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MATHEMATICS

V. V. FEDORCHUK

ON MAPPINGS THAT DO NOT LOWER DI-
MENSION
(Presented by Academician P. S. Aleksandrov on 2 VII 1968)

The classical Hurewicz formula shows that under a closed mapping of one metric
space with a countable base onto another, the dimension cannot decrease by
more than the number 𝑚, which is the dimension of the mapping*. E. G.
Sklyarenko, by means of sheaf theory, proved (1) Hurewicz’s formula for a closed
mapping of a paracompact space onto a paracompact space, and B. A. Pasynkov
generalized (2) E. G. Sklyarenko’s result to the case of a closed mapping of a
normal space onto a paracompact space.

The simplest examples of perfect mappings (projections of a product onto one of
the factors) show that the property of a perfect mapping to lower the dimension
of a space is natural. At the same time, the property of a mapping not to
lower dimension at first sight seems pathological, except, of course, for those
cases when the dimension of the image space is not greater than one. All the
more interesting is the fact that a sufficiently broad class of mappings has the
property of not lowering dimension.

Definition. A continuous mapping 𝑓 ∶ 𝑋 → 𝑌 is called strongly closed if,
for any point 𝑦 ∈ 𝑌 and any finite cover {𝑈𝑖 ∣ 𝑖 = 1, … , 𝑗} of its preimage 𝑓−1𝑦
by sets open in 𝑋, the set

{𝑦} ∪ (
𝑗

⋃
𝑖=1

𝑓#𝑈𝑖)

is open in 𝑌 **.

Every strongly closed mapping is closed. To verify this it suffices to consider
a cover of the preimage consisting of a single element. The following theorem,
which is a partial strengthening of the above-mentioned result of B. A. Pasynkov,
shows that a strongly closed mapping whose dimension is less than the dimension
of the image space does not lower dimension.

Theorem. Let 𝑓 ∶ 𝑋 → 𝑌 be a strongly closed mapping of a normal space
𝑋 onto a paracompact space 𝑉 . If dim𝑉 ≤ 𝑛, dim 𝑓 ≤ 𝑚, then dim𝑋 ≤
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max{𝑚, 𝑛}.

Proof. Let 𝜔 = {𝑂𝑝, 𝑝 = 1, … , 𝑞} be an arbitrary finite cover*** of the space
𝑋. We shall show that into the cover 𝜔 one can inscribe a cover of multiplicity
≤ 𝑙 + 1, where 𝑙 = max{𝑚, 𝑛}. Let 𝑦 be an arbitrary point of the space 𝑌 .
There exists a finite system 𝛼𝑦 = {𝐴𝑦

1, … , 𝐴𝑦
𝑟(𝑦)} of sets open in the space 𝑋,

which is a cover of multiplicity ≤ 𝑙 + 1 of the set 𝑓−1𝑦, inscribed in the cover
𝜔 of the space 𝑋. The existence of such a system 𝛼𝑦 follows from the following
well-known proposition.

Lemma 1. Let 𝐹 be a closed subset of a normal space 𝑋, and let dim𝐹 ≤ 𝑛.
Then for every finite cover 𝜔 of the space—

* The dimension of a mapping 𝑓 ∶ 𝑋 → 𝑌 is defined as follows:

dim 𝑓 = sup
𝑦∈𝑌

dim 𝑓−1𝑦.

** By 𝑓#𝐴 is denoted the small image of the set 𝐴.

*** All covers are assumed to be open.

of the space 𝑋 there exists a finite system 𝛼 of multiplicity ≤ 𝑛 + 1 of open
subsets of 𝑋, which is a cover of the set 𝐹 inscribed in the cover 𝜔.
Let us now consider the set

𝑈𝑦 = {𝑦} ∪ ⎛⎜
⎝

𝑟(𝑦)
⋃
𝑠=1

𝑓#𝐴𝑦
𝑠⎞⎟
⎠

.

Since the mapping 𝑓 is strongly closed, the set 𝑈𝑦 is a neighborhood of the point
𝑦. Into the cover {𝑈𝑦 ∣ 𝑦 ∈ 𝑌 } of the paracompact space 𝑌 one can inscribe a
locally finite cover

𝛽 = {𝐵𝛾 ∣ 𝛾 ∈ Γ}.
For each element 𝐵𝛾 of the cover 𝛽 we mark one point 𝑦 for which 𝑈𝑦 ⊃ 𝐵𝛾;
denote it by 𝑦𝛾. Now, for each 𝛾 ∈ Γ, put

̃𝛼𝛾 = {𝐴𝛾
1 , … , 𝐴𝛾

𝑟(𝛾)},
where

𝐴𝛾
𝑠 = (𝑓−1𝐵𝛾) ∩ {(𝐴𝑦𝛾

𝑠 ∩ 𝑓−1𝑦𝛾) ∪ 𝑓−1𝑓#𝐴𝑦𝛾
𝑠 }.

