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In the present paper a homotopic method is indicated for computing the index of
a locally trivial family of Fredholm structures of pseudodifferential operators on
manifolds with boundary, studied in (%), and in particular of families of elliptic
differential boundary-value problems. This clarifies the homotopic structure of

the space of Fredholm structures of pseudodifferential operators (cf. the program
of I. M. Gel' fand (7)).

Let us note that the index of a family of pseudodifferential operators on closed
manifolds was computed in the work of B. Shih (3).

1. Let M — X be a locally trivial fibration over a Hausdorff compactum
X, whose typical fiber is a smooth compact Riemannian manifold with
boundary (smoothness everywhere means belonging to the class €*°). As-
sociated with this fibration are: the fibration M’ — X of the boundaries
M, of the fibers M, of the fibration M (here and below x € X); the fibra-
tion T' — X of the tangent fibrations 7, of the manifolds with boundary
M, ; the fibration N — X of the normal fibrations N, of the boundaries
M; the fibration 77 — X of the tangent fibrations 7., of the boundaries

Let £ — X denote the fibration of Hermitian fibrations E, over M,, asso-
ciated with the fibration M — X. This fibration generates over X the Ba-
nach fibrations H )P (M; E), H*P(M;E), B5P(M';E|M’), —00 < s < o0,
1 < p < o0, whose fibers are the Banach spaces H " (M,; E,), H*P(M,; E,),
B5P(ML; E|M.) (*). Here and below a vertical bar denotes restriction.

For ps > 1 the restriction epimorphism is defined:
§: HP(M; E) — B~YpP(M'; E|M").
For ps < p — 1 the dual cosection homomorphism is defined

' BSHIUPE (M EIMY) — HP(M; E).
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Let M; = M\ M’. A homomorphism of fibrations
P CF(My; Ey) — C(M,y; Ey)

will be called pseudodifferential of class P"(M; E,, E,), if P, are pseudodif-
ferential operators of classes P"(M,; E;,, F5,). These homomorphisms extend
(see (*)) to homomorphisms

P(<(f)) P HGP (M Ey) — 7P (M Ey).

The family of symbols o(P,) of the operators P, determines a homomorphism
of fibrations o(P) : Ef — EJ, where ET,EI] are the lifts of the fibrations
E,, E, to the space T}, of nonzero elements of the fibration 7. Similarly, the
family of indicators ¢(P,) of the pseudodifferential operators P, (*) determines
a homomorphism ¢(P) of the corresponding Banach fibrations over T, the space
of nonzero elements from 7”.

For what follows fix a number p strictly between 1 and oco. Let P €
PT(M;Ey, Ey), P, € P"(M; F\,E,), P, € P2(M; Ey, F,), where F}, F, are
fibrations over X of Hermitian fibrations F},, F;, over M, . For any s such that
s;=8—r+r, <1—1/p, s =5—1y>1/p,

define an augmentation of the pseudodifferential homomorphism

Piyy : HGP(M; By) x BH-1ee (MY Fy | M)

— H5P(M; E,) x B2~ /PP(M'; Fy|M’)

of the form

PBioy (u,v) = (P(smu + Pls(lmé*v7 5P2$(20)u).

The augmentation P(Sm is called Fredholm if all the corresponding augmentations
B0, are Fredholm (4). For Fredholm augmentations the index is defined in the
sense of (5).

2. A pseudodifferential homomorphism P € P7(M; E,, E;) will be called
simple if the restriction of the homomorphism (P) to T|M’ has the form
a(P)(§) = (ve+ile])" 8™, where £ € T|M’, (¢, 7,) are the (scalar) normal
and tangential components of the vector £, and 8™ is the lifting of some
isomorphism S € Iso(E|M’, Ey|M").

Let U — X be a fibration of tubular neighborhoods U,, of the boundaries M, in
M,,. Let ¢ be a continuous function on U such that ¢|U, € E2°(U,), 0 < ¢ <1,
»|M’" = 1. Introduce pseudodifferential homomorphisms P (F) € P"(M; E, E)
with real ¢, for which
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a(PP(E))(€) = [(ve —ilre])!(ve +ilme)™ To(me) + il€]"(1 — p(me))] 1,

where § € T, mg is the projection of § onto M, (v, 7,) are the (scalar) normal
and tangential components of  for m, € U, and 1, is the identity endomorphism
in E.

Define: the augmentation [P;_ (E)[7, by means of P, =0, P, = 0; the aug-

mentation [B;_,_; (E)]{, by means of P1 =0, P, = P (F); the augmentation
[‘BPHI(E)] by means of P, =P (E), P,=0.

Lemma 1. The augmentations [B;_,(E)[%y), [Br_s—1(E)]{y), Br_si1 (E)], are
Fredholm. Their indices are equal to 0 € K(X).

