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Abstract
Full Text

V. A. BAIKOV

P. FATOU’S THEOREM FOR REGULAR
QUATERNION FUNCTIONS
(Presented by Academician I. N. Vekua, 14 VIII 1968)

The well-known theorem of P. Fatou consists in the assertion that a function
𝐹(𝑧), analytic and bounded inside the circle |𝑧| < 1, has, at almost every point
of the circle |𝑡| = 1, a definite limit 𝐹(𝑡) when the point 𝑧 approaches the point
𝑡 along any nontangential path; 𝐹(𝑧) is determined (for |𝑧| < 1) in the form of
the Cauchy integral of its boundary values 𝐹(𝑡).
In the present work an analogue of this Fatou theorem is constructed for the
case of regular quaternion functions 𝑓(𝑧), i.e., for continuously differentiable
functions of four real variables, defined in a certain domain 𝐺 of four-dimensional
Euclidean space 𝐸4 with values in the algebra of quaternions, satisfying in 𝐺
the relations

𝑓𝐷 ≡ 0 (1)

or

𝐷𝑓 ≡ 0, (2)

where 𝐷 is an operator of the form

𝐷 = 𝜕/𝜕𝑥0 + 𝑖1𝜕/𝜕𝑥1 + 𝑖2𝜕/𝜕𝑥2 + 𝑖3𝜕/𝜕𝑥3.

Quaternion functions satisfying relation (1) are called right-regular, those sat-
isfying relation (2)—left-regular. All the results given below are formulated for
right-regular functions, although analogous results are also valid for left-regular
functions.

The main result of the work may be formulated as follows:

Theorem 1. Let the quaternion function 𝑓(𝑧) be right-regular in a star-shaped
domain 𝐺, bounded by a Lyapunov hypersurface 𝑆, and let it satisfy there the
condition

sup
0<𝑟𝑛<1

∭
𝑆𝑟𝑛

|𝑓(𝑡)| 𝑑𝑆𝑟𝑛
≤ 𝑀,
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where 𝑀 is a finite constant; 𝑆𝑟𝑛
is a family of hypersurfaces homothetic to 𝑆

with homothety coefficient 𝑟𝑛 and with some center of homothety 𝑧∗, satisfying
the condition: every ray issuing from the point 𝑧∗ intersects the hypersurface 𝑆
at only one point.

Then, for almost every point of the hypersurface 𝑆, the function 𝑓(𝑧) has angular
limiting values 𝑓(𝑡), and for any point 𝑧 ∈ 𝐺, 𝑓(𝑧) can be represented in the
form

𝑓(𝑧) = 1
8𝜋2 ∭

𝑆
𝑓(𝑡) 𝑑𝑍 Δ𝑡[(𝑡 − 𝑧)−1], (3)

where

𝑑𝑍 = (cos ̂(𝑛, 𝑂𝑥0) + 𝑖1 cos ̂(𝑛, 𝑂𝑥1) + 𝑖2 cos ̂(𝑛, 𝑂𝑥2) + 𝑖3 cos ̂(𝑛, 𝑂𝑥3)) 𝑑𝑆,

with 𝑛 the vector of the inner normal to 𝑆 at the point 𝑡; 𝑑𝑆 the element of
volume of the hypersurface 𝑆; Δ𝑡 the Laplace operator.

For the proof of this theorem we shall need one auxiliary result, for the formu-
lation of which we introduce some preliminary concepts.

1) Let 𝑆 be a closed Lyapunov hypersurface in 𝐸4. On 𝑆 there is given
a completely additive class 𝐴 of sets 𝑒, on which a quaternion-valued
countably additive set function Φ(𝑒) (a Φ-measure) of bounded variation
on 𝑆 is defined. In addition, we assume that the sets 𝑒 ∈ 𝐴 are Lebesgue
measurable. Then the expression

1
8𝜋2 ∭

𝑆
𝑑ΦΔ𝑡[(𝑡 − 𝑧)−1],

where 𝑧 is an arbitrary point of 𝐸4, 𝑡 ∈ 𝑆, will be called the right quaternion
Cauchy–Stieltjes type integral.

2) The right generalized derivative of the function Φ(𝑒) at a point
𝑡 ∈ 𝑆 with respect to the class 𝐴 of sets 𝑒 will be called the expression

𝐷Φ(𝑡) = 𝐷𝐴Φ(𝑡) = lim
𝑛→∞

Φ(𝑒𝑛) (∭
𝑒𝑛

𝑑𝑍)
−1

,

where 𝑒𝑛 (𝑛 = 0, 1, 2, …) is any sequence from 𝐴 which contracts regularly to
the point 𝑡.
Now let the points 𝑧1 and 𝑧2 lie on one straight line passing through the point
𝑡′ ∈ 𝑆 and inclined to the normal 𝑛(𝑡′) at an angle 𝜓, with 𝑧1 inside 𝑆, 𝑧2
outside 𝑆, and at distance 𝜀 from 𝑡′. Then the following is true.
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Lemma. The difference of the values of the right quaternion Cauchy–Stieltjes
type integral inside and outside 𝑆

1
8𝜋2 ∭

𝑆
𝑑ΦΔ𝑡[(𝑡 − 𝑧1)−1] − 1

8𝜋2 ∭
𝑆

𝑑ΦΔ𝑡[(𝑡 − 𝑧2)−1]

tends to the limit 𝐷Φ(𝑡′), as 𝜀 tends to zero, for all points 𝑡′ of the hypersurface 𝑆,
except, possibly, for points of a set of measure zero, independent of 𝜓, uniformly
with respect to 𝜓, |𝜓| ≤ 𝜋

2 𝑚, 𝑚 < 1.

