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Abstract
Full Text

V. I. Cherepanov

A PARAMETRIZATION METHOD FOR PER-
TURBATION THEORY FOR SYSTEMS WITH
𝑆𝑅-SYMMETRY
(Presented by Academician S. V. Vonsovskii on 6 VI 1968)

It is known that perturbation theory for a degenerate level of a quantum system
can be formulated in the form of an equivalent Hamiltonian (1,2). To calculate
the matrix elements of the equivalent Hamiltonian it is necessary to use specific
wave functions of the zero approximation. The exact form of these functions is
in many cases known only approximately, especially for many-particle systems
(molecule, impurity complex, etc.). Meanwhile, in the case of systems possessing
a sufficiently high degree of symmetry, all matrix elements of the equivalent
Hamiltonian (and consequently all corrections to the eigenvalues of the energy)
can be expressed in terms of a certain limited number of parameters. These
expressions do not depend on the explicit form of the wave functions of the
system and are determined entirely by symmetry properties. A typical example
of such a parametrization is the spin-Hamiltonian method (3), used in the theory
of EPR spectra for an orbitally nondegenerate level.

However, this method is not unconditionally applicable in the case of an orbitally
degenerate level, and also in the case when in the zero approximation the system
is substantially nonspherical (the angular-momentum operator is not an integral
of the motion)*.

There are also semiempirical methods of perturbation theory, for example the
method of spin invariants (4) in EPR theory or the method of the effective
Hamiltonian (5) in the theory of optical spectra of impurity ions. However,
these methods do not make it possible to calculate the values of the parameters
of the theory. To estimate the parameters in these cases one must each time
turn to the usual form of perturbation theory.

It is desirable to formulate perturbation theory in such a form that the symmetry
of the system is taken into account from the very beginning and, owing to
this, the corresponding parameters in the equivalent Hamiltonian are singled
out. This can be done by using the algebra of irreducible tensor operators
introduced by Racah (6−8) for the rotation group and generalized by Wigner (9)
for arbitrary simply reducible groups (𝑆𝑅-groups)**. The class of 𝑆𝑅-groups
includes the rotation group and many of the point groups. In the present work
we shall restrict ourselves to considering only systems possessing the symmetry
of an 𝑆𝑅-group.
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Let us consider a quantum system with Hamiltonian

𝐻̂ = 𝐻̂0 − 𝜀 ̂𝑉 , (1)

for which the zero-approximation Hamiltonian 𝐻̂0 is invariant in the simply
reducible group 𝐺0; 𝜀 is a small perturbation parameter, and the symmetry
group of the full Hamiltonian will be denoted by 𝐺𝐻 . In contrast to

* For a weak deviation from spherical symmetry the application of the spin-
Hamiltonian method is possible to some extent.

** On 𝑆𝑅-groups see, for example, (9−11).
1,2, we use the variant of perturbation theory developed in 12. According to 12,
we first carry out such a unitary transformation ̂𝑆 of the Hamiltonian 𝐻̂ that
the matrix elements of the new Hamiltonian ̂𝑆−1𝐻̂ ̂𝑆, which connect the states
of the level under consideration 𝐸(0)

𝑚 with states of other levels 𝐸(0)
𝑛 , vanish in

the second approximation. Neglecting such matrix elements altogether, one can
compute corrections to the energy of the level up to order 𝜀4 12. This is sufficient
in the overwhelming majority of practical applications. The remaining matrix
elements may be represented as matrix elements of the equivalent Hamiltonian:

ℋ̃(𝑚) = 𝐻̂0+𝜀 ̂𝑉 +𝜀2 ∑
𝑛

̂𝑉 𝒫̂𝑛 ̂𝑉
𝐸(0)

𝑚 − 𝐸(0)
𝑛

+𝜀3 ∑
𝑛𝑛′

̂𝑉 𝒫̂𝑛 ̂𝑉 𝒫̂𝑛′ ̂𝑉
(𝐸(0)