Theorem 1. Let ‘Bf()) be a Fredholm augmentation of a homomorphism P €

P"(M; E,, E,). Then there exist such fibrations E = E,&E, F, = F,&F, F, =
F, @ F, that the Fredholm augmentation

m(&m 57 [%;—S(E)](&o) 2] [m;75+1(ﬁ2)] 2] [ r—s— I(Fl)] (0)

is homotopic in the space of Fredholm augmentations to the Fredholm augmen-
tation 2]3?0) of some simple pseudodifferential operator P.

The indicated homotopy is constructed effectively, on the basis of linearization
(cf. (1)).

Remark. From the theorem there follows, in particular, the homotopic trivi-
ality of the restriction of the homomorphism o(P) to every tangent sphere of
the manifolds with boundary M. In the case where P is a differential operator
admitting an elliptic boundary-value problem, this was proved by M. Atiyah
and R. Bott in (1). Theorem 1 may be regarded not only as a generalization,
but also as a refinement of the result of M. Atiyah and R. Bott in view of the
special character of the homotopy.

Theorem 2. The index of the augmentation ‘]3(50> is equal to the index of the
augmentation ;ﬁfo)

3. M. Atiyah and I. Singer computed the index of a Fredholm pseudodif-
ferential homomorphism for empty M’ and one-point X. One of their
methods (6) directly generalizes to the computation of the index in the
sense of (5) of a Fredholm simple pseudodifferential homomorphism. For
this purpose consider an embedding ¢ of the fibration M into a trivial finite-
dimensional vector fibration V' over X. Following (6), introduce an almost
complex structure in the fiberwise tangent fibration T'W of a normal tubu-
lar neighborhood W of the space M in V. Then the Thom isomorphism
v; : K(T) — K(TW) is defined (6). The embedding k : W — V generates
the imbedding
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embedding k, : K(TW) — K(TV). On the other hand, if the zero section
j: X — V of the bundle V is regarded as an embedding in V of the identity
family of zero-dimensional manifolds X — X, then there is a Thom isomorphism
w;: K(X)— K(TV).

If P is an elliptic simple homomorphism, then the homomorphism o (P) deter-
mines a certain element [5(P)] € K(T) (%).

Theorem 3. Let P € P"(M; E;, E,) be a Fredholm simple pseudodifferential

homomorphism. Then the index of the homomorphism Fj is equal to

@5 ko (P)].

Let FT',FJ be the lifts of the bundles F,|M’, F,|M’ to T;. If P§ is a Fred-
holm framing of a simple morphism P by means of P;, P,, then the product of
homomorphisms

515(0)(P2) t(so)(P)f1 tf&)(Pl)é*

defines an isomorphism F7* g Fr ", which may be regarded as the symbol of a
certain Fredholm homomorphism

P’ € Pritra (M Fy|M7, Fy| M).

Theorem 4. If ‘]3(30> is a Fredholm framing of a simple homomorphism P, then
the index ind ‘,]3?0) is equal to the sum of the indices

ind P(SO) + ind P/fo) .
Theorems 1-4 give a homotopy method for computing the index of any Fredholm

framing.

4. We shall say that a homomorphism P € P"(M; E,, E,) satisfies condition
(D) if all operators P, satisfy condition (D) from (*). In this case a
(D)-homomorphism is defined

P 5P (M; Ey) — K5 (M; Ey).

Let P, € P"\(M; F\,E,), P, € P™2(M; E,,F,). If P and P, satisfy condition
(D), then one can define a (D)-framing

RS - HOP(M; Ey) x BSHee (M Fy M) —
= JTTP (M Ey) x B2 VPP (M Fy| M)

of the form
P (u,v) = (P + Pf}oé*v, 5P;%u),

under the conditions s; =s—r+r; <1—1/p, s =5—19>1/p.
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Lemma 2. If P € P"(M;E,, E,) satisfies condition (D), then the product
of homomorphisms PP?(E,) belongs to P"(M; E,, E,). (Here P°(E,) is the
homomorphism from item 2.)

Therefore to a (D)-framing B* one can assign the framing ()7, of the homo-
morphism
Py = PP)(E))

by means of
Pyy = Py, on:PQP?(E1)-

Since the homomorphism [P?(E;)]§ is Fredholm and its index is equal to 0 (by
Lemma 1), it follows that

Theorem 5. A (D)-framing B* is Fredholm if and only if the framing (‘Bo)fm
is Fredholm. Moreover, the indices of the two framings coincide.

Remark. Theorem 5 indicates, in particular, a method for computing the index
of an elliptic differential boundary-value problem, which gives a solution of I. M.
Gel' fand’ s problem (7) (cf. (1)).

5. The results set forth generalize to Fredholm framings of systems of A.
Douglis—L. Nirenberg pseudodifferential homomorphisms.
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