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Let the function u(z) be summable on (a,b) and belong to L, (p > 1) on every
segment [a + &, b—n] (§,m > 0). Introduce the functions

b—n 1/p
Qp<u,f,n>={ / |u<x>de} ,
a+§

bn—h 1/p
/ fu(z + h) —u(xwdx} ,

heA +£

wy(u, 7,&,m) == sup {

where {,n,7>0; +n<b—a=0l1<p<oo; A={h; 0<h <min{r,l—§—

nt}-

For p = +o00
Q (u,&,m) = max |u(x)| =Qu,&n),
6o = _max fu(w)] = 0w )
Wp(“ﬂ'»fﬂ?) = max ‘U(.%) - U(y>| = W(Uaﬂf»n)-
z,y€[a+&,b—n
le—y|<T
Denote

In the present work we consider the question of the relation between the ordered
pairs
(Q,(@,&,n),w,(f, 7,§,n)) and (,(u, &, n),w,(u,7,&,n)).
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This problem in the case p = 400 (in the class of functions continuous on (a, b))
was posed in (1) and solved in the works (1:2).

Theorem 1. Let 1 < p < co. If the integrals

[0, et ,
0 , 0

ti/p t ’

converge, then for 0 < &,n < b/2, § > 0, the estimates

Y2 Q) (u,t,1/4) Y20 (u,l/4,t)
i} S b2 S S
Qp(uaé-?n) < cq {/0 tl/P(t _|_§>1/q dt +/0 tl/p(t + W)l/q "

£/2 wy(u,t,£/2,1/4) n/2 wy(u,t,1/4,1/2)
+/O tdt+/0 —dt 5, (1)

t

w,(,0,&,m) < c J /Z/QQ(U”M /lﬂﬂuzmt)dtJr
p\ 0,6, 1) = €4 £+ tl/p(t+§>1/q 7]—‘,—(5 /e (t 4 n)t/a

(u,t,£/2,1/4) 2 (u,t,1/4,/2)
/O BT dt+5/0 Mdt}, (2)

where 1/p+ 1/q = 1; ¢ is a constant depending only on [.

Note that for p = +oo these estimates turn into the estimates of the work (?),
which is a refinement and development of the work (1).

Let us consider some constructions based on the preceding estimates. Denote by
G (?) the set of ordered pairs of functions (p(&,7),1(6,&,7)), defined respectively
on{0<&n|&+n<i}, {0<9,&n|d+&+n <l}, and satisfying the conditions:

1) ¢(&m), ¥(6,£,m)/d are positive and almost decreasing® in each of the
arguments uniformly with respect to the others;

2) lim 9(5,¢,n) = 0.
6—+40
By definition, a function u(zx), given on (a,b), belongs to the set H£¢ if there
exist constants ¢; (u), co(u) > 0 such that
Qp(ua 67 77) < G (u)go(ﬁ, 77)7 UJp(U/, 67 67 7]) < Co (u)¢(57 67 77)7

where (p,¢) € G.

By introducing the norm
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”u”p = max { sup Qp(u,f,n) sup wp<u?5v§a77)
- &mn 90(57 n) ’ &m,s 1/)(5’ g’ 77) s

H Zw is turned into an infinite-dimensional Banach space.
Theorem 2. Let (¢1,9,), (0, %) € G.
Then:

a) if ¢y ~ ¢y, 1y ~ 1y, then HY | and HY = coincide™*;

b) if the limiting relations

¢1 (57 Ev 77)

lim L2 lim L:o,

6-+0 95(3, €, 1)

d)l (57§a77) ¥1 (5777) : ¥1 (£7n)

lim ————= =0, lim =0, lim =0,

n—+0 /(/)2 (57 57 77) £-+0 P2 (57 77) n—+0 P2 (67 77)

are satisfied uniformly, then H Slwl is a proper part of H 52 e and the embedding
is completely continuous.

Denote by ® the set of ordered pairs of functions (p,%) € G satisfying the
conditions:

1) ¥(6,&,n) almost increases with respect to d;
2) 1ﬁ((sl + 62’ 57 77) = O(¢(517 fv 77) + ¢(62? 67 77)>***7

3) ¢(5’ & 77) = O(‘P(ﬁﬂ?))

Following (?), introduce the set H, of ordered pairs of functions (¢(€),4(d,¢))
satisfying the conditions:

1) ¢(§) >0, (6,§) > 0;

2)
| = 0o
p (g T S

3)
St €/2) .
5/0 mdt—O(ﬂ)(@ﬁ)),

4)
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6
c+o”

By definition (p,9) € ®H, if (p,9) € @ and (p(&1/4),%(5,€,1/4)),
(p(l/4,m),9(0,1/4,m)) € H,,.

Theorem 3. Let (p,v) € ®H,,. Then the operator

Au:/bu(s)ds

S—X

(&) = O(¥(5,))-

acts in H:;w and is bounded.

* A nonnegative function f(x), defined on a set y C (—o0, +00), is called almost
increasing (almost decreasing) if there exists a constant ¢ > 0 such that the
inequality ©; < 4, 21,24 € X, implies the inequality f(x,) < cf(zy) (f(zq) >

cf(x5))-

** Nonnegative functions f(x) and g(x), defined on y, are called equivalent
(f ~ g) if there exist constants By, B, > 0 such that for every x € x the
inequalities B, f(z) < g(x) < By f(z) hold.

*** Here and in what follows, uniform satisfaction of the O-relation is assumed.
This theorem, in the case p = 400, was proved in 2.

It is easy to verify that the pair of functions

€)= b WEEn) = e
SN = a 7757 ySy 1) = a 7’]6(7’]4-5)6

€ £¥(€+9)
0<a,f<l/g; 0<y<1)
belongs to ®H,,.
The authors express their gratitude to V. V. Salaev for valuable comments.
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