
Soviet-era science, translated into English

ON A PROJECTION
OPERATOR OF S. L.
SOBOLEV TYPE
MATHEMATICS

1969

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196901.45450

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196901.45450


Abstract
Full Text
UDC 513.88

MATHEMATICS

V. R. PORTNOV

ON A PROJECTION OPERATOR OF S. L.
SOBOLEV TYPE
(Presented by Academician S. L. Sobolev on 9 IV 1969)

In the work of S. L. Sobolev (^1), for the space 𝐿(𝑚)
𝑝 (Ω) a projection operator Π

was constructed whose range is the space of polynomials of degree not greater
than 𝑚 − 1. This operator Π has the property that for any function 𝑢(𝑥) ∈
𝐿(𝑚)

𝑝 (Ω) there is a representation

𝑢(𝑥) − Π𝑢(𝑥) = ∑
|𝛼|=𝑚

𝑄𝛼(𝐷𝛼𝑢(𝑥)), (1)

where 𝑄𝛼 is a certain linear bounded operator mapping 𝐿𝑝(Ω) into itself. Rep-
resentations of the form (1) were later generalized in various directions (see
(2–4)). In (^5), applications of such representations were given to the proof
of solvability of the first boundary-value problem for one class of degenerate
equations.

In the present note a projection operator Π is constructed, and a representation
of the form (1) is obtained for a certain collection ℒ1, ℒ2, … , ℒ𝑅 of partial
differential operators that are products of ordinary differential operators with
respect to different variables. The corresponding result of (^5) is contained here
as a special case.

Let us first introduce a number of notations: 𝑛 and 𝑅 are a fixed pair of natural
numbers; the letters 𝑖 and 𝑘 below will denote natural numbers not exceeding
𝑛 and 𝑅, respectively; ̄𝐸 is the extended real line; 𝐸𝑛 is the 𝑛-dimensional
Euclidean space of points 𝑥 = (𝑥1, … , 𝑥𝑛). The remaining notations will be
introduced in the course of the exposition.

Suppose that for each 𝑖 an interval (𝑎𝑖, 𝑐𝑖) is given on the axis 𝑂𝑥𝑖 of the
space 𝐸𝑛, where 𝑎𝑖 and 𝑐𝑖 ∈ ̄𝐸. This means that −∞ ≤ 𝑎𝑖 < 𝑐𝑖 ≤ ∞. Put
𝐷 = (𝑎1, 𝑐1) × ⋯ × (𝑎𝑛, 𝑐𝑛).
Let, further, to each 𝑘 there correspond a set (𝑚1,𝑘, 𝑚2,𝑘, … , 𝑚𝑛,𝑘) of 𝑛 non-
negative integers and an operator ℒ𝑘 = ℒ1,𝑘ℒ2,𝑘 … ℒ𝑛,𝑘, whose domain is the
space 𝐶(∞)(𝐷), and for each 𝑖
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ℒ𝑖,𝑘 =
⎧{{
⎨{{⎩

𝜕𝑚𝑖,𝑘

𝜕𝑥𝑚𝑖,𝑘
𝑖

+
𝑚𝑖,𝑘

∑
𝑗=1

𝑏(𝑗)
𝑖,𝑘(𝑥𝑖)

𝜕𝑗−1

𝜕𝑥𝑗−1
𝑖

, if 𝑚𝑖,𝑘 > 0,

𝐼 (𝐼 is the identity operator), if 𝑚𝑖,𝑘 = 0,

where 𝑏(𝑗)
𝑖,𝑘(𝑥𝑖) ∈ 𝐿loc

1 (𝐷) for all 𝑗 = 1, … , 𝑚𝑖,𝑘.

