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1. The class of strictly hyperbolic differential operators, first introduced and
studied in (!) and later in (2,3), is characterized by several remarkable proper-
ties. First of all, the Cauchy problem for such operators is well posed both when
time is varied forward and backward. In addition, the solutions of the direct
and inverse Cauchy problems for hyperbolic equations satisfy energy inequali-
ties which, in certain special cases (equations of mathematical physics describ-
ing oscillatory processes, symmetric and symmetrizable first-order hyperbolic
systems), turn into equalities having the meaning of conservation laws. It is
natural to require of difference operators approximating hyperbolic differential
equations that they preserve the basic qualities inherent in the latter. However,
most difference approximations used for the numerical solution of hyperbolic
equations possess so-called scheme viscosity and, as a rule, do not satisfy the
above requirements.

There arises a need to single out a class of difference operators that preserve,
on a sequence of difference grids, the basic properties of hyperbolic differential
operators. The present note is devoted precisely to this question.

2. Function spaces. In the R""! variables (¢,z) = (¢,z,,...,2,,) we consider
a one-parameter sequence of difference grids

RZ+1 — {(t7x) .t :poroh7 l'j :pjT'jh}7

where p; are integers, —oo < pj < 00, and r; are positive constants, 0 < 5 < n.
In all that follows we assume that 0 < h < hy, where h is sufficiently small.

Denote by H Lt‘l)’tl] (s and [ are nonnegative integers) the set of all grid functions
uy, (t, ) for which

Djuy(t,x) € H;(R})
for 0 <k <1, ty <t <ty —kryh, where

uh<t + 7, (E) _ uh(tvx)

Dtuh<tvx>: ir

(For the definition of the space H:(R}), see (°).)
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3. Definition of strictly hyperbolic difference operators. We first define
homogeneous strictly hyperbolic difference operators. Let h € Ri, A e Ct,
e C". Put

VP = {(hA€): [L+ilrgh| =1, [L+ihr&|=1,1<j<n}. (1)

Denote by P, (t,x;h, N\, &, €), m > 1, a function defined on R™' x V" and
possessing the following properties:

1°. P, is a polynomial in A of degree m.

2°. P, is a homogeneous function of order m on the manifold V"; in other words,
for any o € R}

P (t,z;a  hya\, o, af) = o™ P, (t,z;h, N, €). (2)

3°. P, is infinitely differentiable with respect to the variables (&,€) for &€ # 0,
and with respect to the variables (¢, x) is uniformly bounded in h, together with
all its

difference derivatives on the grid RZH; moreover, P (t,x;h,\EE) =
P, (005 hy A, & €) for [t + |z|? > R?, where R is a sufficiently large constant.

4°. Finally, the roots u'9(t,z;w,@), 1 < j < m, of the equation

P (t,z;1, p,w,w0) =0 (3)

for |1 +iw,| =1, 1 <k <mn, are all distinct and satisfy the conditions

1+ ip9(t, z;w,0)| =1 for |1+ iw,| =1, (4)

‘,u(j)(t,x;w, w) — ,u(m(t,x;w,@)‘ >0>0 forj+k, (5)

where § does not depend on ¢, z, and w. Relations (4), (5) are analogous to the
hyperbolicity condition of I. G. Petrovsky for differential equations.

The functions P

), satisfying conditions 1°—4° are called homogeneous strictly

hyperbolic functions of order m. They define on grid functions w,, (¢, x) € HLt?’tl],
s > m, | > m, strictly hyperbolic difference operators in convolutions by the

formula

Pmuh<tax> - Fil P (t,(ﬂ; haDtagangxﬁfuh(tvx)a (6)

E—xtm
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where ¢ = (&), ...,&,), & = (e?"s&% —1)/iry,, and F,_ ¢ and Fg_lw are respec-
tively the direct and inverse Fourier transforms on the grid R} of the variables
x = (xq,...,x,); the operator D, was defined above.

We shall also consider nonhomogeneous functions P(t, x; h, A, &, 5), representable
in the form

m

P(t, w30, 0, 6,8) =Y Pylt, 0,0, 6,8) + Polt, 3 h,,€), (7)
k=1

where P, 1 < k < m, are homogeneous functions satisfying conditions 1°—3°,
and P, satisfies, in addition, the hyperbolicity condition 4°; for the function B,
(generally speaking, nonhomogeneous in the variables h, ¢, €) it is assumed that
condition 3° holds and that it is uniformly bounded with respect to h, £, t, x when
& = (& —1) /ihr,.. The functions Py, 0 < k < m, define by formula (6) the
corresponding operators; here the operator P, (corresponding to the function
P,) is bounded in the spaces H(R}) for all s. We note that, for difference
schemes approximating hyperbolic differential equations, the functions P, are,
as a rule, polynomials not only in X, but also in (¢, €).

4. The Cauchy problem for strictly hyperbolic difference
operators. The energy inequality

The direct Cauchy problem for hyperbolic difference operators, just as in the
differential case, consists in finding a function u; (¢, ) satisfying, for 0 < ¢ < T7,
the equation

Puf(t,z) = fT(t,z), 0<t<T, (8)
and the initial conditions
DfuZ(tw)‘t:O =¢i(z), 0<k<m-—1 (9)

The inverse Cauchy problem is posed for negative values of ¢t and consists in
finding a function wu; (¢, x) satisfying, for =T, <t < 0, the equation

P(1—itD,)™uy (t,x) = f~(t,z), —Tp <t <0, (10)

and the initial conditions

Dfwy, (t,z)|,_ = ¢k (x), 0<k<m—1, (11)
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where the operator Dt is formally adjoint to D, and is defined by the equality

Dyuy(t,2) = (uy(t, @) —w,(t — 7,2)) /iT.

Theorem 1. For solutions of problem (8), (9), the following energy inequality
holds

s+m—1 ) m—1 s—1 ) s i
> Ptwiol,,, . =c 1> Mol ., 2Pl + X [Pl o
7=0 7=0 7=0 o<t’<t j=0

(12)

where 0 <t <T), | - | is the norm in the space H}(R}'), s > 0, s is an integer,
and C does not depend on h or u;. An analogous estimate holds for solutions
of problem (10), (11).

In the proof of Theorem 1, a certain modification of the idea of Leray—Garding
is used, which proved very useful for obtaining a similar inequality in the dif-
ferential case. It consists in the use of the so-called separating polynomial for
obtaining energy estimates (see (2)).

Theorem 2. If Ty < oo, and f*(t,z) and ¢ (x) are such that for them the
right-hand side of inequality (12) is finite for some integer s, s > 0, then a
solution of problem (8), (9) exists. An analogous assertion can be formulated,
for finite T}, for problem (10), (11).

In the proof of Theorem 2, the energy inequality (12) is used for the adjoint
operator P* (which will also be hyperbolic in the sense of item 4°) and the
Hahn—Banach theorem on the extension of a linear continuous functional.

Theorem 3. If for the operator P the estimate (12) holds and the corresponding
estimate for solutions of the inverse Cauchy problem holds for some 773, T5, and
s, 8 > 0, then the roots of equation (3) for the principal part P satisfy condition

(4).

In proving Theorem 3, solutions of a special form are substituted into the cor-
responding energy inequalities, indicating the impossibility of such an estimate
when condition (4) is not fulfilled. Theorem 3 means that the strict hyperbol-
icity conditions (4), (5) of the operator P are almost necessary for the uniform
well-posedness of the Cauchy problem in both directions and for the fulfillment
of the corresponding energy inequalities.
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