Before dwelling on the properties of the system ̃𝛼𝛾, we prove one auxiliary
assertion.

Lemma 2. Let 𝑓 ∶ 𝑋 → 𝑌 be a strongly closed mapping of a regular space 𝑋
onto a space 𝑌 , and let 𝑈 be an open subset of the space 𝑋. Then for any point
𝑦 ∈ 𝑌 the set

𝑈𝑦 = (𝑈 ∩ 𝑓−1𝑦) ∪ 𝑓−1𝑓#𝑈
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is open.

Proof. We must show that every point 𝑥 ∈ 𝑈 ∩ 𝑓−1𝑦 has a neighborhood
contained in the set 𝑈𝑦. Since the space 𝑋 is regular, there exists a neighborhood
𝑊 of the point 𝑥 such that [𝑊] ⊂ 𝑈 . Consider the binary cover

{𝑈, 𝑉 = 𝑋 ∖ [𝑊]}

of the space 𝑋. Since the mapping 𝑓 is strongly closed, the set

𝐻 = {𝑦} ∪ (𝑓#𝑈 ∪ 𝑈𝑓#𝑉 )

is a neighborhood of the point 𝑦. Then the set 𝑊 ∩ 𝑓−1𝐻 is a neighborhood of
the point 𝑥 ∈ 𝑓−1𝑦. The set 𝑊 ∩ 𝑓−1𝐻 consists of three subsets

𝑊 ∩ 𝑓−1𝑦, 𝑊 ∩ 𝑓−1𝑓#𝑈, 𝑊 ∩ 𝑓−1𝑓#𝑉 ,

each of which is contained in 𝑈𝑦. Indeed, we have

𝑊 ∩ 𝑓−1𝑦 ⊂ 𝑈 ∩ 𝑓−1𝑦 ⊂ 𝑈𝑦,

𝑊 ∩ 𝑓−1𝑓#𝑈 ⊂ 𝑓−1𝑓#𝑈 ⊂ 𝑈𝑦,
𝑊 ∩ 𝑓−1𝑓#𝑉 ⊂ 𝑊 ∩ 𝑉 = ∅ ⊂ 𝑈𝑦.

Thus, the set 𝑊 ∩ 𝑓−1𝐻 is a neighborhood of 𝑥, contained in 𝑈𝑦. Lemma 2 is
proved.

It follows from Lemma 2 that the sets 𝐴𝛾
𝑠 are open. The system ̃𝛼𝛾 is a cover

of the set 𝑓−1𝐵𝛾. Indeed:

𝑟(𝛾)
⋃
𝑠=1

𝐴𝛾
𝑠 = 𝑓−1𝐵𝛾 ∩ ⎛⎜

⎝

𝑟(𝛾)
⋃
𝑠=1

{(𝐴𝑦𝛾
𝑠 ∩ 𝑓−1𝑦𝛾) ∪ 𝑓−1𝑓#𝐴𝑦𝛾

𝑠 }⎞⎟
⎠

= 𝑓−1𝐵𝛾∩⎛⎜
⎝

𝑓−1𝑦𝛾 ∪ ⎛⎜
⎝

𝑟(𝛾)
⋃
𝑠=1

𝑓−1𝑓#𝐴𝑦𝛾
𝑠 ⎞⎟

⎠
⎞⎟
⎠

= 𝑓−1𝐵𝛾∩𝑓−1 ⎛⎜
⎝

{𝑦𝛾} ∪ ⎛⎜
⎝

𝑟(𝛾)
⋃
𝑠=1

𝑓#𝐴𝑦𝛾
𝑠 ⎞⎟

⎠
⎞⎟
⎠

= 𝑓−1𝐵𝛾 ∩ 𝑓−1𝑈𝑦𝛾
= 𝑓−1𝐵𝛾.

Since the system ̃𝛼𝛾 is obtained from the system 𝛼𝑦𝛾
by reducing its elements,

̃𝛼𝛾 is inscribed in 𝛼𝑦𝛾
, and the multiplicity of ̃𝛼𝛾 is no greater than 𝑙 + 1. The

system
̃𝛼 = ⋃

𝛾∈Γ
̃𝛼𝛾

is a cover of the space 𝑋, inscribed in the cover 𝜔.
Denote by Γ1 the set of those indices 𝛾 ∈ Γ for which 𝑦𝛾 ∈ 𝐵𝛾. Put also

𝑌1 = {𝑦𝛾 ∣ 𝛾 ∈ Γ1}.
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Then, for every point 𝑦 ∈ 𝑌 ∖ 𝑌1, the set 𝑓−1𝑦 is contained in some element of
the cover ̃𝛼, and, consequently, in some element of the cover 𝜔. This means that
the system