𝑚 − 𝐸(0)
𝑛 ) (𝐸(0)

𝑚 − 𝐸(0)
𝑛′ )

−𝜀3

2 ∑
𝑛

̂𝑉 𝒫̂𝑚 ̂𝑉 𝒫̂𝑛 ̂𝑉 + ̂𝑉 𝒫̂𝑛 ̂𝑉 𝒫̂𝑚 ̂𝑉
(𝐸(0)

𝑚 − 𝐸(0)
𝑛 )

2 ,

(2)

where 𝒫̂𝑚 and 𝒫̂𝑛 are the projection operators 1 onto the spaces of the levels 𝐸(0)
𝑚

and 𝐸(0)
𝑛 , respectively. Taking into account the symmetry of 𝐻0, we characterize

the energy levels by irreducible representations Γ of the group 𝐺0: 𝐸(0)
𝑚 ≡

𝐸(0)(𝛼Γ) and 𝐸(0)
𝑚 ≡ 𝐸(0)(𝛼0Γ0) (𝛼 distinguishes levels of the same type). The

projection operator onto the space of the level 𝐸(0)(𝛼Γ) has the form 𝒫̂𝛼Γ =
∑𝜇 𝒫̂𝛼Γ𝜇, where 𝜇“numbers”the rows of Γ. As 𝜇 one may choose the so-called
projection of the quasimoment 13 onto the principal symmetry axis of the group
𝐺0.

Let the perturbation operator have the form of a linear combination of irre-
ducible tensor operators of the group 𝐺0:

𝜀 ̂𝑉 = 𝜀 ∑
𝛼Γ𝜇

𝐴(𝛼Γ𝜇)𝑋̂(𝛼Γ)
𝜇 . (3)

For brevity of exposition, we restrict ourselves here to the second order of per-
turbation theory. Substituting (3) into (2) and introducing effective operators:
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̂𝑌 (Γ)
𝜇 (𝛼1Γ1; 𝛼2Γ2) = ∑

𝜇1𝜇2

(Γ1𝜇1; Γ2𝜇2 ∣ Γ𝜇) (𝑋̂(𝛼1Γ1)
𝜇1 𝒫̂𝑋̂(𝛼2Γ2)

𝜇2 + 𝑋̂(𝛼2Γ2)
𝜇2 𝒫̂𝑋̂(𝛼1Γ1)

𝜇1 ) ,

(4)

where (Γ1𝜇1; Γ2𝜇2 ∣ Γ𝜇) are the Clebsch—Gordan coefficients of the 𝑆𝑅-group
𝐺0

14, and

𝒫̂ =
′

∑
𝛼̄Γ̄𝜇

𝒫̂𝛼̄Γ̄𝜇/ [𝐸(0)(𝛼0Γ0) − 𝐸(0)( ̄𝛼Γ̄)] (5)

(the prime on the summation sign means ̄𝛼Γ̄ ≠ 𝛼0Γ0), we obtain

ℋ̃(𝛼0Γ0) = 𝐻̂0 + 𝜀 ∑
𝛼Γ𝜇

𝐴(𝛼Γ𝜇)𝑋̂(𝛼Γ)
𝜇 + 𝜀2 ∑

𝛼1Γ1; 𝛼2Γ2; Γ𝜇
𝐵(𝛼1Γ1; 𝛼2Γ2; Γ𝜇)×

× ̂𝑌 (Γ)
𝜇⋅ (𝛼1Γ1; 𝛼2Γ2), (6)

where

𝐵(𝛼1Γ1; 𝛼2Γ2; Γ𝜇) = 1
2 ∑

𝜇1𝜇2

𝐴(𝛼1Γ1𝜇1)𝐴(𝛼2Γ2𝜇2)(Γ𝜇 ∣ Γ1𝜇1; Γ2𝜇2). (7)

