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The basic notion in this note is that of a d-end of a topological space (Defini-
tion 1). With its help, in the first part we obtain a generalization of Soke’ s
theorem on topologically self-dense ultrafilters (Theorem 1), and in the second
—the existence of connected H-closed k-decomposable, 1 < k < R, but not
(k + 1)-decomposable spaces (Theorem 7), and the coabsoluteness of an arbi-
trary self-dense Hausdorff space with a minimal space (Theorem 9). We also
note Theorem 2, which makes it possible to obtain minimal relaxations of spaces
by means of centered systems, and Corollary 2: a #-homeomorphism preserves
extremal disconnectedness. Finally, in the third part the space of d-ends of a
given topological space X is constructed and its relation to the space 8(X) of
all ends of the space X is clarified.

Definition 1. A system of subsets of a topological space X is called d-
centered™® if the intersection of any finite family of its elements is dense in
X.

A d-centered system of subsets of the space X is called a d-end of the space X
if it is not contained in any distinct d-centered system of subsets of X. We shall
denote the set of all d-ends of the space X by dX.

It is easily proved that every d-centered system of subsets of the space X is
contained in at least one d-end of the space X. Put

dy={ANM: Acd}.
Proposition 1. 1°. Let d € dX and M C X. Then there exist disjoint canonical
open subsets U and G in X such that
[UUG =X, MnNU e€dy,
and there exists A € d for which
ANMNG=A.
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2°. Let d and d’ be two d-ends of the space X. Then there exist disjoint canonical
open subsets U and G in X such that

[UUG] =X, dy=dj,
and there exist A € d and A’ € d’ for which

ANA'NG=A.

I. Soke (') introduced the notion of a topologically self-dense ultrafilter (this
is an ultrafilter in the set of points of the segment [0,1] with a base of self-
dense sets) and, under the assumption of the continuum hypothesis, proved the
existence of such an ultrafilter. Below we give three proofs of the existence of
ultrafilters with a base of self-dense sets in every self-dense T})-space, not relying
on the continuum hypothesis.

Lemma 1. Let** p € §(X) and d € dX, where X is a nonempty topological
space. Then
pANd={UNA: Uep, Acd}

is a base of an ultrafilter in the set X.

* Such systems were considered in (), p. 121.

** An end of the space X is a maximal centered system of open subsets in X.
The space 0(X) is the set of all ends of the space X, endowed with the topology
whose base is formed by the sets

Oy ={pe€fd(X): poU}.

In this topology §(X), as shown by S. Iliadis and S. V. Fomin (7), is an extremally
disconnected bicompactum.

Put tX = min{sU : U # A and is open in X}*. From Lemma 1 it easily follows

Theorem 1. In every nonempty crowded Ty-space X (tX # 1) there exists
an ultrafilter with a base each element of which is a crowded subset of X of
cardinality tX, whose closure is a canonical closed set in X.

Hence, by virtue of the well-known theorem of P. S. Aleksandrov stating that
every zero-dimensional perfect compactum (i.e., discontinuum) is homeomorphic
to the Cantor perfect set €, we immediately obtain

Corollary 1. There exists an ultrafilter in C (and, consequently, in [0,1])
with a base each element of which is a crowded countable set whose closure is
homeomorphic to C.

This is the first half of Stupecki’ s theorem ((14), Theorem 10), proved by him
under the assumption of the continuum hypothesis.
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Second proof. We shall call a system of subsets of a space X g¢-centered if
the intersection of every nonempty finite family of its elements is a nonempty
crowded subset of X. A maximal ¢-centered system of subsets of X will be
called a g-end of the space X. A space Y will be called a g¢-relaxation of the
space X if Y is the set X, endowed with the topology with prebase T Uq, where
T is the topology of the space X and ¢ is a g-centered system of subsets of X.

Theorem 2. *Let X be a crowded space and let g be a ¢g-end in X. Then the
g-relaxation of the space X is a minimal** space in which ¢ is an end.*

Since a minimal Tj-space is*** ST and since every end in a nonempty SI, as
shown in (%), forms a base of an ultrafilter, it follows from Theorem 2 that

Theorem 3. Every q-end of a nonempty crowded Ty-space X is a base of an
ultrafilter in the set X.

The third proof is simply a generalization of the second: let X be a nonempty
crowded Tj-space; let Y be a minimal relaxation of the space X, whose existence
was proved by Hewitt (1*) and Katétov (®); then, as was already noted above,
every end in Y is a base of an ultrafilter in the set Y and, consequently, in the
set X, and every set from this end is, obviously, crowded in the space X.

II. Definition 2. A space Y is called a d-relaxation of the space X if Y is
the set X, endowed with the topology with prebase 7 U d, where T is the
topology of the space X and d is a d-centered system of subsets of X.

Theorem 4. LetY be a relaxation of the space X. Then the following assertions
are equivalent: (1) X and Y have one and the same supply of canonical open
sets, or, equivalently, one and the same supply of canonical closed sets. (2)
X and Y have one and the same associated semiregular space™*. (3)Y is a
d-relaza-

* X = min{|A| : A is crowded in X}.

** A space Y is called a relaxation of the space X if Y consists of the same
points as X, and if the identity mapping of Y onto X is continuous. A space is
called minimal if it is crowded, and every one of its proper relaxations contains
isolated points.

**% One says that X is ST if X is crowded and if every nonempty crowded subset
of X is irresolvable, i.e., does not contain two disjoint dense subsets.

