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MATHEMATICS

S. K. ABDULLAEV, A. A. BABAEV

SOME ESTIMATES FOR A SINGULAR INTE-
GRAL WITH SUMMABLE DENSITY
(Presented by Academician I. N. Vekua, January 7, 1969)

Let the function 𝑢(𝑥) be summable on (𝑎, 𝑏) and belong to 𝐿𝑝 (𝑝 > 1) on every
segment [𝑎 + 𝜉, 𝑏 − 𝜂] (𝜉, 𝜂 > 0). Introduce the functions

Ω𝑝(𝑢, 𝜉, 𝜂) = {∫
𝑏−𝜂

𝑎+𝜉
|𝑢(𝑥)|𝑝 𝑑𝑥}

1/𝑝

,

𝜔𝑝(𝑢, 𝜏, 𝜉, 𝜂) ∶= sup
ℎ∈𝐴

{∫
𝑏−𝜂−ℎ

𝑎+𝜉
|𝑢(𝑥 + ℎ) − 𝑢(𝑥)|𝑝 𝑑𝑥}

1/𝑝

,

where 𝜉, 𝜂, 𝜏 > 0; 𝜉 + 𝜂 ≤ 𝑏 − 𝑎 = 𝑙; 1 < 𝑝 ≤ ∞; 𝐴 = {ℎ; 0 < ℎ ≤ min{𝜏, 𝑙 − 𝜉 −
𝜂}}.
For 𝑝 = +∞

Ω𝑝(𝑢, 𝜉, 𝜂) = max
𝑥∈[𝑎+𝜉,𝑏−𝜂]

|𝑢(𝑥)| = Ω(𝑢, 𝜉, 𝜂),

𝜔𝑝(𝑢, 𝜏, 𝜉, 𝜂) = max
𝑥,𝑦∈[𝑎+𝜉,𝑏−𝜂]

|𝑥−𝑦|≤𝜏

|𝑢(𝑥) − 𝑢(𝑦)| = 𝜔(𝑢, 𝜏, 𝜉, 𝜂).

Denote

𝑢̃(𝑥) = ∫
𝑏

𝑎

𝑢(𝑠)
𝑠 − 𝑥 𝑑𝑠 = lim

𝜀→+0
(∫

𝑥−𝜀

𝑎
+ ∫

𝑏

𝑥+𝜀
) 𝑢(𝑠)

𝑠 − 𝑥 𝑑𝑠.

In the present work we consider the question of the relation between the ordered
pairs
(Ω𝑝(𝑢̃, 𝜉, 𝜂), 𝜔𝑝(𝑢̃, 𝜏 , 𝜉, 𝜂)) and (Ω𝑝(𝑢, 𝜉, 𝜂), 𝜔𝑝(𝑢, 𝜏, 𝜉, 𝜂)).
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This problem in the case 𝑝 = +∞ (in the class of functions continuous on (𝑎, 𝑏))
was posed in (1) and solved in the works (1,2).
Theorem 1. Let 1 < 𝑝 ≤ ∞. If the integrals

∫
0

Ω𝑝(𝑢, 𝑡, 𝑡)
𝑡1/𝑝 𝑑𝑡, ∫

0

𝜔𝑝(𝑢, 𝑡, 𝜉/2, 𝜂/2)
𝑡 𝑑𝑡,

converge, then for 0 < 𝜉, 𝜂 ≤ 𝑏/2, 𝛿 > 0, the estimates

Ω𝑝(𝑢̃, 𝜉, 𝜂) ≤ 𝑐𝑞 {∫
𝑙/2

0

Ω𝑝(𝑢, 𝑡, 𝑙/4)
𝑡1/𝑝(𝑡 + 𝜉)1/𝑞 𝑑𝑡 + ∫

𝑙/2

0

Ω𝑝(𝑢, 𝑙/4, 𝑡)
𝑡1/𝑝(𝑡 + 𝜂)1/𝑞 𝑑𝑡+

+ ∫
𝜉/2

0

𝜔𝑝(𝑢, 𝑡, 𝜉/2, 𝑙/4)
𝑡 𝑑𝑡 + ∫

𝜂/2

0

𝜔𝑝(𝑢, 𝑡, 𝑙/4, 𝜂/2)
𝑡 𝑑𝑡} , (1)