𝑓#𝜔 = {𝑓#𝑂𝑝, 𝑝 = 1, … , 𝑞}
is a cover of the set 𝑌 ∖ 𝑌1. Since to each point 𝑦𝛾 ∈ 𝑌1 there corresponds an
element 𝐵𝛾 of the locally finite cover 𝛽 containing it, the set 𝑌1 is a discrete
subspace of the space 𝑌 . For each 𝛾 ∈ Γ1 there exist open sets 𝑊𝛾, 𝑉𝛾 such that

𝑦𝛾 ∈ 𝑊𝛾 ⊂ [𝑊𝛾] ⊂ 𝑉𝛾 ⊂ 𝐵𝛾

and the system {𝑉𝛾 ∣ 𝛾 ∈ Γ1} is disjoint.

For 𝛾 ∈ Γ1, by 𝛼′
𝛾 we denote the restriction of the system ̃𝛼𝛾 to the set 𝑓−1𝑉𝛾.

The bodies of different systems 𝛼′
𝛾 do not intersect. Hence, the system

𝛼′ = ⋃𝛾∈Γ1
𝛼′

𝛾 is a covering (generally speaking, infinite) of multiplicity ≤ 𝑙+1 of

the set 𝑓−1𝑉 (𝑉 = ⋃𝛾∈Γ1
𝑉𝛾), inscribed in the covering 𝜔. Refining the system

𝛼′ with respect to the covering 𝜔, we obtain a covering 𝜔∗ = {𝑂∗
𝑝, 𝑝 = 1, … , 𝑞}

of multiplicity ≤ 𝑙 + 1. Here the refinement is understood in the following sense:

𝑂∗
𝑝 = ⋃{𝐴 ∈ 𝛼′ ∣ 𝐴 ⊂ 𝑂𝑝, 𝐴 ⊄ 𝑂𝑘 for 𝑘 < 𝑝}.

Since for each set 𝐴 ∈ 𝛼′ we have 𝑓#𝐴 ⊃ 𝑓𝐴∖𝑌1, it follows that 𝑓#𝑂∗
𝑝 ⊃ 𝑓𝑂∗

𝑝∖𝑌1
for 𝑝 = 1, … , 𝑞. Hence the system 𝑓#𝜔∗ = {𝑓#𝑂∗

𝑝 ∣ 𝑝 = 1, … , 𝑞} is a covering
of multiplicity ≤ 𝑙 + 1 of the set 𝑉 ∖ 𝑌1. The set 𝑌 ∖ 𝑊 (𝑊 = ⋃𝛾∈Γ1

𝑊𝛾) is
closed in 𝑌 and does not intersect 𝑌1.

Consequently, the system 𝑓#𝜔 is a covering of the set 𝑌 ∖𝑊 . By Lemma 1, there
exists a finite system 𝜏 = {𝑇𝑟 ∣ 𝑟 ∈ 𝑅} of sets open in 𝑌 , of multiplicity ≤ 𝑙 + 1,
covering the set 𝑌 ∖ 𝑊 and inscribed in the system 𝑓#𝜔. Moreover, one may
assume that every element of the system 𝜏 that intersects [𝑊] is contained in
some element of the system 𝑓#𝜔∗ (it suffices to regard the system 𝜏 as inscribed
in the covering {𝑓#𝜔 ∩ (𝑌 ∖ [𝑊])} ∪ 𝑓#𝜔∗ of the set 𝑌 ∖ 𝑊 )*.

Since the system 𝜏 is inscribed in the system 𝑓#𝜔, the system 𝑓−1𝜏 = {𝑓−1𝑇𝑟 ∣
𝑟 ∈ 𝑅} is inscribed in the covering 𝜔, and, like 𝜏 , has multiplicity ≤ 𝑙 + 1. The
system 𝑓−1𝜏 covers the set 𝑓−1(𝑌 ∖ 𝑊) = 𝑋 ∖ 𝑓−1𝑊 . The system 𝜔∗ covers
the set 𝑓−1𝑉 ⊃ 𝑓−1𝑊 . Consequently, the system 𝜔∗ ∪ 𝑓−1𝜏 is a covering of
the space 𝑋. The systems 𝜔∗ and 𝑓−1𝜏 are inscribed in 𝜔, hence the covering
𝜔∗ ∪ 𝑓−1𝜏 is inscribed in 𝜔. Put now 𝜔̃∗ = 𝜔∗ ∩ 𝑓−1𝑊 . Since the system 𝑓−1𝜏
covers the set 𝑋 ∖ 𝑓−1𝑊 , the system 𝜔̃∗ ∪ 𝑓−1𝜏 will be a covering of the space
𝑋, also inscribed in the covering 𝜔. Now refine the covering 𝜔̃∗ ∪ 𝑓−1𝜏 in order
to obtain a covering of multiplicity ≤ 𝑙 + 1. We have 𝜔∗ = {𝑂∗

