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Known results (3, 476)

formly elliptic equation

concern the first boundary-value problem for the uni-

of;
ox

Lu = % (aijuxj + aiu> + bju,, +au=

(2

+ f ey

i

with discontinuous unbounded lower-order coefficients. In particular, in ()
conditions are given for the existence and uniqueness of a generalized solution
from W, of the Dirichlet problem for equation (I). These conditions are, in a
certain sense, not only sufficient but also necessary, i.e., in terms of Lp-spaces
these results cannot be improved.

However, equations are known a priori whose coefficients do not satisfy the
indicated conditions, but for which existence and uniqueness theorems for the
Dirichlet problem hold. The present paper is devoted to the study of generalized
solutions of the Dirichlet problem for such equations. Existence and uniqueness
theorems are obtained for the solution of the Dirichlet problem for equations of
the form (I) with coefficients belonging to a space with mixed norm. In addition,
conditions for boundedness of the generalized solution are given. The results
obtained cannot be improved in terms of the spaces under consideration. The

paper uses the results of (2, 3, ©).

Let s be a natural number not exceeding n; E™ is n-dimensional Fuclidean space.

We shall denote each point € E™ in the form of a pair of vectors (x,z,_,) or
(zM), 2()), where
T (X, xg) = xm(x(ll), ,xS}f), Ty (Tgyqy o, y) = :v(2>(x(12>7 ,x%)),

ny = s, ny = n—s. Let E™ be the n,-dimensional space of vectors z(¥) (i = 1,2).

)
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By \xw — y(i)| we shall denote the distance between the points (¥ and y¥ in
E"™i; |x — y| is the distance between z and y in E™.

Let D be a bounded domain in E™ and D, = DN (2'? = const); Dy = pry, . D.
Denote by L, ., (Dq,D,) the set of functions defined in D and satisfying the
condition

< o0,

[, wll,

where

1/p;
/|-pidx(i) , it 1 <p, < oo,
_ D

I Do, o) = 4\

vrai max| - |, if p, = o0.
aWeD,

Ifin Ly, ,.y(Dy, Dy) one introduces the norm by the equality

)

L,,(Dy)

(0y.0p) = |[Iflz,, (y)

171,

P1,P2)

then L, . 1(Dy, Dy) will be a complete normed space.

In the case when we are dealing with only one space L, , ,(D;, D,), one may
use a more convenient notation for them, namely

D(I)17P2)(D1’ D2> = L(Plapz)<D) = LP(D)

Let a be any nonnegative number; k a positive integer; (§ a fixed positive number.
Denote by Yj the following class of Banach spaces:
Y ={L

ﬁp,p)(D17D2)§ max{1/3,1} < p < oco}.

For 8 # 1, Yy forms a continuous scale, different from the scale of L, spaces.
Obviously,

Yl = {Lp}
({L,} is the scale of L ,-spaces). By Y we denote the set of scales Yy for all
possible nonnegative values of f3, i.e.

Y ={Ys; 0< B < oo}
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From each scale Y we consider one representative, and the set of these represen-
tatives will be denoted by Xj'. The class X}’ is defined as follows:

L v (D1, Ds); kryry — (n—s)ry —sry —a =0;
1, ifl<s<k,
OO>T1 > .
Xy = s/k, ifs>k;
1, ifn—s <k,
00 > Ty >

(n—9)/k, ifn—s>k.

Denote by Qgﬂa) the set of those points (r,ry) of the plane r,Or, for which

Ly, ) (D1, Dy) € X

1,72

Let p be an integer greater than or equal to one. The class X} is defined by
the equality

X]?;p = {L( Dy, Dy); (rq,72) € QE:K) N{p <7ri,7o}}

7"117’2)(

Put
Qfg - nga) N{p <7y, 7o}

Theorem 1. If D is a bounded domain of n-dimensional Euclidean space and
s/py+(n—38)/py —1<s/qy + (n—5)/qs; 1<p, <p1 <q1,4,

then for every function f € W&jl pz)(D) the estimate

o l1—0o
1l oo SCUYAL ol o)

holds, where C is a constant independent of D, and ¢ is determined from the
equality
o=s(1/py —1/q) + (n—5)(1/py — 1/qy).