**** The canonical open subsets of the space X form a base of a semiregular
topology on the set X. The set X, endowed with this topology, is called the
semiregular space associated with X (see (3), p. 121).

spaces X. (4) The identity mapping X onto Y is 6-discontinuous*.
From Theorem 4 a number of important properties of d-relaxations follow easily.

Proposition 2. A d-relaxation of a connected space is connected.
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Proposition 3. Every d-relaxation of an extremally disconnected space is
extremally disconnected. Conversely, if a space has at least one extremally
disconnected d-relaxation, then the space itself is extremally disconnected.

Proposition 4. A d-relaxation of an H-closed space is H-closed.

The last proposition follows from the fact that, as was proved by S. V. Fomin
(12), the f-continuous image of an H-closed space is H-closed.

Proposition 5. Every proper d-relaxation of an arbitrary topological space is
non-semiregular (and hence irregular).

Lemma 2. A 6-homeomorphism between two semiregular spaces is a homeo-
morphism.

Theorem 5. The following assertions concerning topological spaces X and Y
consisting of the same points are equivalent:

(1) X and Y have one and the same stock of canonical open sets.

(2) X and Y have one and the same associated semiregular space.

(3) X and Y are d-relaxations of one and the same (semiregular) space.

(4) X and Y are identically §-homeomorphic.

Corollary 2. If two spaces are §-homeomorphic and one of them is extremally
disconnected, then the other space is also extremally disconnected.

Theorem 6. Let X be a dense-in-itself T)-space and d € dX. Then the
d-relaxation of the space X is an M I-space**.

At the seminar of P. S. Aleksandrov, B. A. Efimov posed the following problem:
do there exist connected Hausdorff k-decomposable®** spaces, 2 < k < R,
which are not (k + 1)-decomposable? Its solution is given by

Theorem 7. Every connected H-closed k-decomposable space, 1 < k <
Ny, has a connected H-closed k-decomposable relaxation that is not (k + 1)-
decomposable****,

Theorem 8. Every dense-in-itself extremally disconnected H-closed space has
an H-closed minimal relaxation™****,

Theorem 9. Every dense-in-itself Hausdorff space is coabsolute****** with
some minimal space.

* A mapping f: X — Y is called #-continuous in the sense of S. V. Fomin (!2)
if, for every point x € X and for every neighborhood Ofx of its image, there
exists a neighborhood Oz of this point such that f[Ox] C [Ofz]. A one-to-one
mapping that is #-continuous in both directions is called a #-homeomorphism.

** A space is called an M I-space if it is dense in itself and if every subset dense
in it is open.

*** A space is k-decomposable if it contains k pairwise disjoint subsets dense in
it (k>1).
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k% Hewitt’ s problem (13)—whether there exist connected Hausdorff indecom-
posable spaces—was solved by Padmavally () by the construction of an example.
Then Bourbaki ((3),p.181) and Anderson (%) gave a proof of the existence of
a connected indecomposable relaxation for every connected Hausdorff space.
The existence of k-decomposable Hausdorff spaces, 2 < k < XN, which are not
(k + 1)-decomposable, was proved in (4).

**#4k% Dense-in-itself extremally disconnected H-closed spaces exist: for every

dense-in-itself Hausdorff space X, such a space is #(X). The existence of H-
closed minimal spaces was proved by Katétov (®).

kR Two Hausdorfl spaces are coabsolute if they have one and the same abso-
lute, i.e. the maximal irreducible #-continuous preimage. For the first time, the
(spectral) theory of absolutes of paracompact Hausdorff spaces was constructed
by V. I. Ponomarev (1°). Then, by the method of centered systems, S. Iliadis
(5) and, by the spectral method, V. I. Ponomarev (1) constructed it already
for arbitrary Hausdorff spaces.

ITI. Definition 3. Let X be an arbitrary topological space. The space dX is
the set dX, endowed with the topology whose base is formed by the sets

O,={dedX: d> A},

where A C X.

Proposition 6. For every space X, the space dX is zero-dimensional and
Hausdorff (and hence completely regular).

Theorem 10. Let {U, : A € £} be a family of pairwise disjoint open subsets
of the space X, whose union is dense in X. Then dX is homeomorphic to the

product
[T{av, : x € <},

endowed with the box topology.

Denote by R(X) the maximal open decomposable subspace of the space X (such
exists).

Corollary 3. For every space X, the space dX is homeomorphic to dR(X).

Proposition 7. If X is a nonempty decomposable Hausdorff space, then d.X is
not bicompact.

The construction, due to P. S. Aleksandrov (!), of the Stone-Cech extension of
an arbitrary completely regular space as applied to a discrete space T' gives the
following: ST is the set of all ultrafilters in T' with the topology whose base is
formed by the sets

Op={§€pT: §DE},

where £ C T. Thus, Lemma 1 defines a natural mapping

1 0(X) x dX — BT,
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where T is the set X, endowed with the discrete topology. Namely: u(p,d) is
the ultrafilter with base p A d.

Theorem 11. The mapping p is continuous and open, and for each d € dX
the mapping p on the set (X) x {d} is a homeomorphism.

**Corollary 4 (B. A. Efimov)*.** Every regular extremally disconnected space
X is topologically contained in 8T, where T is a discrete space of cardinality

sfX =s0(X) < sX.
Corollary 5. Every infinite extremally disconnected bicompactum (in partic-

ular BN, and in general ST, where T is an infinite discrete space) contains an
indecomposable space**.

In conclusion, the author expresses sincere gratitude to his scientific adviser V.
I. Ponomarev for posing the problems and discussing the results.
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