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Abstract
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MATHEMATICS

A. Kh. Gudiev

ON THE DIRICHLET PROBLEM FOR EQUA-
TIONS WITH COEFFICIENTS BELONGING
TO SPACES WITH MIXED NORM
(Presented by Academician S. L. Sobolev on 12 I 1968)

Known results (3, 4−6) concern the first boundary-value problem for the uni-
formly elliptic equation

𝐿𝑢 ≡ 𝜕
𝜕𝑥𝑖

(𝑎𝑖𝑗𝑢𝑥𝑗
+ 𝑎𝑖𝑢) + 𝑏𝑖𝑢𝑥𝑖

+ 𝑎𝑢 = 𝜕𝑓𝑖
𝜕𝑥𝑖

+ 𝑓 (I)

with discontinuous unbounded lower-order coefficients. In particular, in (2)
conditions are given for the existence and uniqueness of a generalized solution
from 𝑊 1

2 of the Dirichlet problem for equation (I). These conditions are, in a
certain sense, not only sufficient but also necessary, i.e., in terms of 𝐿𝑝-spaces
these results cannot be improved.

However, equations are known a priori whose coefficients do not satisfy the
indicated conditions, but for which existence and uniqueness theorems for the
Dirichlet problem hold. The present paper is devoted to the study of generalized
solutions of the Dirichlet problem for such equations. Existence and uniqueness
theorems are obtained for the solution of the Dirichlet problem for equations of
the form (I) with coefficients belonging to a space with mixed norm. In addition,
conditions for boundedness of the generalized solution are given. The results
obtained cannot be improved in terms of the spaces under consideration. The
paper uses the results of (2, 3, 6).
Let 𝑠 be a natural number not exceeding 𝑛; 𝐸𝑛 is 𝑛-dimensional Euclidean space.
We shall denote each point 𝑥 ∈ 𝐸𝑛 in the form of a pair of vectors (𝑥𝑠, 𝑥𝑛−𝑠) or
(𝑥(1), 𝑥(2)), where

𝑥𝑠(𝑥1, … , 𝑥𝑠) ≡ 𝑥(1)(𝑥(1)
1 , … , 𝑥(1)

𝑛1 ), 𝑥𝑛−𝑠(𝑥𝑠+1, … , 𝑥𝑛) ≡ 𝑥(2)(𝑥(2)
1 , … , 𝑥(2)

𝑛2 ),

𝑛1 = 𝑠, 𝑛2 = 𝑛−𝑠. Let 𝐸𝑛𝑖 be the 𝑛𝑖-dimensional space of vectors 𝑥(𝑖) (𝑖 = 1, 2).
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By |𝑥(𝑖) − 𝑦(𝑖)| we shall denote the distance between the points 𝑥(𝑖) and 𝑦(𝑖) in
𝐸𝑛𝑖 ; |𝑥 − 𝑦| is the distance between 𝑥 and 𝑦 in 𝐸𝑛.

Let 𝐷 be a bounded domain in 𝐸𝑛 and 𝐷1 = 𝐷∩(𝑥(2) = const); 𝐷2 = pr𝐸𝑛−𝑠 𝐷.
Denote by 𝐿(𝑝1,𝑝2)(𝐷1, 𝐷2) the set of functions defined in 𝐷 and satisfying the
condition

∥ ‖𝑓(𝑥)‖𝐿𝑝1 (𝐷1) ∥
𝐿𝑝2 (𝐷2)

< ∞,

where

‖ ⋅ ‖𝐿𝑝𝑖 (𝐷𝑖) =

⎧{{
⎨{{⎩

(∫
𝐷𝑖

| ⋅ |𝑝𝑖 𝑑𝑥(𝑖))
1/𝑝𝑖

, if 1 ≤ 𝑝𝑖 < ∞,

vrai max
𝑥(𝑖)∈𝐷𝑖

| ⋅ |, if 𝑝𝑖 = ∞.

If in 𝐿(𝑝1,𝑝2)(𝐷1, 𝐷2) one introduces the norm by the equality

‖𝑓‖𝐿(𝑝1,𝑝2)(𝐷1,𝐷2) = ∥ ‖𝑓‖𝐿𝑝1 (𝐷1) ∥
𝐿𝑝2 (𝐷2)

,

then 𝐿(𝑝1,𝑝2)(𝐷1, 𝐷2) will be a complete normed space.

