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MATHEMATICS
M. L. RASULOV, I. S. ZEYNALOV

NEW INTEGRAL TRANSFORMS
(Presented by Academician I. N. Vekua on 23 VI 1969)

In the book [1], by the method of contour integration, the mixed problem was
solved:

𝑐(𝑥)𝑀 (𝑡, 𝜕
𝜕𝑡) 𝑉 = 𝐿 (𝑥, 𝜕

𝜕𝑥) 𝑉 + 𝑓(𝑥, 𝑡); (1)

lim
𝑥→𝑦

𝐵 (𝑦, 𝑑
𝑑𝑛𝑦

, 𝜕
𝜕𝑡) 𝑉 (𝑥, 𝑡) = 𝜓(𝑦, 𝑡), 𝑦 ∈ 𝒯; (2)

𝑉 (𝑥, 0) = Φ(𝑥) (3)

in the three-dimensional domain 𝐷 with Lyapunov-type boundary 𝒯, in the case
when the dependence on 𝑡 of the free term 𝜓(𝑦, 𝑡) of the boundary condition (2)
has the special form:

𝜓(𝑦, 𝑡) = 𝜓(𝑦) exp 𝐵1(𝑡), (4)

where

𝑀 (𝑡, 𝜕
𝜕𝑡) = 𝑏0(𝑡) 𝜕

𝜕𝑡 + 𝑏1(𝑡), 𝐵0(𝑡) = ∫
𝑡

0
𝑏−1

0 (𝜏) 𝑑𝜏,

𝐵1(𝑡) = ∫
𝑡

0
𝑏−1

0 (𝜏)𝑏1(𝜏) 𝑑𝜏, 𝐿 (𝑥, 𝜕
𝜕𝑥) =

3
∑
𝑖=1

( 𝜕2

𝜕𝑥2
𝑖

+ 𝑎𝑖(𝑥) 𝜕
𝜕𝑥𝑖

) + 𝑎(𝑥),

𝐵 (𝑦, 𝑑
𝑑𝑛𝑦

, 𝜕
𝜕𝑡) = [𝛼1(𝑦) + 𝛼2(𝑦)𝑀 (𝑡, 𝜕

𝜕𝑡)] 𝑑
𝑑𝑛𝑦

+ 𝛼2(𝑦)𝛼3(𝑦)𝑀 (𝑡, 𝜕
𝜕𝑡) +
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+𝛼4(𝑦),

𝑏0(𝑡) > 0, 𝑏1(𝑡) are continuous functions on the interval [0, ∞); the functions
𝑐(𝑥), 𝑎𝑖(𝑥), 𝑎(𝑥) are continuously differentiable in the domain 𝐷 + 𝒯, and if
𝐷 is an unbounded domain (in the case of an exterior problem), then all these
functions are assumed bounded in 𝐷 +𝒯; the function 𝑐(𝑥) is positive in 𝐷 +𝒯;
𝛼𝑖(𝑦), 𝜓(𝑦) are continuous on 𝒯.

Let 𝑅 be a sufficiently large and 𝛿 a sufficiently small positive number. Denote
by 𝑅𝛿 the domain of complex values 𝜆 satisfying the inequalities:

|𝜆| ≥ 𝑅, cos arg 𝜆 ≥ 𝛿.

Denote by 𝑆 an infinite open contour situated in the domain 𝑅𝛿, with the part
of the contour 𝑆 lying outside a circle of sufficiently large radius with center at
the origin of the 𝜆-plane coinciding with the continuations of the rays

cos arg 𝜆 = 𝛿.

It has been proved [1] that problem (1)—(3), for smooth Φ(𝑥), 𝑓(𝑥, 𝑡), has a
solution 𝑉 (𝑥, 𝑡) of the form

𝑉 (𝑥, 𝑡) = 𝑉1(𝑥, 𝑡) + 𝑉2(𝑥, 𝑡),

where

𝑉1(𝑥, 𝑡) = 1
𝜋

√
−1

∫
𝑆

exp [𝜆2𝐵0(𝑡) + 𝐵1(𝑡)] 𝑢1(𝑥, 𝜆)
𝜆 𝑑𝜆; (5)

𝑉2(𝑥, 𝑡) = 1
𝜋

√
−1

∫
𝑆

𝜆 𝑑𝜆 ∫
𝐷

𝐺(𝑥; 𝜉, 𝜆)𝑦(𝑡, 𝜉, 𝜆) 𝑑𝐷𝜉; (6)

