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Abstract
Full Text
MATHEMATICS

S. G. SAMKO

ON SOLVABILITY IN CLOSED FORM OF
SINGULAR INTEGRAL EQUATIONS
(Presented by Academician A. A. Dorodnitsyn, 24 IV 1969)

Relatively few cases are known of solutions in closed form of singular integral
equations:

𝑎(𝑡)𝜑(𝑡) + 1
𝜋𝑖 ∫

Γ

𝑀(𝑡, 𝜏)
𝜏 − 𝑡 𝜑(𝜏) 𝑑𝜏 = 𝑓(𝑡). (1)

These are, first of all, the case of the characteristic equation and the equation
conjugate to it (1,2), as well as equations with an automorphic kernel (2−3). A
number of authors (6−8) have solved certain equations of the form (1) in closed
form in other cases as well. The arguments in these works were based on analytic
properties of the functions 𝑀(𝑡, 𝜏), 𝑎(𝑡).
In the present note the involutivity of the singular integral operator is proved
in the case where the kernel is analytic, and a new general class of equations
of the form (1), solvable in closed form, is investigated. This class contains, in
particular, the equations considered in (6−8), and also, for example, equations
obtained from the characteristic equation 𝑎𝜑 + 𝑏𝑆𝜑 = 𝑓 by perturbing it with
an operator 𝐾 whose kernel is analytically continuable up to the factor [𝑎(𝑡) +
𝑏(𝑡)]−1, and other equations.

§ 1. Let Γ be a simple closed contour∗ bounding a simply connected domain
𝐷+. Everywhere below it is assumed that:

1) 𝑀(𝑡, 𝜏) ∈ 𝐶(Γ × Γ);
2) |𝑀(𝑡, 𝜏) − 𝑀(𝑡, 𝑡)| < 𝐴|𝑡 − 𝜏|𝜀, 𝜀 > 0, 𝑡, 𝜏 ∈ Γ.

Introduce the notation:

𝒦(𝑡, 𝜏) = 𝑀(𝑡, 𝜏) − 𝑀(𝑡, 𝑡)
𝜏 − 𝑡 , 𝐾𝜑 = 1

𝜋𝑖 ∫
Γ

𝒦(𝑡, 𝜏)𝜑(𝜏) 𝑑𝜏, (2)

𝑆𝜑 = 1
𝜋𝑖 ∫

Γ

𝜑(𝜏) 𝑑𝜏
𝜏 − 𝑡 , 𝑆𝑀𝜑 = 1

𝜋𝑖 ∫
Γ

𝑀(𝑡, 𝜏)
𝜏 − 𝑡 𝜑(𝜏) 𝑑𝜏. (3)
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In what follows 𝜑 ∈ 𝐵, where 𝐵 denotes either the space ℒ𝑝(Γ), 𝑝 > 1, or the
space of Hölder functions 𝐻𝜆(Γ), 0 < 𝜆 < 1.

Lemma. If the function 𝑀(𝑡, 𝜏) is analytically continuable into the domain 𝐷+

in both variables and 𝑀(𝑡, 𝑡) ≡ 1, then the operator 𝑆𝑀 is involutive:

𝑆2
𝑀 = 𝐼.

The proof of the lemma is obtained by decomposing 𝐵 into the direct sum
𝐵 = 𝐵+ ⊕ 𝐵− by the projectors 1/2(±𝐼 + 𝑆). From the conditions imposed on
𝑀(𝑡, 𝜏) it follows that 𝐾𝜑 ∈ 𝐵+ for 𝜑 ∈ 𝐵 and that 𝐾𝜑+ = 0 for 𝜑+ ∈ 𝐵+.
Therefore (𝐼 − 𝑆)𝐾 = 0 and 𝐾(𝐼 + 𝑆) = 0. Consequently,

𝐾𝑆 = −𝐾, 𝑆𝐾 = 𝐾,

∗ Piecewise smooth if Hölder functions on Γ are considered, and piecewise Lya-
punov if functions from ℒ𝑝(Γ) are considered.

and then (𝐾𝑆)(𝑆𝐾) = 𝐾2. Since 𝑆2 = 𝐼 , it follows that 𝐾2 = 0. Further, since
𝑀(𝑡, 𝑡) = 1, we have 𝑆𝑀 = 𝐾 + 𝑆, and then 𝑆2

𝑀 = 𝑆2 + 𝑆𝐾 + 𝐾𝑆 = 𝐼 .

Corollary. If the function 𝑀(𝑡, 𝜏)/𝑀(𝑡, 𝑡) is analytically continuable in both
variables into the domain 𝐷+, then the equation 𝑆𝑀𝜑 = 𝑓 is solvable in closed
form.