𝜔𝑝(𝑢̃, 𝛿, 𝜉, 𝜂) ≤ 𝑐𝑞 { 𝛿
𝜉 + 𝛿 ∫

𝑙/2

0

Ω𝑝(𝑢, 𝑡, 𝑙/4)
𝑡1/𝑝(𝑡 + 𝜉)1/𝑞 𝑑𝑡 + 𝛿

𝜂 + 𝛿 ∫
𝑙/2

0

Ω𝑝(𝑢, 𝑙/4, 𝑡)
𝑡1/𝑝(𝑡 + 𝜂)1/𝑞 𝑑𝑡+

+𝛿 ∫
𝜉/2

0

𝜔𝑝(𝑢, 𝑡, 𝜉/2, 𝑙/4)
𝑡(𝑡 + 𝛿) 𝑑𝑡 + 𝛿 ∫

𝜂/2

0

𝜔𝑝(𝑢, 𝑡, 𝑙/4, 𝜂/2)
𝑡(𝑡 + 𝛿) 𝑑𝑡} , (2)

where 1/𝑝 + 1/𝑞 = 1; 𝑐 is a constant depending only on 𝑙.
Note that for 𝑝 = +∞ these estimates turn into the estimates of the work (2),
which is a refinement and development of the work (1).
Let us consider some constructions based on the preceding estimates. Denote by
𝐺 (2) the set of ordered pairs of functions (𝜑(𝜉, 𝜂), 𝜓(𝛿, 𝜉, 𝜂)), defined respectively
on {0 < 𝜉, 𝜂 ∣ 𝜉+𝜂 ≤ 𝑙}, {0 < 𝛿, 𝜉, 𝜂 ∣ 𝛿+𝜉+𝜂 ≤ 𝑙}, and satisfying the conditions:

1) 𝜑(𝜉, 𝜂), 𝜓(𝛿, 𝜉, 𝜂)/𝛿 are positive and almost decreasing* in each of the
arguments uniformly with respect to the others;

2) lim
𝛿→+0

𝜓(𝛿, 𝜉, 𝜂) = 0.

By definition, a function 𝑢(𝑥), given on (𝑎, 𝑏), belongs to the set 𝐻𝑝
𝜑𝜓 if there

exist constants 𝑐1(𝑢), 𝑐2(𝑢) > 0 such that

Ω𝑝(𝑢, 𝜉, 𝜂) ≤ 𝑐1(𝑢)𝜑(𝜉, 𝜂), 𝜔𝑝(𝑢, 𝛿, 𝜉, 𝜂) ≤ 𝑐2(𝑢)𝜓(𝛿, 𝜉, 𝜂),

where (𝜑, 𝜓) ∈ 𝐺.

By introducing the norm
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‖𝑢‖𝑝
𝜑𝜓 = max{sup

𝜉,𝜂

Ω𝑝(𝑢, 𝜉, 𝜂)
𝜑(𝜉, 𝜂) , sup

𝜉,𝜂,𝛿

𝜔𝑝(𝑢, 𝛿, 𝜉, 𝜂)
𝜓(𝛿, 𝜉, 𝜂) } ,

𝐻𝑝
𝜑𝜓 is turned into an infinite-dimensional Banach space.

Theorem 2. Let (𝜑1, 𝜓1), (𝜑2, 𝜓2) ∈ 𝐺.

Then:

a) if 𝜑1 ∼ 𝜑2, 𝜓1 ∼ 𝜓2, then 𝐻𝑝
𝜑1𝜓1

and 𝐻𝑝
𝜑2𝜓2

coincide**;

b) if the limiting relations

lim
𝛿→+0

𝜓1(𝛿, 𝜉, 𝜂)
𝜓2(𝛿, 𝜉, 𝜂) = 0, lim

𝜉→+0
𝜓1(𝛿, 𝜉, 𝜂)
𝜓2(𝛿, 𝜉, 𝜂) = 0,

lim
𝜂→+0

𝜓1(𝛿, 𝜉, 𝜂)
𝜓2(𝛿, 𝜉, 𝜂) = 0, lim

𝜉→+0
𝜑1(𝜉, 𝜂)
𝜑2(𝜉, 𝜂) = 0, lim

𝜂→+0
𝜑1(𝜉, 𝜂)
𝜑2(𝜉, 𝜂) = 0,

are satisfied uniformly, then 𝐻𝑝
𝜑1𝜓1

is a proper part of 𝐻𝑝
𝜑2𝜓2

, and the embedding
is completely continuous.

