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PHYSICS

B. L. LIVSHITS, V. N. TSIKUNOV

GENERATION OF INDUCED RADIATION IN
A DISPERSION RESONATOR
(Presented by Academician I. V. Obreimov, 15 XI 1968)

In order to tune the frequency composition of generation, dispersion resonators
are used, which makes it possible either to narrow the spectral width of gener-
ation or to substantially change the mean frequency of the generated radiation
(1−4). The calculations we have carried out made it possible to obtain the
spectral characteristics of the radiation as a function of the parameters of the
dispersion resonator.

If 𝑁𝑖 is the number of photons in a mode; 𝑛 is the density of the inverted
population; 𝑛0 is the density of the inverted population that would exist in the
absence of generation; 𝑔𝑖 is the amplitude of the luminescence contour at the
frequency of the 𝑖-th mode; 𝛾𝑖 are the relative losses in the 𝑖-th mode; 𝐿 is
the resonator length and 𝐷 is a coefficient proportional to the probability of an
induced transition; 𝜏e is the characteristic pumping time, then the generation
process in a plane resonator, taking into account the axial inhomogeneity of the
modal field, is described by the system of equations (5)

𝑑𝑛
𝑑𝑡 = −𝑛 − 𝑛0

𝜏e
+ 2 ∑

𝑘
𝐷𝑔𝑘𝑁𝑘𝑛

(1 − cos 2𝜋𝑚𝑘𝑧
𝐿 ) ; (1)

𝑑𝑁𝑖
𝑑𝑡 = −𝛾𝑖𝑁 𝑖 + ∫

𝐿

0
𝐷𝑔𝑖𝑁 𝑖𝑛 (1 − cos 2𝜋𝑚𝑖𝑧

𝐿 ) 𝑑𝑧. (2)

We shall regard the resonator as tuned to the center of the luminescence line,
where the mode with number 0 falls (the counting of modes is carried out from
zero, in both directions). In this case

𝑔𝑖 = 𝑔/(1 + 𝛽𝑖2),

where 𝛽 = (𝛿𝜈/Δ𝜈)2; 𝛿𝜈 is the spacing between neighboring modes; 2Δ𝜈 is the
width of the luminescence curve at half intensity.
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In the stationary case this system of equations can be reduced to a system of
quadratic equations

𝛾𝑖(1 + 𝛽𝑖2)/𝛼 − 1/(1 + Σ𝑄𝑘) + 1/2𝑄𝑖/(1 + Σ𝑄𝑘)2 = 0. (3)

Here 𝑄𝑖 = 2𝐷𝑔𝑖𝑁 𝑖𝜏e, 𝛼 = 𝐷𝑔𝐿𝑛0.

Let the losses depend quadratically on the mode number 𝑖, and let the center
of the dispersion curve coincide with the center of the luminescence line; then

𝛾𝑖 = 𝛾0(1 + 𝜉𝑖2), (4)

where 𝛾0 is the loss in the central mode, and 𝜉 characterizes the steepness of
the dispersion curve.

Taking into account the condition 𝑄𝑗 ⩾ 0, from equation (3), with (4) taken into
account, we find 𝑗—the number of the outermost mode entering into generation
at the given pumping. To determine this number 𝑗, the inequality obtained is

𝛼 ⩾ (1 + 𝛽𝑗2)2(1 + 𝜉𝑗2)2

1 − (𝛽 + 𝜉) [8/3𝑗3 − 𝑗2 − 2/3𝑗] − 𝛽𝜉 [16/5𝑗5 − 𝑗4 − 4/3𝑗3 + 2/15𝑗] . (5)

The threshold occurs at 𝛼 = 1. With a further increase in 𝛼, fewer modes enter
generation than for the same 𝛼 in the case of an ordinary resonator. If 𝑗 ≫ 1,
then condition (5) is simplified, and it can be rewritten in the form

2𝑗 ≤ 3√𝛼 − 1
𝛼

3
𝛽 + 𝜁 . (6)

The limiting number of modes 2𝑗lim does not exceed the quantity 31/3(𝛽+𝜁)−1/3.
By varying the steepness of the loss curve, one can substantially narrow the
radiation spectrum. Thus, for 𝜁 = 10−2, 𝛽 = 10−4, the generation spectrum
is narrowed by a factor of 5. For clarity it may be noted that the loss curve
is characterized by a large steepness; specifically, the losses upon displacement
from the center of the luminescence line by 5 cm−1 must increase by a factor of
100 compared with the losses on the central mode.