We omit the proof of this lemma. It can be obtained by following the scheme
of the proof of the corresponding result for the case of analytic functions of one
complex variable, proposed by I. I. Privalov in paper (1).
Proof of Theorem 1. Without loss of generality we may assume that the do-
main 𝐺 contains the origin and that the point 𝑧∗ = 0 is the center of homothety
specified in the hypothesis of the theorem.

Consider the function 𝐹𝑛(𝑧) = 𝑓(𝑟𝑛𝑧), 0 < 𝑟𝑛 < 1. Since, by the hypothesis of
the theorem, the function 𝑓(𝑧) is right-regular in the domain 𝐺 bounded by the
hypersurface 𝑆, the function 𝐹𝑛(𝑧) is right-regular in a domain wider than 𝐺,
and hence also on the hypersurface 𝑆.

The values of the function 𝐹𝑛(𝑧) at the points 𝑧 ∈ 𝑆 obviously coincide with the
values of the function 𝑓(𝑧) at the points 𝑧′ = 𝑟𝑛𝑧, situated on the hypersurface
𝑆𝑟𝑛

, lying inside 𝑆 and homothetic to it with homothety coefficient 𝑟𝑛 and center
of homothety 𝑧∗ = 0.

But then, from the hypothesis of the theorem and from the fact that the values
𝑑𝑍 on 𝑆 and on 𝑆𝑟𝑛

differ only by the volume elements 𝑑𝑆 and 𝑑𝑆𝑟𝑛
, which are

obviously related by

𝑑𝑆 = 1
𝑟3𝑛

𝑑𝑆𝑟𝑛
,

it follows that the integrals

∭
𝑒

𝐹𝑛(𝑠) 𝑑𝑍 (4)

exist and

∭
𝑒

|𝐹𝑛(𝑡) 𝑑𝑍| ⩽ 𝑀.

Here the sets 𝑒 belong to the class 𝐴 defined above.
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The integral (4) assigns to each set 𝑒 ∈ 𝐴 a quaternion, and we may assume that
a quaternionic measure 𝜇 is given on 𝑆. Obviously, to each 𝑟𝑛 there corresponds
a measure taken in this way, and therefore we have a family of measures {𝜇𝑛}.

To each quaternionic measure 𝜇𝑛 from this family there corresponds a right-
homogeneous additive continuous functional (2) in the space of functions {𝜑(𝑡)}
continuous on 𝑆,

∭
𝑆

𝐹𝑛(𝑡) 𝑑𝑍𝜑(𝑡). (5)

Since the norm of these functionals is bounded by one and the same constant,
in view of what was said earlier, it follows from (3) that the family of right-
homogeneous additive continuous functionals (5) is weakly compact in the space
of functions {𝜑(𝑡)} continuous on 𝑆.

Take an arbitrary weakly convergent sequence of functionals from the family (5).
It converges weakly to some right-homogeneous additive continuous functional.
To this limiting functional there corresponds a certain quaternionic measure 𝜇
(of bounded variation on 𝑆).

Let us now consider the right quaternionic Cauchy–Stieltjes integral

1
8𝜋2 ∭

𝑆

𝑑𝜇 Δ𝑡[(𝑡 − 𝑧)−1]. (6)

This integral defines, inside 𝑆, a certain right-regular function. We shall show
that this right-regular function is 𝑓(𝑧).
Let 𝑆′ be a hypersurface homothetic to 𝑆 with homothety coefficient 𝑟𝑛 < 1
and center of homothety 𝑧∗ = 0. Obviously, 𝑆′ lies inside 𝑆. To each point
𝑡 ∈ 𝑆 there corresponds the point 𝑡′ = 𝑟𝑛𝑡. The function 𝑓(𝑧) is right-regular
inside 𝑆′ and on 𝑆. Therefore, by the second fundamental theorem (4) we have:

𝑓(𝑧) = 1
8𝜋2 ∭

𝑆′

𝑓(𝑡′) 𝑑𝑍Δ𝑡′ [(𝑡′ − 𝑧)−1] = 1
8𝜋2 𝑟3

𝑛 ∭
𝑆

𝐹𝑛(𝑡) 𝑑𝑍Δ𝑟𝑛𝑡
[(𝑟𝑛𝑡 − 𝑧)−1].