𝑢1(𝑥, 𝜆) is the solution of the spectral problem

𝐿 (𝑥, 𝜕
𝜕𝑥) 𝑢 − 𝜆2𝑐(𝑥)𝑢 = Φ(𝑥), (7)

lim
𝑥→𝑦

𝐵 (𝑦, 𝑑
𝑑𝑛𝑦

, 𝜆2) 𝑢(𝑥, 𝜆) = 𝜓(𝑦) (8)

for the corresponding homogeneous equation (7); 𝐺(𝑥, 𝜉, 𝜆) is the Green’s func-
tion of problem (7)—(8); 𝑦(𝑡, 𝜉, 𝜆) is the solution of the Cauchy problem
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𝑀(𝑡, 𝜕/𝜕𝑡)𝑦 − 𝜆2𝑦 = 𝑓(𝜉, 𝑡), 𝑦(0) = 𝑐(𝜉)Φ(𝜉),

where 𝑉1(𝑥, 𝑡) is the solution of problem (1)—(3) for Φ(𝑥) ≡ 0, 𝑓(𝑥, 𝑡) ≡ 0;
𝑉2(𝑥, 𝑡) is the solution of problem (1)—(3) for 𝜓(𝑦, 𝑡) ≡ 0.

In order that problem (1)—(3) could be solved by the method of contour inte-
grals for an arbitrary sufficiently smooth function 𝜓(𝑦, 𝑡), first of all one must
associate with the mixed problem (1)—(3) a suitable boundary-value problem
with parameter 𝜆, in which the free term of the boundary condition will be a
representation of 𝜓(𝑦, 𝑡) in the form of the contour integral (5). This idea has
led to new mutually inverse integral transformations, to which the present note
is devoted.

Now suppose that 𝑏0(𝑡), 𝑏1(𝑡) are continuous; moreover, 𝑏1(𝑡) is bounded on the
interval [0, +∞), and for 𝑏−1

0 (𝑡) the condition

0 < 𝜀 ≤ 𝑏−1
0 (𝑡) ≤ 𝐶𝑒𝜎𝑡, (9)

is satisfied, where 𝐶 > 0, 𝜎 ≥ 0, 𝜀 are constant numbers.

Let 𝑓(𝑡) be continuous together with its derivative on each finite part of the
interval [0, +∞), except for a finite number of points at which they may have
discontinuities of the first kind. Suppose, moreover, that

|𝑓(𝑡)| ≤ 𝐶1𝑒𝜎1𝑡, (10)

where 𝐶1 > 0, 𝜎1 ≥ 0 are constants.

Denote by Π(𝑅, 𝑎) the domain of values of 𝜆 satisfying the inequalities:

Re 𝜆2 ≥ 𝑎, |𝜆| ≥ 𝑅. (11)

Definition. The function 𝐹1(𝜆), defined by the formula

𝐹1(𝜆) = ∫
∞

0
exp[−𝜆2𝐵0(𝑡) + 𝐵1(𝑡)]𝐵′

0(𝑡)𝑓(𝑡) 𝑑𝑡, (12)

will be called the integral transform of the function 𝑓(𝑡) with respect to the
differential operator 𝑀(𝑡, 𝜕/𝜕𝑡).
We note that 𝐹1(𝜆) is an analytic function in the domain Π(𝑅, 𝑎). Indeed, we
have

∣∫
∞

0
exp[−𝜆2𝐵0(𝑡) + 𝐵1(𝑡)]𝐵′

0(𝑡)𝑓(𝑡) 𝑑𝑡∣ ≤
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≤ ∫
∞

0
exp[−𝐵0(𝑡) Re 𝜆2 + 𝑐1𝐵0(𝑡)]𝐵′

0(𝑡)|𝑓(𝑡)| 𝑑𝑡,

where 𝑐1 is a constant bounding |𝑏1(𝑡)| from above.

From the last inequality, in accordance with (9), for 𝑎 > 𝑐1 we have

∣∫
∞

0
exp[−𝜆2𝐵0(𝑡) + 𝐵1(𝑡)]𝐵′

0(𝑡)𝑓(𝑡) 𝑑𝑡∣ ≤ 𝐶𝐶1
𝑎𝜀 − 𝑐1𝜀 − 𝜎 − 𝜎1

.

