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In the present article the question of the existence of solutions of an equation
of neutral type is investigated

' (t) = flt, z(t), 2(t — hy (1)), 2" (t = ho(t))]. (1)

If the function f(t,x,y, z) satisfies the Lipschitz condition with respect to the
variables z,y, z, with constants k,,k,, k., respectively, and moreover k, < 1,
then under small additional assumptions the question of the existence of so-
lutions is easily reduced to the contraction mapping principle (see (1)). Here
we shall abandon the Lipschitz condition with respect to the variables z,y. To
prove the existence theorem in this case, the fixed-point principle for condensing
operators (?) will be applied. As P. P. Zabreiko observed, this problem can be

reduced in another way to Schauder’ s principle.

1. Let us recall the fixed-point principle from (?). Let E be a Banach space
and Q C E. The numerical set Q(Q) is defined as follows: a positive
number ¢ belongs to Q(Q) if and only if the set Q has a finite e-net. The
measure of noncompactness of the set 2 is called the quantity

X(Q) = inf Q).

(See also (375).) It is clear that if in the definition of the set Q(Q) the finite
e-net is replaced by a compact one, then the quantity x(€2) will not change. Let
T C E. An operator A : T — FE is called condensing if it is continuous on T’
and, for any noncompact set 2, the inequality

X[AQ)] < x(€)
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holds.

Theorem 1. If a condensing operator A maps a convex closed bounded set T
into itself, then it has at least one fized point in T .

2. We shall consider (1) together with the initial condition

x(t) = zy(t) (—h <t <0), (1)

where x,(t) is a fixed function defined on the half-interval (finite or infinite)
(—h,0]. By a solution of problem (1)—(1") we shall understand a function x(¢)
(—h < t < H], satisfying the initial condition (1’) and the following three
requirements: a) x(t) is continuous on (—h, H|; b) 2’ (t) exists almost everywhere
on (—h, H] and is summable to the power p > 1; c¢) almost everywhere on [0, H]

2'(t) = flt,x(t), x(t — hy (1)), 2" (t — hy(1))].
We shall denote by £(0, H) the set of functions continuous on [0, H| and pos-
sessing a derivative summable to the power p; this set becomes a Banach space

with the natural linear operations if one sets |z ¢ = || + |27] ¢ * (}). For any
function

* £(0, H) is the Sobolev space WI} up to an equivalent norm.

for z(t) € £(0, H) we put

F(t) = {xo(t), —h <t<0,

x(t), 0<t<H.

Along with problem (1)—(1"), let us consider the operator equation in the space
£(0,H):

y =1y, (2)
where the operator I is defined by the formula

Iy(t) = o + / £l 9(5),5(s — By (8)),§ (s — ha(s))] ds

(zg = 2(0)).

It is not hard to verify that if the function x,(¢) is continuous, and its derivative
is summable with power p, then equation (2) is equivalent to problem (1)—(1")
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in the following sense: if z(¢) is a solution of problem (1)—(1"), then its restric-
tion y(t) to the interval [0, H] is a solution of equation (2), and conversely, if
y(t) is a solution of equation (2), then the function z(t) = y(¢) is a solution of
problem (1)—(1").
3. Let us establish some properties of the operator I.

Lemma 1. Let &, be the set of functions from £(0, H) satisfying the condition
x(0) = xy. Suppose that the functions x,(t), hy(t), hy(t), and f(t,x,y, z) satisfy
the following requirements: (I) z((t) is continuous and bounded, and z{(t) is
summable with power p on (—h,0]; (II) —H+t < h,(t) < h+t (i=1,2; 0 <t <
H); (II1) hq(t), hy(t) are measurable on [0, H]; (IV) the function q(t) =t — hy(t)
is such that: a) the inverse image of every set of measure zero is measurable
and b) for any measurable set E C [0, H] satisfying the condition ¢(E) C [0, H],
the inequality uFE < ruq(FE) holds (the number r does not depend on E); (V)
f(t,z,y, z) is defined for 0 < ¢ < H and arbitrary real z,y, z; (VI) f(t,z,y, 2)
is measurable in ¢ for any fixed z,y, z; (VII) f(¢,z,y, 2) is continuous jointly in
x,y for fixed t,z; (VIII) f(¢, x,y, 2) satisfies a Lipschitz condition in z:

|f(ta L, Y, Zl) - f(tvxa Y, Z2)| < k|21 - Z2|;
(IX) for any R > 0 one can specify a function mp(t) € £,(0, H) such that

If(t,m,y, Z)' < mR<t)

(0<t< H; |[x—xy|, ly—zp] < R; —00 < z < 00).

Then the operator I maps &, into &, and is continuous.

Proof. It is not hard to show that the operator I maps &, into &,. We shall
show that it is continuous.

Let y,,y € & and y, — y, ie |y, —yle = 0, [y, —¢'lz, = 0. Let 2z, =
Iy, z=1y. Put

U (1) = fltn (£), G (t = by (8), § (¢ — o (£))]

(this function, as is not hard to see, also belongs to £,(0, H)). Then

2 = 2lLe, < 12 —unle, + lun — 2l (3)

The second summand tends to zero by conditions (VII), (IX), and Lebesgue’ s
theorem on passage to the limit under the integral sign. We estimate the first
summand with the aid of the Lipschitz condition:
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H 1/p
lzp —unlle, <k {/0 |G7,(s = ha(s)) = §' (s — ha(s))[” dS} G

Put E={s|0<s<H, 0<gq(s) < H}. Obviously,

H
/O |G (s = ha(s)) = 7' (s — ho(s))| ds < /E [y (s — ha(s)) — 4/ (s — hy(s))[” ds,
()
since for s ¢ F
Un(s —ha(s)) = (s — hy(s)) = z4(s — hy(s)).

