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CYLINDERS

(Presented by Academician L. I. Sedov, December 3, 1968)

Static periodic problems of the plane theory of elasticity have been considered
by a number of authors (175 78). In most works these problems are reduced to
infinite systems of algebraic equations. In the present paper, three-dimensional
problems of diffraction of elastic harmonic waves by an infinite row of identical
circular cylinders with parallel axes are solved.

Let the region occupied by the elastic body be a space with an infinite number
of cylindrical cavities of radius R. Introduce cylindrical coordinate systems
(re, Yr, 21), Whose z.-axes coincide with the longitudinal axes of the cavities,
and the planes z;, = 0 coincide (k = 0,+1,42,...). Thus, the plane z;, = 0
contains an infinite row of identical circular holes, whose centers lie on the a-
axis (the z-axes also coincide). Denote by § the distance between the origins
of two neighboring coordinate systems.

As is known, the equations of motion of an elastic body in cylindrical coordinates,
by introducing wave potentials, can be represented in the form

GARW — 9200 o> =0,  GAVY —2u /e =0 (j=1,2), (1)

where ¢; and ¢, are the propagation velocities of longitudinal and transverse

waves. The components of the displacement vector (u,.,u,,u,) are expressed in

terms of the functions ®*) and \IJ;*) as follows:
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Suppose that in the given body, in the direction [, forming an angle v, with the
oz-axis, there propagates a plane harmonic wave of longitudinal type

¢8*> = expliay 7 siny, cos(p — 71 )] expli(a; z cos vy — wit)], (3)

where 7, is the angle between the planes zz and Iz, and a; = w/c;.

Taking into account the periodicity of <I>f)*) with respect to z, represent the
potentials ®*) and \Ilg-*> in the form

O = ®(r, ) expli(a;z cos v, — wt)],

\IIE.*) = U, (r, ¢) expli(a; 2 cos vy — wt)],

after which the wave equations (1) are transformed into equations of oscillations
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For the time being we shall assume that v, # 0, 7/2.
We write the boundary conditions on the lateral surfaces of the cavities in the
form

sovietrxiv.org/items/ru-196901.47741 Machine Translation


https://sovietrxiv.org/items/ru-196901.47741

0P 1 0¥ ov
iy COSYy—=— o + iaq cosYy(1 —b)— - ago,i + (bB?% — a2 cos? 72)875 =0,
=R
where
1, of 1 0f 1 0%f

DE(py - Loy
1 () T ), Ory, r,i 8g0%’

03(a — % cos? 7y),

o [atlasint o, —costy), -,
to— 3 f=v

If the surfaces S}, are rigidly fixed, then in (5) a = b = 0; if S}, are free of stresses,
then a = (A +2u)/2u, b=1/2.

Let us denote the potential of the incident wave in the k-th coordinate system
(k) :
by @y (2}, yy). Then, as is easy to see,

o (,,y,) = expliqy) Y (x4, y,) (7 = a;3sinry, cosy,). (6)

If the potentials of the reflected waves ®; and ¥, are chosen so that for them
relation (6) is satisfied, then it will be sufficient to satisfy the boundary con-
ditions only on the surface S,. On the other surfaces they will be satisfied
automatically. This is achieved by the representation

¢, = Z Z A, exp(z'lm)Hp(ark) exp(ingy,),
&

2 —ZZBn exp(iky) H, (Bry) exp(ingy,). (7)

In expressions (7) the summation indices range from —oo to +o00, and H,, is the
Hankel function of the first kind.

Using the addition theorem for cylindrical functions (6), we write the potentials
in the coordinate system (7, ¢g):

<I>(<)O)(r07 Po) = Zian(a%) explin(eo —71)]:

Py (ro,p0) = Z [A, gnlary) + S, ynlary)] exp(ing,), (8)

n
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(Tos #o) Z [ )+ Qi (57"0)] exp(ingg) (rg <9),

n

where

= Z Z Ap exp(iky)H,,_,(akd) + exp(fik’y)prn(aké)] ,
p k=1

’

G _ Z{: By {exp(iky)H,,_,(Bk0) + exp(—iky)H,_,,(Bkd)}.

p k=1

Satisfying the boundary conditions (5) for & = 0, we obtain an infinite system

of algebraic equations

Al i+ B, +BYC, =

1 2) . .
= —&n,j+3n — 77n7j+3Q$1) - Cn,j+3Q$L) —a" eXP(—Z”71)§n,j+3

(Gj=1,2,3; n=04+1,+2,..).

If in system (9) we make a change of unknowns, putting

1 2
Xn,j - Ané-n,j + ng )nn,j + Bgl )Cn,ja

then it assumes the canonical form

Xn,j = Z[Xn,p,jxnl + 7mp J“tp,2 + (Sn PsJ p 3] i eXp(_mVl)fn,j%
P

(Gj=1,2,3; n=04+1,+2,..).

The infinite system (10), provided the conditions

a0 8iny,(1 £ cosyy) # my - 2m, 5(B + aq cosy, siny,y) £ my - 2,

(10)

(11)

where m, and m, are integers, has a determinant of normal type. This fol-
lows from the convergence of the double series composed of the moduli of its
coefficients. In proving the convergence of this series, asymptotic formulas for
cylindrical functions with large index are used, as well as inequalities of the type
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eXp<ik7)Hmfp (Oék‘é) < M[ |R\p7n|,0 (Za6)| + |R|p7n\71,1(ia6)| L
k=1

where R are Lommel polynomials (°), and M is a constant.

Thus, the infinite system (10) under conditions (11) has a unique bounded
solution if its determinant is nonzero. This solution can be found approximately
by the reduction method.

Remark. Above it was assumed that v, # 0;7/2. If v, = 7/2, then the three-
dimensional problem becomes a two-dimensional one. In this case one should
take Uy = 0. If 7, = 0, then the first equation in (4) must be replaced by
Laplace’ s equation A® = 0, whose solution has the form

=B

. X 42 52 _
m-Ce 3o (1o g ) (1 W)] +(0) + 910,

> « > aé*) )
@(C):Z;m» WC):Z;m’ ¢ =rexp(ip).

p=1 p=1
In both cases, as a result of satisfying the boundary conditions one obtains an
infinite system of algebraic equations with a determinant of normal type.

The restrictions (11) have a definite physical meaning. Thus, for v; = v, = 7/2
they express the fact that the distance between the centers of the cavities must
not be a multiple either of the wavelength of the longitudinal type or of the
wavelength of the transverse type.
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