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A NEW ALGORITHM FOR OBTAINING
HIGHER APPROXIMATIONS IN THE AVER-
AGING METHOD

(Presented by Academician A. A. Dorodnitsyn, 17 III 1969)

Consider a system of ordinary differential equations in the standard form (1~3)

de/dt = eX(t, x), (1)

where € > 0 is a small parameter; t is time; x, X are elements of the Euclidean
space E,. In the domain Q{t < 0, = € E,} the vector-function X(¢,x) is
defined, Riemann integrable in ¢, and periodic with period T' = const ~ 1; it is
continuously differentiable k& times with respect to x, and there exist constants
M, \; such that

X(L o)l <M, |0X(La) /02 <A, (i =1,2,,k). (2)

Averaging the right-hand side of (1) with respect to time, we define the first
approximation £(7) as a function of 7 = &t by the equation (1)

dg/dt = eXo(£), £(0) = z(0). (3)
In (3), (5), respectively, the notation used is
T

Xo(f) =7 X(t’§> dt, Y(t,f) = X(t>£) _X0<€)' (4>

0

By virtue of (3), (4), we form the expressions *

FoEteX(n0), X(he) = / X(t,6)dt. (5)
0
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In (4), (5) the integration is with respect to ¢t with £ = const; therefore X is
periodic in ¢ with period T'. Introduce the variable ; by the formula

r =2+ er,. (6)

Below we shall show that, in turn, z; = 2, + €xy, Tg = Ty + €23,..., T;_; =
Zj,_q + exy, and the solution of (1) has the form of the series

w =T +ef{w +elTy + o+ e(Tpy + )]} (7)

Here, for k=1,...,p in (2), 2, ..., x,, respectively, will satisfy equations of the
form (1); therefore, for each x, ;, analogously to (5), one can define 7, ; as a
bounded function ** of 7,¢, ¢, periodic in ¢ with period T', and a function z, (),

bounded for 0 <t < O(1/e).

* Here 7 differs from the improved first approximation (1) in that in the integral
(5) the lower limit is not an arbitrary constant but zero, which is convenient for
what follows.

** The expression in braces in (7) differs from the higher approximations (173)
by the simplicity of its structure. The principal possibility of a difference is
that the coefficients in the expansion of z in powers of € depend on &, and
hence their determination is not unique. In the algorithm (7) the main identity
of equations (1), (8), (21), -for z,x,, s, ..., which made it possible to obtain
the error estimate (34) of the k-th approximation under a scheme previously
proposed by the author (#) for the first approximation of the averaging method,
is essential.

By virtue of (1)—(6) we obtain the differential equation for z,

dr/dt = eX|(t,zq,T,¢), x1(0) =0, (8)

where

X(t,l‘) — X(t7§) o (’)Y(t,g)

Xl(t’xlvTﬂS) = - D€ XO(&) (9)

is a periodic function of ¢ with period 7', bounded as ¢ — 0, if £, z; are bounded
and in (2) k > 2. Indeed, for kK = 1,2 in (2), for X (¢, z) the one- and two-term
Taylor expansions in powers of z — & = e(X + ) are valid, from which and (9)
it follows that
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0X(t ~
oX (1, ¢) 6(2712:1) (Xt ),
Xl(t7x177—75)+7’X0(§) = 2
3§ aX(ta ) S ed X<t7z2) S 2
— (X ———= (X
8{ ( +$1> + 2 82’% ( —|—.Z‘1> ’
(10)
(107)
where
i =E6+0e(X+2), 0<6,<1, i=12, (11)

are intermediate values of the variables in the remainder terms of the Taylor
series. In view of (2), the first and second derivatives of X with respect to
z =¢, 21, 29 are bounded by the constants \;, Ay, respectively.

From (2) and the properties of the functions X, X, X , periodic in t, it follows
that

LR e, X6 <M, 9X(1,6)/96 < AT (12)

N

Passing from (8) to the equivalent integral equation*®, representing the solution
of the latter in the form of a Picard successive-approximation series, taking into
account (12) and k = 1 in (2), we obtain the majorant estimates #, valid for any
e >0,

|z, | < 2TM(expert —1),  e|X +a,| <eTM(2expert—1),  (13)

whence it is seen that |z,| ~ 1, |z — | ~ € on intervals ¢ ~ 1/e. The Lipschitz
constants for (1), (8) coincide, since by virtue of (6), (9)

0X,/0x, = 0X/0x. (14)

Let us estimate (10) with the aid of (12) and bound the result from above by a
constant M:

| Xy | < Ayl +20MTM < My, (15)

which holds on an interval [0,¢*], in general finite, on which |z, (¢)| ~ 1, i.e. t* ~
1/e.

Substituting (10”) with ¢ = 0 into (8) and averaging, we obtain
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dgl/dt = EX?(glaT)a 51(0) = 07 (16)

where

1 T
X6 = 7 [ X670 dt = alr)g +b(r) a7)
0

1 (Toax, () 1 [TOX(LE()
a(t) = T/O Tdt, b(r) = T/o TX(t,E(T)) dt.

By analogy with (5) we form the expressions

t
‘fl = gl +€X1(t7£177-7€>7 Xl(t,€1,7,5) :/ Xl(tvglaTvs) dt? (18)
0

* For more detail, see the analogous passage from (21) to (25).
where
Xl(taglv’rag):Xl(t7£137-75>_X?(§177—)' (19)

In (17), (18) the integration is with respect to t, with &;, 7 constant; the prop-
erties of the functions X, X; are analogous to those of X, X.