If the minimum of the loss curve is shifted with respect to the center of the
luminescence line into the region, say, of the 𝑙-th mode, i.e.,

𝛾𝑖 = 𝛾0[1 + 𝜁(𝑙 − 𝑖)2], (7)

then it is interesting to trace how the frequency corresponding to the onset of
generation is tuned as a function of changes in the parameters 𝑙 and 𝜁.
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Solving equation (3) with allowance for relation (7), one can determine the
number of the mode 𝑖0 on which generation will begin. The value 𝑖0 is found
from the relation

𝛼(𝑖0) = 𝛼min,

where

𝛼(𝑖0) = [1 + 𝜁(𝑙 − 𝑖0)2](1 + 𝛽𝑖2
0). (8)

Here a number of interesting situations arise.

Let 𝛽 = 𝜁; then, for displacements

𝛿𝜈 ⋅ 𝑙 ≤ 2Δ𝜈, (9)

generation begins on the mode 𝑖0 = 𝑙/2, and

𝛼thr = (𝛽𝑙2/4 + 1)2. (10)

If, however,

𝛿𝜈 ⋅ 𝑙 ≥ 2Δ𝜈, (11)

then generation occurs on two modes with numbers

𝑖0 = 𝑙
2 ± 1√𝛽

√𝛽𝑙2
4 − 1, (12)

and in this case

𝛼thr = 𝛽𝑙2.

Fig. 1. Curves of the dependence of the frequency 𝑖0𝛿𝜈, at which generation
begins at threshold pumpings, on the quantity 𝑙𝛿𝜈 (the difference between the
frequencies corresponding to the minimum of the loss curve and the center of the
luminescence line) in the case when: ΔΓ = 2Δ𝜈 (1); ΔΓ = Δ𝜈 (2); ΔΓ = Δ𝜈/2
(3).

Thus, as the minimum of the dispersion curve is gradually moved away from
the center of the luminescence curve (the quantity 𝑙 increases), the generation
spectrum splits and will group in the region of two frequencies, one of which
tends toward the frequency corresponding to the minimum of the dispersion
curve, while the other “returns”to the center of the luminescence curve.
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It is convenient to introduce the width of the dispersion curve 2ΔΓ as the
distance between the frequencies where the losses increase by a factor of 2.
Then from the analysis of (8) it can be established that splitting of the initial
generation frequency occurs in that and only that case when Δ𝜈 = ΔΓ (𝛽 =
𝜁) [6]. For other relations between these parameters, say ΔΓ > Δ𝜈, at the
initial stage, as 𝑙 increases, the initial generation frequency will shift toward the
dispersion curve; with further growth of 𝑙, it will return to the center of the
luminescence line. It will be difficult to achieve substantial frequency tuning.

Figure 1 shows the dependence of the initial generation frequency 𝑖0𝛿𝜈 on the
value of the shift 𝑙𝛿𝜈, measured in units of Δ𝜈. Three cases are considered,
corresponding to: Δ𝜈 < ΔΓ (ΔΓ = 2Δ𝜈) (1); Δ𝜈 = ΔΓ (2); Δ𝜈 > ΔΓ
(ΔΓ = Δ𝜈/2) (3).

For tuning to be achieved, it is necessary that ΔΓ be less than Δ𝜈. Then, as 𝑙
increases, the magnitude of the shift (from the center of the luminescence line)
of the initial generation frequency will also increase.

In the present work a quadratic dependence of losses on frequency has been
considered. This makes it possible to use the theoretical data obtained for
analyzing the operation of resonators in which Fabry—Perot etalons or dispersing
prisms are used as discriminators. In this case it is necessary to know only the
value of ΔΓ for the corresponding dispersion curve.
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Note: Figure translations are in progress. See original paper for figures.
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