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MATHEMATICS

F. S. ROFE-BEKETOV

SELF-ADJOINT EXTENSIONS OF DIFFER-
ENTIAL OPERATORS IN A SPACE OF VEC-
TOR FUNCTIONS
(Presented by Academician A. A. Dorodnitsyn on 10 VI 1968)

1. In the present note we establish the general form of self-adjoint boundary-
value problems on the finite interval [0, 𝑏] for differential equations 𝑙[𝑦] =
𝜆𝑦 of arbitrary order 𝑚 with continuous operator coefficients. For a scalar
quasi-differential expression of even order with real coefficients, a descrip-
tion of all self-adjoint extensions on the interval [0, 𝑏] was given in the
work of M. G. Krein (1) and is presented in the monographs (2,3 ). For
the algebraic study of scalar boundary-value problems (Bôcher, etc.) see
(4).

2. The basis of the proposed investigation is the concept, introduced by us,
of a Hermitian relation.

Definition. A binary relation 𝜃 given in some Hilbert space 𝐻 is called Hermi-
tian if from 𝑥𝜃𝑥′, 𝑦𝜃𝑦′, where 𝑥, 𝑥′, 𝑦, 𝑦′ ∈ 𝐻, it follows that

(𝑥′, 𝑦) − (𝑥, 𝑦′) = 0, (1)

and from the validity of (1) for certain 𝑥, 𝑥′ ∈ 𝐻 with all pairs 𝑦𝜃𝑦′ it follows
that also 𝑥𝜃𝑥′.

For each pair 𝑥𝜃𝑥′ construct the vectors 𝑥± = 𝑥′±𝑖𝑥. By the equality 𝑈𝜃𝑥+ = 𝑥−

a unitary operator 𝑈𝜃 is defined, which we shall call the Cayley transform of
the Hermitian relation 𝜃.
Theorem 1. Whatever the self-adjoint operator 𝐴 and the unitary operator 𝑈 ,
the relation defined by either of the equations

cos𝐴 ⋅ 𝑥′ − sin𝐴 ⋅ 𝑥 = 0, (2)

(𝑈 − 𝐼)𝑥′ + 𝑖(𝑈 + 𝐼)𝑥 = 0, (3)
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is Hermitian. Conversely, every Hermitian relation 𝑥𝜃𝑥′ is representable in the
forms (2) and (3), where the unitary operators −𝑒2𝑖𝐴 and 𝑈 determine the
relation 𝜃 uniquely and are its Cayley transform 𝑈𝜃.

Corollary. Any Hermitian relation 𝑥𝜃𝑥′ can be represented in the form 𝑥′ =
𝐴1𝑥 + 𝑥⟂, where 𝑥 ∈ 𝐻1, 𝐻1 is some subspace of 𝐻, 𝑥⟂ ∈ 𝐻⟂

1 , and 𝐴1 is a
self-adjoint operator in 𝐻1, possibly unbounded*.

Theorem 2. Let 𝐵 and 𝐶 be arbitrary bounded operators on all of 𝐻. The
relation 𝜃 defined by them,

𝑥𝜃𝑥′ ↔ 𝐶𝑥′ − 𝐵𝑥 = 0 (4)

is Hermitian if and only if the operators 𝐵 ± 𝑖𝐶 are invertible on their ranges
and the operator 𝑈 = (𝐵 + 𝑖𝐶)−1(𝐵 − 𝑖𝐶) is unitary. Under these conditions
the relation 𝜃 can be represented through the operator 𝑈 by formula (3).

* Thus, the known general form of self-adjoint boundary conditions for elliptic
differential equations (5) also admits interpretation from the point of view of
the concept of Hermitian relations.

Corollary. If dim𝐻 < ∞, relation (4) is Hermitian if and only if 𝐵𝐶∗ = 𝐶𝐵∗

and det(𝐵𝐵∗ + 𝐶𝐶∗) ≠ 0.
We shall say that a relation 𝜃 is the closure of 𝜃 if the graph ̃𝜃 in 𝐻 ⊕ 𝐻 is the
closure of the graph of 𝜃.
Theorem 3. Let the operators 𝐵 and 𝐶 in (4) be arbitrary (possibly un-
bounded, nonclosed, and with domains 𝐷𝐵 and 𝐷𝐶 not dense in 𝐻). In order
that the closure ̃𝜃 of the relation 𝜃(4) be Hermitian, the following conditions are
necessary: 1. The linear span 𝐷𝐵 ∪ 𝐷𝐶 is dense in 𝐻. 2. The operators 𝐵 ± 𝑖𝐶
are invertible on their ranges. 3. The operator