In the case when we are dealing with only one space 𝐿(𝑝1,𝑝2)(𝐷1, 𝐷2), one may
use a more convenient notation for them, namely

𝐷(𝑝1,𝑝2)(𝐷1, 𝐷2) ≡ 𝐿(𝑝1,𝑝2)(𝐷) ≡ 𝐿𝑝(𝐷).

Let 𝑎 be any nonnegative number; 𝑘 a positive integer; 𝛽 a fixed positive number.
Denote by 𝑌𝛽 the following class of Banach spaces:

𝑌𝛽 = {𝐿(𝛽𝑝,𝑝)(𝐷1, 𝐷2); max{1/𝛽, 1} < 𝑝 < ∞}.

For 𝛽 ≠ 1, 𝑌𝛽 forms a continuous scale, different from the scale of 𝐿𝑝 spaces.
Obviously,

𝑌1 = {𝐿𝑝}
({𝐿𝑝} is the scale of 𝐿𝑝-spaces). By 𝑌 we denote the set of scales 𝑌𝛽 for all
possible nonnegative values of 𝛽, i.e.

𝑌 = {𝑌𝛽; 0 < 𝛽 < ∞}.
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From each scale 𝑌 we consider one representative, and the set of these represen-
tatives will be denoted by 𝑋𝛼

𝑘 . The class 𝑋𝛼
𝑘 is defined as follows:

𝑋𝛼
𝑘 =

⎧{{{
⎨{{{⎩

𝐿(𝑟1,𝑟2)(𝐷1, 𝐷2); 𝑘𝑟1𝑟2 − (𝑛 − 𝑠)𝑟1 − 𝑠𝑟2 − 𝛼 = 0;

∞ > 𝑟1 > {1, if 1 < 𝑠 < 𝑘,
𝑠/𝑘, if 𝑠 ≥ 𝑘;

∞ > 𝑟2 > {1, if 𝑛 − 𝑠 < 𝑘,
(𝑛 − 𝑠)/𝑘, if 𝑛 − 𝑠 ≥ 𝑘.

Denote by Ω(𝛼)
𝑘 the set of those points (𝑟1, 𝑟2) of the plane 𝑟1𝑂𝑟2 for which

𝐿(𝑟1,𝑟2)(𝐷1, 𝐷2) ∈ 𝑋𝛼
𝑘 .

Let 𝑝 be an integer greater than or equal to one. The class 𝑋𝛼
𝑘;𝑝 is defined by

the equality

𝑋𝛼
𝑘;𝑝 = {𝐿(𝑟1,𝑟2)(𝐷1, 𝐷2); (𝑟1, 𝑟2) ∈ Ω(𝛼)

𝑘 ∩ {𝑝 ≤ 𝑟1, 𝑟2}}.

Put
Ω(𝛼)

𝑘;𝑝 = Ω(𝛼)
𝑘 ∩ {𝑝 ≤ 𝑟1, 𝑟2}.

Theorem 1. If 𝐷 is a bounded domain of 𝑛-dimensional Euclidean space and

𝑠/𝑝1 + (𝑛 − 𝑠)/𝑝2 − 1 ≤ 𝑠/𝑞1 + (𝑛 − 𝑠)/𝑞2; 1 ≤ 𝑝2 ≤ 𝑝1 ≤ 𝑞1, 𝑞2,

then for every function 𝑓 ∈ 𝑊̊ 1
(𝑝1,𝑝2)(𝐷) the estimate

‖𝑓‖𝐿(𝑞1,𝑞2)(𝐷) ≤ 𝐶1‖∇𝑓‖𝜎
𝐿(𝑝1,𝑝2)(𝐷)‖𝑓‖1−𝜎

𝐿(𝑝1,𝑝2)(𝐷),

holds, where 𝐶1 is a constant independent of 𝐷, and 𝜎 is determined from the
equality

𝜎 = 𝑠(1/𝑝1 − 1/𝑞1) + (𝑛 − 𝑠)(1/𝑝2 − 1/𝑞2).

Theorem 2. If 𝐷 is a bounded domain of 𝑛-dimensions, star-shaped with
respect to some ball, and 𝑓 ∈ 𝑊 1

2 (𝐷), then, for

𝑛/2 − 1 ≤ 𝑠/𝑝1 + (𝑛 − 𝑠)/𝑝2, 2 ≤ 𝑝1, 𝑝2,

the function 𝑓 belongs to the space 𝐿(𝑝1,𝑝2)(𝐷), and, moreover, the estimate

‖𝑓‖𝐿(𝑝1,𝑝2)(𝐷) ≤ 𝐶2‖𝑓‖𝑊 1
2 (𝐷).