Introducing the variable x, by the formula

xl :El +Em2 (20)

and taking into account (8), (16)—(19), we obtain the equation

dx2/dt = 5X2<t,$2,7', 6)) 1‘2(0) = Oa (21)

where

X1<t,$1,7',€) - X1<t7£1777€)

X2(ta$23775) - -

- f(tafla’rvg)a

ay1 (ta gla T, 8)
23]

821@76177—76)

X(l)(§177—) + 85

ft,&,7,8) = Xo(6). (22)
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Equation (21) will have the form (8) if the expression (22) is bounded as ¢ — 0;
for this it is sufficient that X, (¢,z;,7,€) be continuously differentiable with
respect to x, i.e. k = 2 in (2). Substituting into (22) the one- and two-term
Taylor expansions of X, (t,z,,7,¢) in powers of (z; —&;) = e(X, + 2), which
correspond to k = 2,3 in (2), we obtain the expressions

0X,(t,z,7,€) =

P (X +z5),
Xo(t,xg, m,8)+f(t,&,T,€) = “a
2\Y s 1y ) s by -
aXl(t7£17T7€> 5 EaQXl(tVZQaTaE) e 2
IS T8 (% e AL LKA NG g
o€, ( 1"‘%)"‘2 922 (X1 +22)%,
(23, 23")

where, by z;, 29, analogously to (11), intermediate values of the variables in the
remainders of the Taylor series are denoted. By virtue of (2), (6), (9), (14), the
first and second derivatives of X; with respect to z = &;, 2;, 25 are bounded by
constants A;, Ay, respectively.

From (2), (15) and the properties of the functions X, X,, X, that are periodic
in ¢, inequalities analogous to (12) follow:

0X,
— | <\ T. 24
851 1 ( )

%’5{1|7 |X?|§Mla ‘

We pass from (21) to the equivalent integral equation

t
S / X, (t 2y, 7€) di (25)
0

and represent the solution of (25) in the form of a series of successive Picard
approximations

Ty = a3 + (23 —wp) -+ (@F —ag ™) oy (26)
where
t
z9 =0, xy = E/ Xo(t,z=t 7 e) dt. (27)
0

Using (24) and k = 2 in (2), we establish the inequalities

Aet)”
lzd| < TM'\et, ..., |ah—ab 1] < TMl%,.,_; M = 2M, +M. (28)
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Hence the series (27) converges uniformly with respect to x,, and the estimate
holds

|zo| < TM!(exp A\jet — 1), (29)

from which it is seen that on intervals t ~ 1/e, x5 ~ 1, and

loy — & | = e| X, + 2| < T [M(exp At — 1) + M| ~ &. (30)

With the aid of (14), (20)—(22) it is easy to show the coincidence of the Lipschitz
constants for (1), (21). The estimate for (23), analogously to (15), is fulfilled in
ob—

seek on the finite interval [0,¢*], where t* ~ 1/e:

[ Xa| < Alwg| + M TM < M. (31)

Consider the functions

S| =T + ey, S;=T+¢e§ (S = 81 +e2%xy), (32)

for which, by virtue of (5), (6), (12), (18)—(20), (29), (30), (32), on intervals
t ~ 1/e we have

r— 8, =%z, ~ 2, r— 5 =eX(X) +z9) ~ 2 (33)

Consequently, S is the second approximation and consists of the first approx-
imation £ ~ 1 and terms ~ e: the vibrational term €X and the smooth term

€&;.

Expression (23") and the constant M, in (31) are written out for the construction
of &, €X,, x4, and of the third approximation S,, for which it is sufficient to
take k = 3 in (2). Obviously, for z; we obtain an equation of the form (1); the
same applies to ,,, p < k. As a result, the algorithm (7) and the generalizing
estimate (4) hold:

Theorem. Under condition (2), and for any & > 0, for the difference between
the solution of (1) and the k-th approximation S,_; the following majorant
estimate is valid*

[z =S, 1| <Ce¥, 0<t<0(1/e), (34)

where C is a constant; S, _; = S,_; +¢eFX,_; is the part of the series (7) when
ry, = 0; X,_; is defined by a relation of the form (5), (18).
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Remark 1. The requirements on the right-hand side of (1) can be weakened:
Riemann integrability in ¢ may be replaced by Lebesgue integrability, and in
x, instead of k, one may restrict oneself to (kK — 1) continuous derivatives and
fulfillment, for almost every t, of the Lipschitz condition for the derivative of
order (k—1),

OF1X(t,x) _o

|F(t,2") — Fi.(t,27)] < A\l — 27|, F(t,z) = Oxk-1 7 S
X(t,x), k=1.

(35)

Then estimate (34) will be valid almost everywhere on the interval 0 < t <
O(1/e). Indeed, in (35) F},(t, x) is a function of x of bounded variation, Lebesgue
measurable in ¢, and 0F),/0x exists almost everywhere in the domain @ and is
bounded by the constant A,. Consequently, almost everywhere in the domain
Q, the variables 1, ..., z; will satisfy differential equations (8), (21), etc., whose
right-hand sides are Lebesgue integrable, and the successive Picard approxima-
tions for the variables will converge uniformly to z, ..., x;. Thus the estimates
previously obtained for |z, | and [x—S,_;[—the error of the p-th approximation™*
—will be valid almost everywhere on intervals ¢ ~ 1/¢.

Remark 2. The results of this paper are readily extended to the case in which
¢ enters the right-hand side of (1) nonlinearly and the function X(¢,xz,¢) is
continuously differentiable (k — 1) times with respect to e.
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