𝑈1 = (𝐵 + 𝑖𝐶)−1(𝐵 − 𝑖𝐶)
in 𝐻1 = 𝐷𝐵 ∩ 𝐷𝐶 has a closure 𝑈1, which is unitary. 4. 𝐵{𝐷𝐵 ∩ 𝐷⟂

𝐶} = {0},
𝐶{𝐷𝐶 ∩ 𝐷⟂

𝐵} = {0}. Conditions 1–4, together with condition 5.

𝐷𝐵 ∩ 𝐷𝐶 = 𝐷𝐵 ∩ 𝐷𝐶 ,

become sufficient for the Hermiticity of ̃𝜃, and the Cayley transform of the
relation ̃𝜃 is then given by the formula

𝑈 ̃𝜃 = 𝑈1 ⊕ 𝐼𝐷⟂
𝐵

⊕ (−𝐼𝐷⟂
𝐶

).

3. Let ℋ(0, 𝑏) be the Hilbert space of vector-functions with values in the sepa-
rable Hilbert space 𝐻 and with scalar product

⟨𝑥, 𝑦⟩ = ∫
𝑏

0
(𝑥(𝑡), 𝑦(𝑡))𝐻 𝑑𝑡.
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Consider in ℋ(0, 𝑏) a differential operation 𝑙[𝑦] of order 𝑚. For 𝑚 = 2𝑛 put

𝑙[𝑦] =
𝑛

∑
𝑘=1

(−1)𝑘{(𝑝𝑛−𝑘𝑦(𝑘))(𝑘) − 𝑖[(𝑞𝑛−𝑘𝑦(𝑘))(𝑘−1) + (𝑞𝑛−𝑘𝑦(𝑘−1))(𝑘)]} + 𝑝𝑛𝑦. (5)

Let all operator coefficients be self-adjoint:

𝑝𝑘(𝑡) = 𝑝∗
𝑘(𝑡), 𝑞𝑘(𝑡) = 𝑞∗

𝑘(𝑡) (6)

and depend continuously on 𝑡, together with their derivatives up to order 𝑛 − 𝑘
inclusive, and suppose that 𝑝−1

0 (𝑡) exists and is bounded for 𝑡 ∈ [0, 𝑏]*. Define
for the operation (5) the quasiderivatives 𝑦[𝑘] by the formulas**

𝑦[𝑗] = 𝑦(𝑗) (𝑗 = 0, 1, … , 𝑛 − 1); 𝑦[𝑛] = 𝑝0𝑦(𝑛) − 𝑖𝑞0𝑦(𝑛−1),

𝑦[𝑛+𝑘] = − 𝑑
𝑑𝑡𝑦[𝑛+𝑘−1] + 𝑝(𝑛−𝑘)

𝑘𝑦 + 𝑖 [𝑞𝑘−1𝑦(𝑛−𝑘+1) − 𝑞(𝑛−𝑘−1)
𝑘𝑦 ]

(𝑘 = 1, … , 𝑛; 𝑞𝑛 ≡ 0; 𝑙[𝑦] ≡ 𝑦[2𝑛]).

Let 𝐿 be the operator generated by the expression 𝑙[𝑦] on the set 𝐷 of all such
𝑦(𝑡) ∈ ℋ(0, 𝑏) with 𝑚 − 1 absolutely continuous (quasi-)derivatives for which
𝑙[𝑦] ∈ ℋ(0, 𝑏), and let 𝐿0 be the restriction of 𝐿 defined by the conditions

𝑦0 = 𝑦[1]
0 = ⋯ = 𝑦[𝑚−1]

0 = 0, 𝑦𝑏 = 𝑦[1]
𝑏 = ⋯ = 𝑦[𝑚−1]

𝑏 = 0, (7)

where 𝑦[𝑘]
0 = 𝑦[𝑘](0), 𝑦[𝑘]

𝑏 = 𝑦[𝑘](𝑏), 𝑘 = 0, 1, ….