1, … , 𝑂∗
𝑞}, where

𝑂∗
𝑝 = 𝑂∗

𝑝 ∩ 𝑓−1𝑊 , 𝑝 = 1, … , 𝑞.
Put
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𝑂𝑝 = 𝑂∗
𝑝 ∪ (⋃{𝑓−1𝑇𝑟 ∈ 𝑓−1𝜏 ∣ 𝑓−1𝑇𝑟 ⊂ 𝑂∗

𝑝, 𝑓−1𝑇𝑟 ⊄ 𝑂∗
𝑘 for all 𝑘 < 𝑝}) .

Each set 𝑂𝑝 is contained in the set 𝑂∗
𝑝, and therefore the system 𝜔̂ = {𝑂𝑝 ∣ 𝑝 =

1, … , 𝑞} is inscribed in the covering 𝜔. Put

𝑆 = {𝑠 ∈ 𝑅 ∣ there does not exist a number 𝑝, 1 ≤ 𝑝 ≤ 𝑞, such that 𝑓−1𝑇𝑠 ⊂ 𝑂𝑝},

and let 𝜏 ′ = {𝑇𝑠 ∈ 𝜏 ∣ 𝑠 ∈ 𝑆}. Then the system 𝜔̂ ∪ 𝑓−1𝜏 ′ is a covering of the
space 𝑋.

Indeed, the system 𝜔̂ ∪ 𝑓−1𝜏 ′ lacks only those elements 𝑇𝑟 of the covering 𝜔̃∗ ∪
𝑓−1𝜏 which are contained in some elements 𝑂𝑝 of the system 𝜔̂. We shall show
that the multiplicity of the covering 𝜔̂ ∪ 𝑓−1𝜏 ′ does not exceed 𝑙 + 1. For this,
note first that the body of the system 𝑓−1𝜏 ′ does not intersect the set 𝑓−1[𝑊].
Indeed, if for some 𝑟 ∈ 𝑅 the set 𝑓−1𝑇𝑟 intersects 𝑓−1[𝑊], i.e. 𝑇𝑟 ∩ [𝑊] ≠ ∅,
then, by one of the properties of the system 𝜏 , the set 𝑇𝑟 is contained in some
element 𝑓#𝑂∗

𝑝 of the system 𝑓#𝜔∗. Then the set 𝑓−1𝑇𝑟 is contained in 𝑂∗
𝑝. Let

𝑝0 be the least of those numbers 𝑝 for which 𝑓−1𝑇𝑟 ⊂ 𝑂∗
𝑝. Then 𝑓−1𝑇𝑟 ⊂ 𝑂𝑝0

,
and therefore, by the definition of the set 𝑆, we have 𝑟 ∈ 𝑅 ∖ 𝑆. Thus, none
of the elements of the system 𝑓−1𝜏 ′ intersects the set 𝑓−1[𝑊] ⊃ 𝑓−1𝑊 . Let
𝑥 ∈ 𝑓−1𝑊 . Then the point 𝑥 can be contained only in those elements of the
covering 𝜔̂ ∪ 𝑓−1𝜏 ′ which have the form 𝑂𝑝. But the restriction of the system
𝜔̂ to the set 𝑓−1𝑊 coincides with the system 𝜔̃∗. Consequently, the point 𝑥 is
contained in no mo-

* If 𝛼 is a system of subsets of a set 𝐸 and 𝐹 ⊂ 𝐸, then by 𝛼 ∩ 𝐹 is denoted the
restriction of the system 𝛼 to 𝐹 .

fewer than 𝑙 + 1 elements of the cover 𝜔̂ ∪ 𝑓−1𝜏 ′. On the other hand, the
restriction of the system 𝜔̂ ∪ 𝑓−1𝜏 ′ to the set 𝑋 ∖ 𝑓−1𝑊 is a coarsening of the
system 𝑓−1𝜏 ∩(𝑋 ∖𝑓−1𝑊), which has multiplicity ≤ 𝑙+1. Hence, also on the set
𝑋 ∖𝑓−1𝑊 , the cover 𝜔̂∪𝑓−1𝜏 ′ has multiplicity ≤ 𝑙+1. As for the fineness of the
cover 𝜔̂ ∪ 𝑓−1𝜏 ′, both the system 𝜔̂ and the system 𝑓−1𝜏 ′ are inscribed in the
cover 𝜔. Thus, 𝜔̂ ∪ 𝑓−1𝜏 ′ is a finite cover of the space 𝑋 which has multiplicity
≤ 𝑙 + 1 and is inscribed in the cover 𝜔. The theorem is proved.
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