Theorem 2. If D is a bounded domain of n-dimensions, star-shaped with
respect to some ball, and f € W} (D), then, for

n/2—1<s/p; + (n—s)/p, 2 < pyy Do,

the function f belongs to the space L(pl’pQ)(D), and, moreover, the estimate

Iz, .. o) < Callflwyp):

Theorem 3. Let the positive numbers «, p,, py be such that

a>max{l—2/p;, 1-2/p,},  s/py+(n—s)/py=n/2—a
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2 < p1,py,
and let the function f € W3 (D) satisfy the condition

[) f(@) dz = 0;

17z, . oy < CalV A1, o)Ay

then

where the constant C5 depends on the domain D, but remains unchanged under
a similarity transformation.

Theorem 4. If the numbers «, p;, p, satisfy the conditions

a>max{l—2/p;, 1—2/p,}, s/py+(n—s)/py=n/2—a,

2 S P1, D2,

then for any function f in W3 (D) the estimate

£z, o < Collflym) + IV A oy A1)

holds.

Theorem 5. If D is a bounded domain of n-dimensional Euclidean space and
f € W3 (D), then the estimate

1/(n—s)
£z, ) < Cy[mes(pry, . D)] IV £z,

holds, where C is the constant from Theorem 1.

Theorem 6. If the function f € W4 (D) has a bounded vrai maxg f(x) and, for
k >k, > vraimaxg f(z), satisfies the inequalities

J

|Vf|2dx§7[ /A (f =02 de+RIE ol W
k k

where

s/p+(n—s)/py=(n/2=1)(1+¢), >0, (2)

then vraimaxp f(x) is bounded.
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Theorem 7. Let D be an n-dimensional bounded domain with piecewise
smooth boundary S, and let the function f € W}(D), for k > k, satisfy in-
equalities (1), (2).

Then vrai maxp, f(x) is estimated by a constant depending on k, Ci,7,€,m, Hf||L1(AT€),
and on the boundary S.

Theorem 8. Let f € W21(K(1+5)R), Ki5r C D, 0 >0, and suppose that for

any pair of balls K(;_,), and K, concentric with K4, with R<p(l—o0) <
p < (14 6)R, the following holds:

/

where 6,7, k, p;, py, r are fixed positive numbers, and

IVf?da <~ l(ap)‘Q/ (f =k de+p K2 4 |
A (p1,pP2 NYg

k,p(1-0o) k,p

s/pp+(n—s)/pp=n/2—1+r.

Then vraimaxy ~does not exceed a certain number determined only by

k753n7r777p1ap2 and an‘/ |f($)|2d$,
K

(1+8)R

Ay, , is the set of points 2 in K, for which f(x) > k.

Let us now consider, in a bounded domain D C E™ with boundary S, the
equation

Lu= (f%(aijuxj + a;u) +bu, +au= gi: +f (3)
with coefficients satisfying the conditions:
v&i&i < ;685 < pé&i&s v, p = const > 0; (4)
la; b7; aHLWle(Dl,Dz) < K; (5)
X272, o Wiy, o000 < 00 (6)
(ri,ms) €95, (01,05) € Ay (7)
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Theorem 9. The Dirichlet problem in D’ C D for equation (3) has no more
than one generalized solution from W, if conditions (4), (5), (7) are satisfied
and mes(pr, D’) is sufficiently small.

Theorem 10. The Dirichlet problem for equation (3) in domains D’ C D of
arbitrary size has no more than one generalized solution from W, provided that
conditions (4), (5), (7) are satisfied and a(z) < —N, where N is a sufficiently
large positive number.

Theorem 11. Let (ry,7,) € Q(Za), (¢1,92) € QS)/>2+1’ and suppose that condi-

tions (4), (5), (6), (7) are satisfied and a(x) < —N; then the Dirichlet problem
for equation (3) has a generalized solution u(z) from W for any boundary value
o(z) from Wiy.

Theorem 12. Let (ry,7,) € Qg” and suppose that the conditions

v€,&; < a;6,85 < péi&;, v, jp = const > 0, Haf, bi27 i2a a, f”L(Tl,W)(D) < K.

are satisfied. Then for any generalized solution u(x) from W} of equation (1) in
any subdomain D’ of the domain D, the quantity vrai maxp, u(z) is finite, i.e.
vrai max p |u(z)| < C,

where C' is a constant depending only on v, u, K,7y,79,8,n, |u],p) and the
distance of D’ from the boundary S of the domain D.

Theorem 13. If the conditions of the preceding theorem are satisfied and

vraimaxg |u(z)| < M,

then

vrai maxp, |u(z)|

is bounded.
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