Denote
𝐻𝑚 = 𝐻 ⊕ ⋯ ⊕ 𝐻

(𝑚 summands), and let (⋅, ⋅)𝑚 be the scalar product in 𝐻𝑚. To each vector-
function 𝑢(𝑡) ∈ 𝐷 we associate a pair of vectors 𝑢̂, 𝑢̂′ ∈ 𝐻𝑚 (for 𝑚 = 2𝑛):

𝑢̂ = {𝑢0, 𝑢′
0, … , 𝑢(𝑛−1)

0 , 𝑢𝑏, 𝑢′
𝑏, … , 𝑢(𝑛−1)

𝑏 },

𝑢̂′ = {𝑢[2𝑛−1]
0 , 𝑢[2𝑛−2]

0 , … , 𝑢[𝑛]
0 , −𝑢[2𝑛−1]

𝑏 , −𝑢[2𝑛−2]
𝑏 , … , −𝑢[𝑛]

𝑏 }. (8)

* These requirements are easily weakened by considering 𝑙 as a quasidifferential
operation.

** For 𝑞0 = 𝑞1 = ⋯ = 𝑞𝑛−1 = 0 our definition coincides with that adopted in
(1−3).
Then for operation (5) Lagrange’s identity is written in the form

⟨𝑙[𝑥], 𝑦⟩ − ⟨𝑥, 𝑙[𝑦]⟩ = ( ̂𝑥′, ̂𝑦)𝑚 − ( ̂𝑥, ̂𝑦′)𝑚. (9)

Lemma 1. The equality 𝐿∗
0 = 𝐿 is valid.
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An essential point in the proof of Lemma 1 is

Lemma 2. The manifold of vector solutions 𝑦 = 𝑦(𝑡) of the homogeneous
equation of arbitrary order 𝑚:

𝑦(𝑚) + 𝑔1(𝑡)𝑦(𝑚−1) + ⋯ + 𝑔𝑚(𝑡)𝑦 = 0

with arbitrary continuous operator coefficients 𝑔𝑘(𝑡) forms a subspace in ℋ(0, 𝑏)
(i.e., a closed one), since the dependence between the solutions 𝑦(𝑡) ∈ ℋ(0, 𝑏)
and their Cauchy data is mutually continuous.

From (9), Theorem 1, and Lemma 1 there follows

Theorem 4. Between the self-adjoint extensions 𝐿 of the operator 𝐿0 (5), (7)
and the Hermitian relations 𝜃 in 𝐻2𝑛 there exists a one-to-one correspondence,
by virtue of which every 𝐿 is generated by the operation 𝑙[𝑦] (5) and boundary
conditions of any of the forms

cos ̂𝐴 ⋅ ̂𝑦′ − sin ̂𝐴 ⋅ ̂𝑦 = 0, (10)

( ̂𝑈 − ̂𝐼) ̂𝑦′ + 𝑖( ̂𝑈 + ̂𝐼) ̂𝑦 = 0, (11)

where ̂𝐴, ̂𝑈 are respectively a self-adjoint and a unitary operator in 𝐻2𝑛, and
̂𝑦, ̂𝑦′ ∈ 𝐻2𝑛 are determined from 𝑦(𝑡) ∈ 𝐷 by formula (8). Conversely, any

of these boundary conditions determines some self-adjoint extension 𝐿 of the
operator 𝐿0.

Example 1. Separated self-adjoint boundary conditions for 𝑡 = 0 are always
reduced to the form*

cos ̂𝐴0 ⋅ ̂𝑦′
0 − sin ̂𝐴0 ⋅ ̂𝑦0 = 0, (12)

where ̂𝐴0 is an arbitrary self-adjoint operator in 𝐻𝑛,

̂𝑦0 = {𝑦0, 𝑦0, … , 𝑦(𝑛−1)
0 }, ̂𝑦′

0 = {𝑦[2𝑛−1]
0 , 𝑦[2𝑛−2]

0 , … , 𝑦[𝑛]
0 }.

Example 2. Generalized periodic conditions:

𝑦[2𝑛−𝑘]
𝑏 = 𝑈𝑘𝑦[2𝑛−𝑘]

0 , 𝑦(𝑘−1)
𝑏 = 𝑈𝑘𝑦(𝑘−1)

0 , 𝑘 = 1, … , 𝑛;

𝑈𝑘 are unitary operators in 𝐻.