Theorem 3. Let the positive numbers 𝛼, 𝑝1, 𝑝2 be such that

𝛼 > max{1 − 2/𝑝1, 1 − 2/𝑝2}, 𝑠/𝑝1 + (𝑛 − 𝑠)/𝑝2 = 𝑛/2 − 𝛼;
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2 ≤ 𝑝1, 𝑝2,
and let the function 𝑓 ∈ 𝑊 ′

2(𝐷) satisfy the condition

∫
𝐷

𝑓(𝑥) 𝑑𝑥 = 0;

then
‖𝑓‖𝐿(𝑝1,𝑝2)(𝐷) ≤ 𝐶2‖∇𝑓‖𝛼

𝐿2(𝐷)‖𝑓‖1−𝛼
𝐿2(𝐷),

where the constant 𝐶2 depends on the domain 𝐷, but remains unchanged under
a similarity transformation.

Theorem 4. If the numbers 𝛼, 𝑝1, 𝑝2 satisfy the conditions

𝛼 > max{1 − 2/𝑝1, 1 − 2/𝑝2}, 𝑠/𝑝1 + (𝑛 − 𝑠)/𝑝2 = 𝑛/2 − 𝛼,

2 ≤ 𝑝1, 𝑝2,

then for any function 𝑓 in 𝑊 1
2 (𝐷) the estimate

‖𝑓‖𝐿(𝑝1,𝑝2)(𝐷) ≤ 𝐶3(‖𝑓‖𝐿2(𝐷) + ‖∇𝑓‖𝛼
𝐿2(𝐷)‖𝑓‖1−𝛼

𝐿2(𝐷)).

holds.

Theorem 5. If 𝐷 is a bounded domain of 𝑛-dimensional Euclidean space and
𝑓 ∈ 𝑊̇ 1

2 (𝐷), then the estimate

‖𝑓‖𝐿2(𝐷) ≤ 𝐶1[mes(pr𝐸 𝑛−𝑠 𝐷)]1/(𝑛−𝑠)‖∇𝑓‖𝐿2(𝐷)

holds, where 𝐶1 is the constant from Theorem 1.

Theorem 6. If the function 𝑓 ∈ 𝑊 1
2 (𝐷) has a bounded vrai max𝑆 𝑓(𝑥) and, for

𝑘 ≥ 𝑘0 ≥ vrai max𝑆 𝑓(𝑥), satisfies the inequalities

∫
𝐴𝑘

|∇𝑓|2 𝑑𝑥 ≤ 𝛾 [∫
𝐴𝑘

(𝑓 − 𝑘)2 𝑑𝑥 + 𝑘2‖1‖2
𝐿(𝑝1,𝑝2)(𝐴𝑘)] , (1)

where

𝑠/𝑝1 + (𝑛 − 𝑠)/𝑝2 = (𝑛/2 − 1)(1 + 𝜀), 𝜀 > 0, (2)

then vrai max𝐷 𝑓(𝑥) is bounded.
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Theorem 7. Let 𝐷 be an 𝑛-dimensional bounded domain with piecewise
smooth boundary 𝑆, and let the function 𝑓 ∈ 𝑊 1

2 (𝐷), for 𝑘 ≥ 𝑘̃, satisfy in-
equalities (1), (2).

Then vrai max𝐷 𝑓(𝑥) is estimated by a constant depending on 𝑘̃, 𝐶1, 𝛾, 𝜀, 𝑛, ‖𝑓‖𝐿1(𝐴𝑘̃),
and on the boundary 𝑆.

Theorem 8. Let 𝑓 ∈ 𝑊 1
2 (𝐾(1+𝛿)𝑅), 𝐾(1+𝛿)𝑅 ⊂ 𝐷, 𝛿 > 0, and suppose that for

any pair of balls 𝐾(1−𝜎)𝜌 and 𝐾𝜌, concentric with 𝐾(1+𝛿)𝑅, with 𝑅 ≤ 𝜌(1 − 𝜎) <
𝜌 ≤ (1 + 𝛿)𝑅, the following holds:

∫
𝐴𝑘,𝜌(1−𝜎)

|∇𝑓|2 𝑑𝑥 ≤ 𝛾 [(𝜎𝜌)−2 ∫
𝐴𝑘,𝜌

(𝑓 − 𝑘)2 𝑑𝑥 + 𝜌−2𝑟𝑘2‖1‖2
𝐿(𝑝1,𝑝2)(𝐴𝑘,𝜌)] ,

where 𝛿, 𝛾, 𝑘, 𝑝1, 𝑝2, 𝑟 are fixed positive numbers, and

𝑠/𝑝1 + (𝑛 − 𝑠)/𝑝2 = 𝑛/2 − 1 + 𝑟.