In exactly the same way one can prove the uniform convergence of the integral
obtained from (12) by formal differentiation with respect to 𝜆 in the domain
Π(𝑅, 𝑎).
From the last inequality it is seen that, under the condition

𝑎𝜀 > 𝑐1𝜀 + 𝜎1 + 2𝜎

the integral (12) and the integral obtained from it by differentiation with respect
to 𝜆 converge uniformly for all 𝜆 ∈ Π(𝑅, 𝑎), and they define analytic functions
of 𝜆.

Definition. A complex function 𝑓(𝑡), defined on the interval [0, ∞), will be
called an original with respect to the operator 𝑀(𝑡, 𝜕/𝜕𝑡), if the following
conditions are satisfied:

1) The function 𝑓(𝑡) is continuous together with its first derivative on every
finite part of the interval [0, +∞), with the exception of a finite number
of points at which they may have discontinuities of the first kind.

2) Condition (10) is satisfied.

3) The function 𝐹1(𝜆), defined by the integral (12), is analytically continuable
to the whole domain 𝑅𝛿, and its analytic continuation 𝐹(𝜆) in the domain
𝑅𝛿 tends uniformly with respect to arg 𝜆 to zero as |𝜆| → +∞.

Theorem. If the function 𝑓(𝑡) is an original with respect to the operator
𝑀(𝑡, 𝜕/𝜕𝑡), then at every point of continuity it is representable in the form of
the contour integral

𝑓(𝑡) = 1
𝜋

√
−1

∫
𝑆

exp[𝜆2𝐵0(𝑡) − 𝐵1(𝑡)]𝜆𝐹(𝜆) 𝑑𝜆. (13)

Proof. Let 𝑟𝑛 be a sequence of positive numbers such that lim
𝑛→∞

𝑟𝑛 = +∞.
Denote by 𝑂𝑛 the circle of radius 𝑟𝑛 with center at the origin of the 𝜆-plane.
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Let 𝑁𝑛, 𝐿𝑛, 𝐸𝑛, 𝐷𝑛 be, respectively, the points of intersection of the circle 𝑂𝑛
with the contour 𝑆, with the bisector of the first coordinate angle, with the
curve

Re 𝜆2 = 𝑎 (14)

and with the real axis of the 𝜆-plane. Let further 𝑁 ′
𝑛, 𝐿′

𝑛, 𝐸′
𝑛 be the points

symmetric to the points 𝑁𝑛, 𝐿𝑛, 𝐸𝑛 with respect to the real axis.

Obviously, according to Cauchy’s theorem for analytic functions, we have

∫
𝑆

exp[𝜆2𝐵0(𝑡)−𝐵1(𝑡)]𝜆𝐹(𝜆) 𝑑𝜆 = lim
𝑛→∞

∫
̂𝑁′𝑛𝐷𝑛𝑁𝑛

exp[𝜆2𝐵0(𝑡)−𝐵1(𝑡)]𝜆𝐹(𝜆) 𝑑𝜆 =

= lim
𝑛→∞

{∫̂
𝑁′𝑛𝐿𝑛

+ ∫̂
𝐿′𝑛𝐸𝑛

+ ∫
𝐸𝑛𝐸𝑛

+ ∫̂
𝐸′𝑛𝐿𝑛

+ ∫
𝐿𝑛𝑁𝑛

} exp[𝜆2𝐵0(𝑡)−𝐵1(𝑡)]𝜆𝐹(𝜆) 𝑑𝜆.

(15)

Denote by 𝐶(𝑟𝑛) the maximum of |𝐹 (𝜆)| on the arc ̂𝑁 ′𝑛𝐷𝑛𝑁𝑛 of the circle 𝑂𝑛.
According to the condition of the theorem,

lim
𝑛→∞

𝐶(𝑟𝑛) = 0, (16)

and the convergence is uniform with respect to arg 𝜆 in the domain 𝑅𝛿.