4. Let now 𝑙 be an operation of odd order 𝑚 = 2𝑛 + 1

𝑙[𝑦] =
𝑛

∑
𝑘=0

(−1)𝑘 { 𝑖 [(𝑞𝑛−𝑘𝑦(𝑘))(𝑘+1) + (𝑞𝑛−𝑘𝑦(𝑘+1))(𝑘)] + (𝑝𝑛−𝑘𝑦(𝑘))(𝑘)} , (13)
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where 𝑞−1
0 (𝑡) exists and is continuous for 𝑡 ∈ [0, 𝑏], and (6) is satisfied. For

operation (13) we define quasiderivatives

𝑦[𝑗] = 𝑦(𝑗) (𝑗 = 0, 1, … , 𝑛 − 1), 𝑦[𝑛] = −𝑖𝑞0𝑦(𝑛),

𝑦[𝑛+𝑘+1] = − 𝑑
𝑑𝑡𝑦[𝑛+𝑘] + 𝑝𝑘𝑦(𝑛−𝑘) + 𝑖 [𝑞𝑘𝑦(𝑛−𝑘+1) − 𝑞𝑘+1𝑦(𝑛−𝑘−1)]

(𝑘 = 0, 1, … , 𝑛; 𝑞𝑛+1 ≡ 0; 𝑙[𝑦] ≡ 𝑦[2𝑛+1]).

Let 𝐻±
𝑡 be invariant subspaces of the operator 𝑞0(𝑡) such that 𝑞0(𝑡) > 0 on 𝐻+

𝑡
and 𝑞0(𝑡) < 0 on 𝐻−

𝑡 , and let 𝑃 ±
𝑡 be the orthoprojectors onto 𝐻±

𝑡 , respectively.
Put

𝑞±(𝑡) = ±𝑞0(𝑡)𝑃 ±
𝑡 , 𝑄±

𝑡 = 𝑞1/2
+ (𝑡) ± 𝑞1/2

− (𝑡).
From the properties of 𝑞0(𝑡) it follows that dim𝐻±

𝑏 = dim𝐻±
0 . Let 𝑈𝑞 be

an arbitrary but fixed unitary operator in 𝐻 carrying 𝐻±
𝑏 into 𝐻±

0 . To each
𝑣(𝑡) ∈ 𝐷 (see item 3 for 𝑚 = 2𝑛 + 1) we associate a pair ̂𝑣, ̂𝑣′ ∈ 𝐻2𝑛+1:

̂𝑣 = {𝑄+
0 𝑣(𝑛)

0 + 𝑈𝑞𝑄𝑏+𝑣(𝑛)
𝑏 , 𝑣0, 𝑣′

0, … , 𝑣(𝑛−1)
0 , 𝑣𝑏, 𝑣′

𝑏, … , 𝑣(𝑛−1)
𝑏 }, (14)

* For a scalar real equation of even order, conditions of the form (12) are given as self-adjoint in (6). For Schrödinger’s operator potential equation (∗) −𝑦″+𝑞(𝑡)𝑦 = 𝜆𝑦, condition (12) is used in (7). The general form of self-adjoint separated boundary conditions for equation (∗) was obtained by another method and in another form in (8).

̂𝑣′ = {𝑖𝑈𝑞𝑄𝑏𝑣
𝑏(𝑛)−𝑖𝑄−

0 𝑣(𝑛)
0 , 𝑣[2𝑛]

0 , 𝑣[2𝑛−1]
0 , … , 𝑣[𝑛+1]

0 , −𝑣[2𝑛]
𝑏 , −𝑣[2𝑛−1]

𝑏 , … , … , −𝑣[𝑛+1]
𝑏 }.

(14)

Lemma 3. For the operator 𝑙 (13), Lagrange’s identity has the form (9), where
̂𝑥, ̂𝑦, ̂𝑥′, ̂𝑦′ are defined by formulas (14).

Theorem 5. For the operator 𝐿0 (13), (7) of odd order, Theorem 4 is valid
with the replacement in its formulation of 𝑙[𝑦] (5) by 𝑙[𝑦] (13), 𝐻2𝑛 by 𝐻2𝑛+1,
and formulas (8) by (14).

