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In recent years many works have appeared (see, for example, (17?)) devoted to
the problem of one controlled object

pursuing another controlled object

y=9(y,v) (2)
Here x, y are the phase vectors of the objects, and u, v are the control parameters.

In this problem the active role is assigned to the pursuing parameter u, whose
goal is to bring the spatial coordinates of the objects (1) and (2) into coincidence
as quickly as possible, under an arbitrary control v of object (2).

However, another problem is just as natural—that of the escape of object (2)
from object (1). In its formulation, the active role is assigned to the escaping
parameter v, whose goal is to prevent the coincidence of the spatial coordinates
of the objects (1) and (2) for any value of time ¢, under an arbitrary control u
of object (1).

In the present note a linear differential game is considered from the point of
view of the problem of escape.

The equation of the game is the following:

2=Cz—u+v, (3)

where z is the phase vector of the n-dimensional Euclidean space R™; C is a
constant square matrix; u is the pursuing parameter; v is the escaping parameter;
u € P, v e Q; Pand Q are convex compact subsets of the space R™ of arbitrary
dimensions, generally speaking less than n.

We shall say that escape is possible in the game (3) if, for any initial value
zg € R™, zy € M of the vector z, and for an arbitrary variation of the control
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parameter u = u(t), it is possible to choose such a variation of the control
parameter v = v(¢) that the point z(t) does not fall on the set M for any value
of time ¢t. At the same time, in order to find the value of the parameter v(t)
at each instant of time ¢, it is permitted to use only the values u(t) and z(t) at
the same instant of time, and it is not permitted to use the values of u at times
subsequent to t.

In the present note we give a condition sufficient for the possibility of escape in
the game (3). At the same time a lower estimate is given for the distance of the
point z(¢) from the subspace M. The latter is very substantial.

Let us proceed to the formulation of the result.

By L we denote the orthogonal complement to M in the space R™. Let the
dimension of L be v, and suppose that

v > 2. (4)

By 7 we denote the operation of orthogonal projection from R™ onto L. The
sets

TCP, nC, i=0,1,2,..., (5)

are compact convex subsets of the space L.
Our main assumption is the following.

A. There exists a positive integer k such that, for i < k — 1, the sets (5) are
points; the set 7C*~1Q has dimension v, and the set 7C*P can be carried by
translation strictly inside the set 7C*~1Q.

Now we can formulate our main result.

Theorem. If condition A and inequality (2) are satisfied in the differential
game (3), then evasion is possible; moreover, there exists a positive number €
such that if

Im2(0)] <e, (6)

then the following lower estimate holds for the distance |wz(t)| of the point z(t)
from M for allt > 0:

[m2(t)] > y(I2(t)]) [72(0)]*, (7)

where v is a monotonically decreasing function of its argument, depending only
on the game and not on the initial value.

It is obvious that the possibility of evasion already follows from inequality (7).
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Of course, condition A is not necessary for evasion to be possible in every game
of the form (3). However, this condition is satisfied in a number of concrete
nontrivial examples. Let us indicate, in particular, the example

T+ az = pu,

y+ Py =ov. (8)

Here x,y, u, v are vectors of some Euclidean space E of dimension > 2; x is the
position of the pursuing point; y is the position of the pursued point; v and v
are control parameters; |u| < 1; |v| < 1; «, 8, 0, p are positive numbers. Pursuit
is considered completed at the moment when x = y.

To pass from this pursuit problem to a differential game, put

z=(x—y,a,9) 9)
The manifold M is defined here by the condition x —y = 0. It is easy to see
that, for this differential game, condition A is satisfied if o > p, with k = 2.

Owing to the presence of friction, a > 0, § > 0, in motion starting from rest
(¢ =0,y = 0), the velocities z(¢),y(t) will be bounded:

[2(B)] <p/a, |9 < o/B, (10)

the projection (0,%(t),y(t)) of the point z(t) onto M will remain throughout
within the compact set (10), and inequality (7) for our game will be written in
the form

[m2(t)] > clm2(0)[?, (11)

where c is a constant.

Condition A is also satisfied in the “boy and crocodile” problem, which is de-
scribed by the system of differential equations

y=wv, (12)

where x,y, u, v are vectors of some Euclidean vector space E of dimension > 2,
x is the vector determining the position of the pursuing object (the “crocodile”
), y is the vector determining the position of the pursued object (the “boy” ),
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and pursuit is considered completed at the moment when x = y. It is easy to
see—

that in the game corresponding to this problem, condition A is satisfied, with
k=1.

In conclusion we make one essential remark. The formulation of the evasion
problem that we gave above is not entirely realistic. We assumed that, in the
process of evasion, object (2) continuously observes object (1) and at each in-
stant of time chooses the value of the control parameter ¢ in order to escape
from object (1). The future behavior of object (1) is not assumed to be known.
However, the assumption that the state of object (1) is completely known at the
present instant of time is unrealistic. Only the spatial coordinates of object (1)
can be observed directly, while to obtain the entire vector = differentiation is
necessary, and further operations are needed to obtain the parameter u; more-
over, processing all the information also requires some time. Thus, at the instant
of time ¢ we can use information about the object = referring only to the time
t — §, where 6 > 0 is a small positive number. From the results formulated
above there follows the possibility of evasion of the object y(¢) from the object
x(t — §), and estimate (7) makes it possible to estimate the distance between
the objects x(t) and y(t), provided only that ¢ is sufficiently small.
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