Integrating by parts, we obtain

∣∫̂
𝑁′𝑛𝐿𝑛

exp[𝜆2𝐵0(𝑡) − 𝐵1(𝑡)]𝜆𝐹(𝜆) 𝑑𝜆∣ ≤ exp[− Re 𝐵1(𝑡)]𝐶(𝑟𝑛)×

× ∫
−𝜋/4

−𝜋/2+𝛾
exp[𝑟2

𝑛𝐵0(𝑡) cos 2𝜃] 𝑟2
𝑛 𝑑𝜃 = exp[− Re 𝐵1(𝑡)]𝐶(𝑟𝑛)×

× {− exp[𝑟2
𝑛𝐵0(𝑡) cos 2𝜃]

2𝐵0(𝑡) sin 2𝜃 ∣
−𝜋/4

−𝜋/2+𝛾
− 1

𝐵0(𝑡) ∫
−𝜋/4

−𝜋/2+𝛾

exp[𝑟2
𝑛𝐵0(𝑡) cos 2𝜃]

sin2 2𝜃 cos−1 2𝜃
𝑑𝜃} ,

where −𝜋/2 + 𝛾 = − arccos 𝛿.

In view of the boundedness of the sum enclosed in braces on the right-hand side
of the last inequality, on the basis of (16) we conclude that
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lim
𝑛→∞

∫
𝑁𝑛𝐿𝑛

exp[𝜆2𝐵0(𝑡) − 𝐵1(𝑡)] 𝜆𝐹(𝜆) 𝑑𝜆 = 0. (17)

It is shown in exactly the same way that the limit of the last integral in braces
in (15) is equal to zero.

Let us estimate the second integral in (15):

∣∫
𝐿𝑛𝐸𝑛

exp{[𝜆2𝐵0(𝑡) − 𝐵1(𝑡)]𝜆𝐹(𝜆)} 𝑑𝜆∣ ≤ 𝐶(𝑟𝑛) exp[− Re 𝐵1(𝑡)]×

× ∫
− 1

2 arccos 𝑎𝑟−2
𝑛

−𝜋/4
exp[𝑟2

𝑛𝐵0(𝑡) cos 2𝜃] 𝑟2
𝑛𝑑𝜃 ≤

≤ 𝐶(𝑟𝑛) exp[− Re 𝐵1(𝑡)] exp[𝑎𝐵0(𝑡)] 𝑟2
𝑛 [−1

2 arccos 𝑎𝑟−2
𝑛 + 𝜋

4 ] .

In view of the uniform boundedness of
𝑟2

𝑛[− 1
2 arccos 𝑎𝑟−2

𝑛 + 𝜋/4], from the last inequality we conclude that

lim
𝑛→∞

∫
𝐿𝑛𝐸𝑛

exp[𝜆2𝐵0(𝑡) − 𝐵1(𝑡)] 𝜆𝐹(𝜆) 𝑑𝜆 = 0. (18)

In exactly the same way the limit of the penultimate integral in braces in (15)
is equal to zero. As for the third integral in (15), for it, according to (12), we
have

∫
𝐸𝑛𝐸𝑛

exp[𝜆2𝐵0(𝑡) − 𝐵1(𝑡)] 𝜆𝐹(𝜆) 𝑑𝜆 = ∫
𝐸𝑛𝐸𝑛

exp[𝜆2𝐵0(𝑡) − 𝐵1(𝑡)] 𝜆 𝑑𝜆×

× ∫
∞

0
exp[−𝜆2𝐵′

0(𝜏) + 𝐵1(𝜏)]𝐵′
0(𝜏)𝑓(𝜏) 𝑑𝜏 = ∫

∞

0
exp[𝐵1(𝜏)−

− 𝐵1(𝑡)]𝐵′
0(𝜏)𝑓(𝜏) 𝑑𝜏 ∫

𝐸𝑛𝐸𝑛
exp[𝜆2(𝐵0(𝑡) − 𝐵0(𝜏))] 𝜆 𝑑𝜆 = ∫

∞

0
exp{𝑎[𝐵0(𝑡)−

− 𝐵0(𝜏)] + [𝐵1(𝜏) − 𝐵1(𝑡)]}𝐵′
0(𝜏)𝑓(𝜏) sin √𝑟4𝑛 − 𝑎2 [𝐵0(𝑡) − 𝐵0(𝜏)]

𝐵0(𝑡) − 𝐵0(𝜏) 𝑑𝜏.
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Consequently, by the known formula from (15), taking into account (18), (19),
and the remarks to these equalities, we obtain formula (13), which was required
to prove.

From this theorem follows the validity of the results formulated above from the
book [1], relating to the solution of problem (1)—(3) in the general case when
𝜓(𝑦, 𝑡) is an original in the sense of the present note.

Azerbaijan State University
named after S. M. Kirov
Baku

Received
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