lemma 3.

To study the smoothness of functions from B(D, M,~,d,¢, s,p;,py) in domains
adjacent to the boundary, we single out from B(D, M,~,d, €, s, p;, p5) & narrower
class of functions satisfying inequalities of type (6) not only for interior balls,
but also for balls intersecting the boundary S of the domain.

Definition. Denote by B(D U Sy, M,~,0d,¢, s,py,p,) the set of functions u(x)
from B(D,M,~,d,¢e,8,p;,py) which, together with w(z), satisfy inequalities
(6) also for balls K, intersecting S, but not intersecting S \ 5, for k& >
vraimaxg op u(z) — 0 and k > vrai MaXg g, u(x).

The domains of integration A, , for balls intersecting S; in (6) are defined as
the sets of points of K, N D at which u(z) > k.

Lemma 4. There exists a positive number o such that for any ball K, and the

concentric ball K4, with center on S and 4p < a/4 (a = min(ay; 1)), and any
function u(z) from B(D, M,~,4d,¢,s,p;,ps) satisfying the condition

osc{u; SN K,} < bp®, e >0,
at least one of the two inequalities holds:
osc{u; K, N D} <27p°1, ¢, = min{e, e},
or
osc{u; K,N D} < (1—1/27"")osc{u, Ky, N D}.

Theorem 2. If S satisfies condition (A) and the function u(x) from B(D U
S, M,~,0,¢€,8,p1,py) satisfies on S the condition

osc{u; SN K,} < bp®, e>0

for balls with centers on S and radius p < ag, then u(z) satisfies a Holder
condition in D, i.e. for any ball K,
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osc{u, K,N D} < cp®.

The constants ¢ and « are determined by known parameters.

On the basis of the results set forth and the results of work 2, the validity of
the following theorem is established.

Theorem 3. Under conditions (2), (3), (4), the generalized solution u(x) from
W3 (D) of equation (1) belongs to the class Cy , (D’), where D’ is an interior
subdomain of the domain D.

If, moreover, vraimaxg u(x) < M, then u(z) € Cy ,, (D).

If the boundary S satisfies condition (A) and u|g € Cj 4(S5), then u(z) €
OO,a3 (D)

In all cases o; and |ul,,, p are determined and estimated, respectively, by known
quantities.
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