2. Let us turn to the equation of the general form (1). We denote, as usual,
𝑀(𝑡, 𝑡) = 𝑏(𝑡) and shall start from the equation in the form

𝑁𝜑 = 𝑎𝜑 + 𝑏𝑆𝜑 + 𝐾𝜑 = 𝑓. (1’)

We shall assume that

𝑎, 𝑏 ∈ {𝐶, 𝐵 = ℒ𝑝,
𝐻𝜆, 𝐵 = 𝐻𝜆; 𝑎(𝑡) ± 𝑏(𝑡) ≠ 0, 𝑡 ∈ Γ,

and that 𝐾 is an operator of the form (2) with kernel 𝒦(𝑡, 𝜏), having on Γ a
weak singularity:

|𝒦(𝑡, 𝜏)| < 𝐴|𝑡 − 𝜏|𝜀−1.
By 𝜘 we denote the Cauchy index of the function

𝐺(𝑡) = [𝑎(𝑡) − 𝑏(𝑡)]/[𝑎(𝑡) + 𝑏(𝑡)],

and by 𝛼 the nullity of the operator 𝑁 in the space 𝐵.

We shall show that equation (1′) is solvable in closed form in the following cases:

sovietrxiv.org/items/ru-196901.47297 Machine Translation

https://sovietrxiv.org/items/ru-196901.47297


I. The function 𝒦(𝑡, 𝜏)/(𝑎(𝑡) + 𝑏(𝑡)) is analytic in 𝜏 and meromorphic in 𝑡 in
the domain 𝐷+.

II. The function 𝑏(𝑡)/𝑎(𝑡) is meromorphic in 𝐷+, and one of the functions
𝒦(𝑡, 𝜏)/𝑎(𝑡), 𝒦(𝑡, 𝜏)/𝑏(𝑡) is analytic in 𝜏 and meromorphic in 𝑡 in 𝐷+.

Taking into account that 𝐾𝜑+ = 0 in each of the cases I, II (𝜑± = ± 1
2 𝜑 + 1

2 𝑆𝜑),
we reduce equation (1′) to a relation of the type of the Riemann problem (2):

𝜑+ + 1
𝑎 + 𝑏𝐾𝜑− = 𝐺𝜑− + 𝑔, 𝑔 = 𝑓

𝑎 + 𝑏 . (4)

In case I we have the representation

𝒦(𝑡, 𝜏)
𝑎(𝑡) + 𝑏(𝑡) = 𝐴+

1 (𝑡, 𝜏)
Π+

𝑎+𝑏(𝑡) , Π+
𝑎+𝑏(𝑡) =

𝑛1

∏
𝑘=1

(𝑡 − 𝑧𝑘)𝑚𝑘 , (5)

where 𝑧𝑘 ∈ 𝐷+, 𝑚𝑘 are positive integers, and the function 𝐴+
1 (𝑡, 𝜏) is analytically

continuable into 𝐷+ with respect to 𝑡 and 𝜏 . Relation (4) takes the form

Π+
𝑎+𝑏(𝑡)𝜑+(𝑡) + (𝐴+

1 𝜑−)(𝑡) = Π+
𝑎+𝑏(𝑡)𝐺(𝑡)𝜑−(𝑡) + 𝑔(𝑡), (6)

where 𝐴+
1 is the integral operator with kernel 𝐴+

1 (𝑡, 𝜏). Since 𝐴+
1 𝜑− ∈ 𝐵+, the

last relation is an ordinary Riemann problem, from which the functions

Π+
𝑎+𝑏𝜑+ + 𝐴+

1 𝜑−

and 𝜑−, and consequently also 𝜑(𝑡), are determined in closed form. Factoring,
as usual (1,2), the multiplier

𝐺(𝑡) = 𝑡𝜘𝜒+(𝑡)/𝜒−(𝑡)

and bringing (6) to a form allowing the application of Liouville’s theorem, we
arrive at a polynomial of degree

𝜘 − 1 +
𝑛1

∑
𝑘=1

𝑚𝑘

with arbitrary coefficients (in the case 𝜘 + ∑ 𝑚𝑘 > 0). However, the presence
of the factor Π+

𝑎+𝑏(𝑡) in front of 𝜑+(𝑡), which vanishes in 𝐷+ with total order of
zeros ∑ 𝑚𝑘, leads to the fact that

max(𝜘, 0) ≤ 𝛼 ≤ max (𝜘 +
𝑛1

∑
𝑘=1

𝑚𝑘, 0) .
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In case II let us consider, for example, the variant when the function
𝒦(𝑡, 𝜏)/𝑎(𝑡) is meromorphic. We write representations of type (4) for the
functions 𝒦(𝑡, 𝜏)/𝑎(𝑡) and 𝐺(𝑡) (the meromorphicity of 𝐺(𝑡) follows from the
meromorphicity of 𝑏(𝑡)/𝑎(𝑡)):

𝒦(𝑡, 𝜏)
𝑎(𝑡) = 𝐴2(𝑡, 𝜏)

Π+𝑎 (𝑡) , Π+
𝑎 (𝑡) =

𝑛2

∏
𝑘=1

(𝑡 − 𝑎𝑘)𝑝𝑘 , 𝑎𝑘 ∈ 𝐷+,

𝐺(𝑡) = 𝐺+(𝑡)
Π+

𝐺(𝑡) , Π+
𝐺(𝑡) =

𝑛3

∏
𝑘=1

(𝑡 − 𝑔𝑘)𝑟𝑘 , 𝑔𝑘 ∈ 𝐷+.