It can be shown that the operator 𝒫̂ is invariant with respect to transformations
of the group 𝐺0. It follows from this that the effective operators (4) do indeed
transform according to the corresponding irreducible representations Γ of the
group 𝐺0. From the Hermiticity of the operator (3) it follows that only integer
representations 9,11 of the 𝑆𝑅-group 𝐺0, for which (−1)2𝑗(Γ) = +1 (𝑗(Γ) is the
quasimoment 13,14 of the representa-

of the representation Γ. Hence, in turn, follows the Hermiticity of the operator
(6). It is also not difficult to prove that the operator (6) is invariant in the group
of transformations 𝐺𝐻 .

The types of operators 𝑋(𝛼Γ) that must be taken into account in (6) are de-
termined by the form of the perturbation and by the condition Γ ∈ Γ0 × Γ0
(operators not satisfying the latter condition have zero matrix elements in the
space 𝐸(0)(𝛼0Γ0), as follows from the selection rules).

The number of different types of operators 𝑌 (Γ)
𝜇 (𝛼1Γ1; 𝛼2Γ2) is determined by

the conditions: 1) Γ ∈ Γ0 × Γ0, 2) Γ ∈ Γ1 × Γ2, 3) 𝐴1 ∈ Γ. The last condition
means that Γ contains the identity representation 𝐴1 of the group 𝐺𝐻 and is
the condition for the possibility of constructing from the components 𝑌 (Γ)

𝜇 an
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invariant in the group 𝐺𝐻 . These conditions restrict the number of operators
of different type entering the equivalent Hamiltonian.

Since both sums in (6) must be invariant in the group 𝐺𝐻 , this means that,
for those types of operators 𝑋̂(𝛼Γ) and ̂𝑌 (Γ) that actually enter the equivalent
Hamiltonian, the coefficients 𝐴(𝛼Γ𝜇) and 𝐵(𝜘Γ𝜇) must be proportional, i.e.,

𝐴(𝛼Γ𝜇) = 𝑎(𝛼Γ)𝐶𝜇, 𝐵(𝜘Γ𝜇) = 𝑏(𝜘Γ)𝐶𝜇, (8)

where 𝜘 = {𝛼1Γ1; 𝛼2Γ2}, and 𝐶𝜇 is determined by the symmetry of the group
𝐺𝐻 . Introducing the operators

̂𝑈 (Γ)
𝜇 = ∑

𝛼
𝑎(𝛼Γ)𝑋(𝛼Γ)

𝜇 + ∑
𝜘

𝑏(𝜘Γ)𝑌 (Γ)
𝜇 (𝜘) + ⋯ , (9)

one may represent the equivalent Hamiltonian in the form

ℋ̃(𝛼0Γ0) = 𝐻̂0 + ∑
Γ𝜇

𝐶𝜇 ̂𝑈 (Γ)
𝜇 . (10)

The dots in (9) indicate that, when third and higher orders of perturbation
theory are taken into account, additional operators will, generally speaking,
appear in this expression. Thus, the effective operators ̂𝑈 (Γ)

𝜇 turn out to be
expressed through the operators 𝑋̂, ̂𝑌 , …, each of which represents a contribution
of a definite order of perturbation theory.

In contrast to the semiempirical method (5), in which the true operators ̂𝑈 (Γ)
𝜇 ,

introduced above in (9), are replaced by certain arbitrary* effective operators
̂𝑈 (Γ) eff
𝜇 (transforming, however, according to the same representations Γ), in our

case explicit expressions are available for the microstructure of these operators,
following from perturbation theory.