Further, from condition (IV) there follows the inequality

/ W (5 — ha(s)) — (5 — ho(s))I” ds < r / Wi(s) — ' (s ds.  (6)
E

q(E)

To prove this fact, introduce the notation ¢ (t) = |y, (t) — v’ (¢)|? and consider
the set

Ei={s€ Ela;_; <¢(s—hy(s)) <a},
where a;_, a,; are constants. Obviously,

q(E;) ={s € q(E) | a;_; <(s) < a;}.

Taking condition (IV) into account, we obtain the following relation for the
integral sums of the integrals occurring in (6): o; < ro,. Hence inequality (6)
is obtained by passage to the limit. From (4), (5), and (6) we obtain:

/7

I, — e, < krly, — g
Consequently, the first term in (3) also tends to zero. Thus,
||zn—z’||£p —0 asn— oo. (7)

We now estimate the quantity |z, — z|¢:

2 = 2lle = mas 12,(6) = 2(2)| <
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y , Vet o (11
< [ lets) - )lds < HYalz — 2, (241 =1).
0 P\q D

Hence, also from (7), it follows that |z, — 2| — 0 as n — co. The continuity
of the operator [ is proved.

Remark. Consider the operator Fy(x), defined by the formula

(y € £,(0,H), z € C(0,H), gy(t) = z4(t) for t <0).
Arguing as above, one can verify that, under the conditions of Lemma 1, this
operator maps C(0, H) into £,(0, H) and is continuous.

Our next task is the construction of the set T occurring in Theorem 1. Fix R > 0
(so that for —h < ¢ < 0 the inequality |zq(t) — 25| < R holds) and denote by
T, the set of functions from & satisfying the inequality |z — x| < R. Choose
H > 0 so small that the inequality

H
[ ma()dt+ g, < R
0

holds.
Then IT} C T;. Indeed,

[z — zole = [z — zolo + |(2)'] ., <

H
< /0 [ fs,2(5), 2(s = hy(s)), 7' (s = hy(s))]| ds + [mp(t)] ¢, < R

The set T} is convex, closed, and bounded; however, the operator I on this set
is not, generally speaking, condensing. Put 7' = coIT;. It is not hard to see
that the set T is also convex, closed, and bounded, and moreover IT C T

Lemma 2. Suppose the conditions of Lemma 1 are satisfied. Suppose, in
addition, that the condition

x) g [l el
1/2, ifp=1.

Then the operator I is condensing on 7', if H is sufficiently small.
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Proof. If O C T, then by the symbol (2)" we shall denote the set of deriva-
tives of functions from the set 2. The assertion of the lemma follows from the
inequalities

Ye(I9) < (1+ HY )y [(19)], (8)
xe, [(19)] < kr/ox . [(©)); (9)
ve, (9] < xe (@) (10)

P

and condition (X).

We shall not dwell on the proof of inequalities (8), (10). Let us verify the validity
of inequality (9). First note that the set 2 is compact in the space C(0, H), since
it is uniformly bounded and equicontinuous. Let {y,; ¢ = 1,2,...,n} be an e-net
of the set (€2)" in £,(0, H). Construct the sets S; = F, (£2) (see the remark to
Lemma 1). The sets S; are compact in £,(0, H), since the operators F, are

continuous. Consequently, the union of these sets

is also compact. We show that S is a kr!'/Pe-net of the set (IQ) in £,(0,H).
Let z € (IQ)’, ie.

2(t) = St y(0), §(t = hy (1)), 5 (¢ = ho ()],

where y € Q. Let [y —y;, Hﬁp < e. Choose in the set S; the element u = F, (y).
io
Then

1/p
7 (s — hy(s)) — G, (5 — ho(s)| ds} .

H
2 —ulg, < k{/
0

Arguing as in the proof of Lemma 1, we obtain

{

1/p
~/ ~ p ’
¥ (s = ha(s)) — B, (s — ha(s))] dS} <Py’ —y; le,-
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o —ulg, < krifre,

i.e. from a finite e-net of the set ()’ we can construct a compact kr'/Pe-net of
the set (I€2)’. This means precisely that inequality (9) holds. From (8)—(10)
we obtain

Xe(I£2) < Oxe (),

where © = (1 + HY9)kr'/p.

It is obvious that for sufficiently small H, condition (X) implies the inequality
© <1 (if p=1, then ¢ = oo and H'/? = 1). The lemma is proved.

From Lemmas 1, 2 and the fixed-point principle for condensing operators we
obtain a theorem on the solvability of problem (1)—(1").

Theorem 2. Let the functions z4(t), hy(t), hy(t) and f(t, z,y, z) satisty condi-
tions (I)—(X).

Then problem (1)—(1") has a solution z(t), defined on some semi-interval (—h, H]
(H >0).

The authors express their gratitude to Yu. G. Borisovich and to the partici-
pants of the seminar directed by him, as well as to the participants of G. A.
Bezsmertnykh’ s seminar, for a detailed discussion of the work and a number of
useful remarks.
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