Then vrai max𝐾𝑅
does not exceed a certain number determined only by

𝑘, 𝛿, 𝑛, 𝑟, 𝛾, 𝑝1, 𝑝2 and 𝑅−𝑛 ∫
𝐾(1+𝛿)𝑅

|𝑓(𝑥)|2 𝑑𝑥;

𝐴𝑘,𝜌 is the set of points 𝑥 in 𝐾𝜌 for which 𝑓(𝑥) > 𝑘.

Let us now consider, in a bounded domain 𝐷 ⊂ 𝐸𝑛 with boundary 𝑆, the
equation

𝐿𝑢 ≡ 𝜕
𝜕𝑥𝑖

(𝑎𝑖𝑗𝑢𝑥𝑗
+ 𝑎𝑖𝑢) + 𝑏𝑖𝑢𝑥𝑖

+ 𝑎𝑢 = 𝜕𝑓𝑖
𝜕𝑥𝑖

+ 𝑓 (3)

with coefficients satisfying the conditions:

𝜈𝜉𝑖𝜉𝑖 ≤ 𝑎𝑖𝑗𝜉𝑖𝜉𝑗 ≤ 𝜇𝜉𝑖𝜉𝑖, 𝜈, 𝜇 = const > 0; (4)

‖𝑎2
𝑖 ; 𝑏2

𝑖 ; 𝑎‖𝐿(𝑟1,𝑟2)(𝐷1,𝐷2) ≤ 𝐾; (5)

∥∑ 𝑓2
𝑖 ∥

𝐿1(𝐷)
, ‖𝑓‖𝐿(𝑞1,𝑞2)(𝐷1,𝐷2) < ∞; (6)

(𝑟1, 𝑟2) ∈ Ω(𝛼)
2 , (𝑞1, 𝑞2) ∈ Ω(0)

𝑛/2+1. (7)
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Theorem 9. The Dirichlet problem in 𝐷′ ⊂ 𝐷 for equation (3) has no more
than one generalized solution from 𝑊 1

2 , if conditions (4), (5), (7) are satisfied
and mes(pr𝐸𝑛 𝐷′) is sufficiently small.

Theorem 10. The Dirichlet problem for equation (3) in domains 𝐷′ ⊂ 𝐷 of
arbitrary size has no more than one generalized solution from 𝑊 1

2 , provided that
conditions (4), (5), (7) are satisfied and 𝑎(𝑥) < −𝑁 , where 𝑁 is a sufficiently
large positive number.

Theorem 11. Let (𝑟1, 𝑟2) ∈ Ω(𝛼)
2 , (𝑞1, 𝑞2) ∈ Ω(0)

𝑛/2+1, and suppose that condi-
tions (4), (5), (6), (7) are satisfied and 𝑎(𝑥) < −𝑁 ; then the Dirichlet problem
for equation (3) has a generalized solution 𝑢(𝑥) from 𝑊 1

2 for any boundary value
𝜑(𝑥) from 𝑊 1

2 .

Theorem 12. Let (𝑟1, 𝑟2) ∈ Ω(𝛼)
2 and suppose that the conditions

𝜈𝜉𝑖𝜉𝑖 ⩽ 𝑎𝑖𝑗𝜉𝑖𝜉𝑗 ⩽ 𝜇𝜉𝑖𝜉𝑖, 𝜈, 𝜇 = const > 0, ‖𝑎2
𝑖 , 𝑏2

𝑖 , 𝑓2
𝑖 , 𝑎, 𝑓‖𝐿(𝑟1,𝑟2)(𝐷) ⩽ 𝐾.

are satisfied. Then for any generalized solution 𝑢(𝑥) from 𝑊 1
2 of equation (1) in

any subdomain 𝐷′ of the domain 𝐷, the quantity vrai max𝐷′ 𝑢(𝑥) is finite, i.e.

vrai max𝐷′ |𝑢(𝑥)| < 𝐶,

where 𝐶 is a constant depending only on 𝜈, 𝜇, 𝐾, 𝑟1, 𝑟2, 𝑠, 𝑛, ‖𝑢‖𝐿2(𝐷) and the
distance of 𝐷′ from the boundary 𝑆 of the domain 𝐷.

Theorem 13. If the conditions of the preceding theorem are satisfied and

vrai max𝑆 |𝑢(𝑥)| < 𝑀,

then

vrai max𝐷 |𝑢(𝑥)|

is bounded.
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