It is not difficult to show that for each fixed point 𝑧 ∈ 𝐺 and an arbitrarily
small 𝜀 > 0 the relation

∣ 1
8𝜋2 ∭

𝑆

𝑑𝜇 Δ𝑡[(𝑡 − 𝑧)−1] − 𝑓(𝑧)∣ < 𝜀. (7)
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holds. Indeed:

∣ 1
8𝜋2 ∭

𝑆

𝑑𝜇 Δ𝑡[(𝑡 − 𝑧)−1] − 𝑓(𝑧)∣ ⩽

⩽ 1
8𝜋2 ∣∭

𝑆

𝑑𝜇 Δ𝑡[(𝑡 − 𝑧)−1] − 𝑟3
𝑛 ∭

𝑆

𝑑𝜇 Δ𝑡[(𝑡 − 𝑧)−1]∣ +

+ 1
8𝜋2 ∣𝑟3

𝑛 ∭
𝑆

𝑑𝜇 Δ𝑡[(𝑡 − 𝑧)−1] − 𝑟3
𝑛 ∭

𝑆

𝐹𝑛(𝑡) 𝑑𝑍Δ𝑡[(𝑡 − 𝑧)−1]∣ +

+ 1
8𝜋2 ∣𝑟3

𝑛 ∭
𝑆

𝐹𝑛(𝑡) 𝑑𝑍Δ𝑡[(𝑡 − 𝑧)−1] − 𝑟3
𝑛 ∭

𝑆

𝐹𝑛(𝑡) 𝑑𝑍Δ𝑟𝑛𝑡
[(𝑟𝑛𝑡 − 𝑧)−1]∣ = 𝐴+𝐵+𝐶.

Obviously, 𝐴, 𝐵, and 𝐶, for 𝑟𝑛 sufficiently close to 1, are arbitrarily small,
whence inequality (7) follows. Thus, at every point 𝑧 ∈ 𝐺 we have

𝑓(𝑧) = 1
8𝜋2 ∭

𝑆

𝑑𝜇 Δ𝑡[(𝑡 − 𝑧)−1]. (8)

In exactly the same way one can show that, at any point 𝑧 external to 𝑆, the
integral (6) is equal to zero.

Applying the lemma to the integral (6) and using the fact of the existence almost
everywhere on 𝑆 of the right generalized derivative 𝐷𝜇(𝑡) relative to the class 𝐴
of sets—which, in turn, follows from (5)—we are convinced that, under approach
along arbitrary nontangential paths in 𝐺 to boundary points of 𝑆, 𝑓(𝑧) almost
everywhere on 𝑆 assumes definite boundary values 𝑓(𝑡) = 𝐷𝜇(𝑡).
But then

𝜇 = ∭ 𝑓(𝑡) 𝑑𝑍 = 0,

and from (8) equality (3) follows. The theorem is completely proved.

Remark. The lemma and Theorem 1 are, obviously, also valid in the case when
the hypersurface 𝑆 consists of a finite number of pieces of Lyapunov hypersur-
faces.
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Theorem 1 is also valid in the case when the domain 𝐺 can be divided into a finite
number of star-shaped domains, each of which is bounded by a hypersurface
composed of pieces of Lyapunov hypersurfaces.

Theorem 1 makes it possible to prove a number of facts about limiting angular
values of right-regular functions. We present some of them.

For simplicity, in what follows we shall speak only of star-shaped domains
bounded by a Lyapunov hypersurface.

Theorem 2. If a right-regular function 𝑓(𝑧) is bounded inside the domain 𝐺,
then

∭
𝑆

𝑓(𝑡) 𝑑𝑧 = 0,

where 𝑓(𝑡) are the limiting angular values of 𝑓(𝑧) on 𝑆.

The analogue of natural powers 𝑧 in the theory of regular quaternionic functions
is given by polynomials of the form

𝑝𝑛1𝑛2𝑛3
(𝑧) = 1

𝑛! ∑
𝑘𝑟

(𝑥𝑘1
− 𝑖𝑘1

𝑥0) ⋯ (𝑥𝑘𝑛
− 𝑖𝑘𝑛

𝑥0),

where 𝑛1 + 𝑛2 + 𝑛3 = 𝑛; 𝑛1 of the numbers 𝑘1, 𝑘2, … , 𝑘𝑛 are equal to 1; 𝑛2
of these numbers are equal to 2, and 𝑛3 of these numbers are equal to 3; the
summation is over the distinct permutations of the numbers 𝑘1, 𝑘2, … , 𝑘𝑛.

Theorem 3. Let an integrable quaternionic function 𝑓(𝑧) be given on a closed
hypersurface 𝑆; if

∭
𝑆

𝑓(𝑡) 𝑑𝑍 𝑝𝑛1𝑛2𝑛3
(𝑡) = 0

for 𝑛 = 0, 1, 2, …, then 𝑓(𝑡) represents on 𝑆 the angular limiting values of some
function right-regular inside 𝑆.

Let us note in conclusion that Theorem 1 can be applied to the study of certain
types of singularities of regular quaternionic functions.
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