Theorem 6. For the existence of separated self-adjoint boundary conditions
for the operation 𝑙[𝑦] (13) of order 2𝑛+1 in the cases dim𝐻 < ∞ or dim𝐻 = ∞,
but 𝑛 = 0, it is necessary and sufficient that dim𝐻+

0 = dim𝐻−
0 ≤ ∞. In this

case all such boundary conditions are representable (for 𝑡 = 0) in the form (12),
where ̂𝐴0 is a self-adjoint operator in 𝐻𝑛+ = 𝐻𝑛 ⊕ 𝐻+

0 ,

̂𝑦0 = {(𝑞1/2
+ (0) + 𝑉0𝑞1/2

− (0))𝑦(𝑛)
0 , 𝑦0, 𝑦′

0, … , 𝑦(𝑛−1)
0 },

sovietrxiv.org/items/ru-196901.48236 Machine Translation

https://sovietrxiv.org/items/ru-196901.48236


̂𝑦′
0 = {𝑖(𝑉0𝑞1/2

− (0) − 𝑞1/2
+ (0))𝑦(𝑛)

0 , 𝑦[2𝑛]
0 , 𝑦[2𝑛−1]

0 , … , 𝑦[𝑛+1]
0 }, (15)

𝑉0 is an arbitrarily fixed isometric operator mapping 𝐻−
0 onto 𝐻+

0 . If, however,
dim𝐻 = ∞ and 𝑛 ≥ 1, then separated self-adjoint conditions always exist and
have the same form (12), but now one must, generally speaking, take

̂𝑦0 = {𝑦+
0 + 𝑉1𝑦−

0 , 𝑦0, 𝑦′
0, … , 𝑦(𝑛−2)

0 } ∈ 𝐻𝑛+,

̂𝑦′
0 = {𝑖𝑉1𝑦−

0 − 𝑖𝑦+
0 , 𝑦[2𝑛]

0 , 𝑦[2𝑛−1]
0 , … , 𝑦[𝑛+2]

0 } ∈ 𝐻𝑛+, (16)

where

𝑦+
0 = {𝑞1/2

+ (0)𝑦(𝑛)
0 , 1

2 (𝑦[𝑛+1]
0 − 𝑖𝑦(𝑛−1)

0 )} ∈ 𝐻+
0 ⊕ 𝐻,

𝑦−
0 = {𝑞1/2

− (0)𝑦(𝑛)
0 , 1

2 (𝑦[𝑛+1]
0 + 𝑖𝑦(𝑛−1)

0 )} ∈ 𝐻−
0 ⊕ 𝐻,

𝑉1 is an arbitrarily fixed isometric operator mapping 𝐻−
0 ⊕ 𝐻 onto 𝐻+

0 ⊕ 𝐻.
If, in particular, dim𝐻+

0 = dim𝐻−
0 , then here too one may use formulas (15)

instead of (16).

Corollary. For odd dim𝐻 < ∞, for the operation 𝑙[𝑦] (13) of odd order there
do not exist separated self-adjoint boundary conditions.

Example 3. For the operation 𝑖(𝑃 −𝑃 ⟂) 𝑑
𝑑𝑡𝑦, where 𝑃 and 𝑃 ⟂ are orthoprojec-

tors onto 𝐻1 ⊆ 𝐻 and onto 𝐻⟂
1 , separated self-adjoint boundary conditions exist

if dim𝐻1 = dim𝐻⟂
1 , and in this case reduce to the form 𝑃𝑦(0) = 𝑉1𝑃 ⟂𝑦(0),

𝑃𝑦(𝑏) = 𝑉2𝑃 ⟂𝑦(𝑏), where 𝑉1, 𝑉2 are arbitrary isometric operators mapping 𝐻⟂
1

onto 𝐻1.

Example 4. Generalized periodic conditions for the operation 𝑙[𝑦] (13) of order
2𝑛 + 1:

𝑦[2𝑛−𝑘]
𝑏 = 𝑈𝑘𝑦0[2𝑛−𝑘], 𝑦(𝑘)

𝑏 = 𝑈𝑘𝑦0(𝑘), 𝑞1/2
± (𝑏)𝑦(𝑛)

𝑏

= 𝑉 ±𝑞1/2
± (0)𝑦(𝑛)

0 , 𝑘 = 0, 1, … , 𝑛 − 1,

𝑈𝑘 are unitary operators in 𝐻, and 𝑉 ± isometrically map 𝐻±
0 onto 𝐻±

𝑏 , respec-
tively.
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