The possibility of replacing ̂𝑈 (Γ)
𝜇 → ̂𝑈 (Γ) eff

𝜇 for semiempirical calculations is
based on the Wigner–Eckart theorem, according to which the matrix elements
⟨𝛼0Γ0𝜇0|𝑈 (Γ)

𝜇 |𝛼0Γ0𝜇′
0⟩ and ⟨𝛼0Γ0𝜇0| ̂𝑈 (Γ) eff

𝜇 |𝛼0Γ0𝜇′
0⟩ are proportional to each

other (i.e., their ratio does not depend on 𝜇0, 𝜇, 𝜇′
0). Applying the Wigner–

Eckart theorem, we find

⟨𝛼0Γ0𝜇0|ℋ̃(𝛼0Γ0)|𝛼0Γ0𝜇′
0⟩ = 𝛿𝜇0𝜇′

0
𝐸(0)(𝛼0Γ0)+

+ ∑
Γ𝜇

𝐶𝜇(Γ0𝜇0|Γ𝜇; Γ0𝜇′
0)⟨𝛼0Γ0‖𝑈 (Γ)‖𝛼0Γ0⟩. (11)

After solving the secular equation:

Det [⟨𝛼0Γ0𝜇0|ℋ̃(𝛼0Γ0)|𝛼0Γ0𝜇′
0⟩ − 𝛿𝜇0𝜇′

0
𝐸] = 0 (12)

* The arbitrariness is associated with a particular choice of reduced matrix
elements of these operators.
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the eigenvalues of the energy turn out to be expressed in terms of the Clebsch
—Gordan coefficients and a rather limited set of parameters ⟨𝛼0Γ0‖𝑈 (Γ)‖𝛼0Γ0⟩.
The dependence of the eigenvalues of the energy sublevels on these parameters
is determined by the symmetry of the problem and the symmetry Γ0 of the
term 𝐸(0)(𝛼0Γ) under consideration. The calculation of the parameters them-
selves requires the use of the explicit wave functions of the system in the zeroth
approximation.

According to (9), we have:

⟨𝛼0Γ0‖𝑈 (Γ)‖𝛼0Γ0⟩ = ∑
𝑎

𝑎(𝑎Γ)⟨𝛼0Γ0‖𝑋(𝑎Γ)‖𝛼0Γ0⟩+

+ ∑
𝑥

𝑏(𝑥Γ)⟨𝛼0Γ0‖𝑌 (Γ)(𝑥)‖𝛼0Γ0⟩ + … (13)

All the matrix elements appearing in (13) can be expressed through the corre-
sponding matrix elements of the operators 𝑋̂(𝑎Γ). For example, for operators of
second order in perturbation theory one can obtain

⟨𝛼0Γ0‖ ̂𝑌 (Γ)
𝜇 (𝛼1Γ1; 𝛼2Γ2)‖𝛼0Γ0⟩ = [Γ]1/2

′
∑
𝑎Γ

[Γ]1/2(−1)2𝑗(Γ0)+𝑗(Γ)+𝑗(Γ1)+𝑗(Γ2)×

× [(−1)𝑗(Γ) {Γ1Γ2Γ
Γ0Γ0Γ} + {Γ2Γ1Γ

Γ0Γ0Γ}] ⟨𝛼0Γ0‖𝑋̂(𝛼1Γ1)‖𝛼Γ⟩⟨𝛼Γ‖𝑋̂(𝛼2Γ2)‖𝛼0Γ0⟩
𝐸(0)(𝛼0Γ0) − 𝐸(0)(𝛼Γ) ,

where [Γ] denotes the dimension of the representation Γ, and

{Γ1Γ2Γ3
Γ4Γ5Γ6

}

is a 6Γ-coefficient of the group 𝐺0 (15,16). Tables of such coefficients for point-
symmetry groups are available in (15,16).
The method considered makes it possible to parametrize the effective Hamilto-
nian of perturbation theory for a degenerate level of a quantum system (the
zeroth-approximation Hamiltonian of which possesses the symmetry of an 𝑆𝑅-
group) and to calculate the parameters of the effective Hamiltonian.

The application of the method to concrete problems will be given in special
papers.

Ural State University
named after A. M. Gorky

Received
22 V 1968
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