Denote by Φ the set of ordered pairs of functions (𝜑, 𝜓) ∈ 𝐺 satisfying the
conditions:

1) 𝜓(𝛿, 𝜉, 𝜂) almost increases with respect to 𝛿;
2) 𝜓(𝛿1 + 𝛿2, 𝜉, 𝜂) = 𝑂(𝜓(𝛿1, 𝜉, 𝜂) + 𝜓(𝛿2, 𝜉, 𝜂))***;
3) 𝜓(𝛿, 𝜉, 𝜂) = 𝑂(𝜑(𝜉, 𝜂)).

Following (2), introduce the set 𝐻𝑝 of ordered pairs of functions (𝜑(𝜉), 𝜓(𝛿, 𝜉))
satisfying the conditions:

1) 𝜑(𝜉) > 0, 𝜓(𝛿, 𝜉) > 0;
2)

∫
1/2

0

𝜑(𝑡)
𝑡1/𝑝(𝑡 + 𝜉)1/𝑞 𝑑𝑡 = 𝑂(𝜑(𝜉));

3)

𝛿 ∫
𝜉

0

𝜓(𝑡, 𝜉/2)
𝑡(𝑡 + 𝛿) 𝑑𝑡 = 𝑂(𝜓(𝛿, 𝜉));

4)
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𝛿
𝜉 + 𝛿 𝜑(𝜉) = 𝑂(𝜓(𝛿, 𝜉)).

By definition (𝜑, 𝜓) ∈ Φ𝐻𝑝 if (𝜑, 𝜓) ∈ Φ and (𝜑(𝜉, 𝑙/4), 𝜓(𝛿, 𝜉, 𝑙/4)),
(𝜑(𝑙/4, 𝜂), 𝜓(𝛿, 𝑙/4, 𝜂)) ∈ 𝐻𝑝.

Theorem 3. Let (𝜑, 𝜓) ∈ Φ𝐻𝑝. Then the operator

𝐴𝑢 = ∫
𝑏

𝑎

𝑢(𝑠)
𝑠 − 𝑥 𝑑𝑠

acts in 𝐻𝑝
𝜑𝜓 and is bounded.

* A nonnegative function 𝑓(𝑥), defined on a set 𝜒 ⊂ (−∞, +∞), is called almost
increasing (almost decreasing) if there exists a constant 𝑐 > 0 such that the
inequality 𝑥1 ≤ 𝑥2, 𝑥1, 𝑥2 ∈ 𝜒, implies the inequality 𝑓(𝑥1) ≤ 𝑐𝑓(𝑥2) (𝑓(𝑥1) ≥
𝑐𝑓(𝑥2)).
** Nonnegative functions 𝑓(𝑥) and 𝑔(𝑥), defined on 𝜒, are called equivalent
(𝑓 ∼ 𝑔) if there exist constants 𝐵1, 𝐵2 > 0 such that for every 𝑥 ∈ 𝜒 the
inequalities 𝐵1𝑓(𝑥) ≤ 𝑔(𝑥) ≤ 𝐵2𝑓(𝑥) hold.

*** Here and in what follows, uniform satisfaction of the 𝑂-relation is assumed.

This theorem, in the case 𝑝 = +∞, was proved in 2.
It is easy to verify that the pair of functions

𝜑(𝜉, 𝜂) = 1
𝜉𝛼 + 1

𝜂𝛽 , 𝜓(𝛿, 𝜉, 𝜂) = 𝛿𝛼

𝜉𝛼(𝜉 + 𝛿)𝛼 + 𝛿𝛾 + 𝛿𝛽

𝜂𝛽(𝜂 + 𝛿)𝛽

(0 < 𝛼, 𝛽 < 1/𝑞; 0 < 𝛾 < 1)
belongs to Φ𝐻𝑝.

The authors express their gratitude to V. V. Salaev for valuable comments.
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