Relation (4) is reduced to the form

Π+
𝑎 Π+

𝐺𝜑+ + 1
2Π+

𝐺𝐴+
2 𝜑− + 1

2𝐺+𝐴+
2 𝜑− = 𝐺+Π+

𝑎 𝜑− + 𝑔Π+
𝑎 Π+

𝐺,

where 𝐴+
2 is the operator with kernel 𝐴+

2 (𝑡, 𝜏). We have again arrived at a
Riemann problem, from which the unknown function is determined in closed
form.

As in case I, we obtain

max(𝜘, 0) ≤ 𝛼 ≤ max (𝜘 +
𝑛2

∑
𝑘=1

𝑝𝑘 +
𝑛3

∑
𝑘=1

𝑟𝑘, 0) .

The case of meromorphy of the function 𝒦(𝑡, 𝜏)/𝑏(𝑡) is considered analogously.
Let us note that in case II the canonical function 𝜒−(𝑡) is always rational in 𝐷−.

3. From II let us single out the case when the function 𝒦(𝑡, 𝜏)/𝑏(𝑡) is analytic
in 𝐷+ with respect to 𝑡 and to 𝜏 , and the function 𝐺(𝑡) is also analytic in 𝐷+;
and suppose, for simplicity, that 𝐺(𝑡) vanishes only at one point of the domain
𝐷+, for example at 𝑡 = 0 ∈ 𝐷+. Then 𝜒−(𝑡) ≡ 1, and for 𝜘 > 0 the zeros of the
operator 𝑁 have the form

𝜑𝑗(𝑡) = 1
𝑎(𝑡) + 𝑏(𝑡) { 𝑏(𝑡)

𝑡1+𝑗 − 1
𝑗!

𝜕𝑗𝒦
𝜕𝜏 𝑗 ∣

𝜏=0
} , (7)

𝑗 = 0, 1, … , 𝜘 − 1,

and for 𝜘 < 0 the solvability conditions consist in the orthogonality of 𝑓(𝜏) to
the functions
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𝜓𝑗(𝜏) = 1
𝑎(𝜏) − 𝑏(𝜏) { 1

𝜏1+𝑗 + 1
𝑗!

𝜕𝑗

𝜕𝜏 𝑗 (𝒦(𝑡, 𝜏)
𝑏(𝑡) )∣

𝑡=0
} , (8)

𝑗 = 0, 1, … , |𝜘| − 1.

The resolvent 𝑅 of the operator (1′) has the form

𝑅𝑓 = 𝑎
𝑎2 − 𝑏2 𝑓 − 1

𝑎 − 𝑏(𝑏𝑆 + 𝐾) 𝑓
𝑎 − 𝑏 .

4. From I let us single out the case when the function ℒ(𝑡, 𝜏) = 𝒦(𝑡, 𝜏)/(𝑎(𝑡) +
𝑏(𝑡)) is analytically continuable in 𝐷+ both with respect to 𝑡 and to 𝜏 . Then
the solvability of equation (1′) in closed form acquires a simple operator inter-
pretation. Let 𝐿 be the integral operator with kernel ℒ(𝑡, 𝜏).
The operator

𝑁𝜑 = 𝑎𝜑 + 𝑏𝑆𝜑 + (𝑎 + 𝑏)𝐿𝜑

is the composition of the characteristic operator 𝑎𝐼 + 𝑏𝑆 and the invertible
operator 𝐼 + 𝐿:

𝑁 = (𝑎𝐼 + 𝑏𝑆)(𝐼 + 𝐿).

Since 𝐿2 = 0 (see the proof of the lemma), it follows that (𝐼 + 𝐿)−1 = 𝐼 − 𝐿.

Let us note in conclusion that, analogously, the case can be considered in I–
II when the kernel 𝒦(𝑡, 𝜏) is meromorphic with respect to 𝜏 . In this case the
kernel 𝒦(𝑡, 𝜏) can be represented as the sum of a kernel analytic with respect
to 𝜏 and a degenerate kernel. Equation (1′) is reduced to a Riemann problem
of type (4) and to a linear algebraic system.

Rostov State University

Received
24 IV 1969
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