If 𝑚𝑖,𝑘 > 0, then the operator ℒ𝑖,𝑘 may be regarded as an ordinary differential
operator on the interval (𝑎𝑖, 𝑐𝑖). Let {𝜀(𝑗)

𝑖,𝑘(𝑥𝑖)} (𝑗 = 1, … , 𝑚𝑖,𝑘) be its fundamen-
tal system of solutions on the indicated interval. We denote the linear span of
this system by 𝑆𝑖,𝑘. If 𝑚𝑖,𝑘 = 0, then put 𝑆𝑖,𝑘 = {0}, where {0} denotes the
set consisting of the single function identically equal to zero on (𝑎𝑖, 𝑐𝑖). This
notation will be used below.

For each pair (𝑖, 𝑘) let us consider the set Ψ𝑖,𝑘 of all possible tuples 𝜏 =
(𝑘1, … , 𝑘𝑙) (1 ≤ 𝑙 ≤ 𝑅 and 𝑙, generally speaking, depends on 𝜏) of natural
numbers satisfying the following conditions: 1) 𝑘 < 𝑘1 < ⋯ < 𝑘𝑙 ≤ 𝑅; 2)
there is a tuple (𝑖1, 𝑖2, … , 𝑖𝑅) of 𝑅 natural numbers not exceeding 𝑛 such that
𝑚𝑖1,1 > 0, … , 𝑚𝑖𝑅,𝑅 > 0, and, moreover,

𝑖𝑘 = 𝑖𝑘1
= ⋯ = 𝑖𝑘𝑙

= 𝑖,

while 𝑖𝑗 ≠ 𝑖 for 𝑗 > 𝑘 and 𝑗 ≠ 𝑘1, … , 𝑗 ≠ 𝑘𝑙.

For some pairs (𝑖, 𝑘) it may happen that Ψ𝑖,𝑘 = ∅. For example, Ψ𝑖,𝑅 = ∅ for
all 𝑖, and Ψ𝑖,𝑘 = ∅ when 𝑚𝑖,𝑘 = 0.

If Ψ𝑖,𝑘 ≠ ∅, then for any tuple 𝜏 = (𝑘1, … , 𝑘𝑙) ∈ Ψ𝑖,𝑘 we introduce the sets 𝑆(𝜏)
𝑖,𝑘

and Γ(𝜏)
𝑖,𝑘 of functions defined on the interval (𝑎𝑖, 𝑐𝑖):

𝑆(𝜏)
𝑖,𝑘 = ⋂

1≤𝑗≤𝑙
𝑆𝑖,𝑘𝑗

; Γ(𝜏)
𝑖,𝑘 = 𝑆𝑖,𝑘 ∩ 𝑆(𝜏)

𝑖,𝑘 .

Now, for each pair (𝑖, 𝑘), we formulate

Condition A. One of the following assertions is true:
1) Ψ𝑖,𝑘 = ∅;
2) Ψ𝑖,𝑘 ≠ ∅, and for every 𝜏 ∈ Ψ𝑖,𝑘 there exists a subspace

∇(𝜏)
𝑖,𝑘 ⊂ 𝑆(𝜏)

𝑖,𝑘

such that
𝑆(𝜏)

𝑖,𝑘 = Γ(𝜏)
𝑖,𝑘 ⊕ ∇(𝜏)

𝑖,𝑘,
and

𝑆𝑖,𝑘 ∩ ∇𝑖,𝑘 = {0},
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where ∇𝑖,𝑘 is the space spanned by

⋃
𝜏∈Ψ𝑖,𝑘

∇(𝜏)
𝑖,𝑘.

(For the notation and terminology, see (6), pp. 30 and 44, 46.)

Everywhere in what follows it is assumed that for every pair (𝑖, 𝑘) condition A
is fulfilled and, in the case when Ψ𝑖,𝑘 ≠ ∅, the family of spaces

{∇(𝜏)
𝑖,𝑘} (𝜏 ∈ Ψ𝑖,𝑘)

is fixed.

Lemma. Let 𝑚𝑖,𝑘 > 0. Then there exists a system of functions

{𝑓 (𝑗)
𝑖,𝑘(𝑥𝑖)} (𝑗 = 1, … , 𝑚𝑖,𝑘),

defined on the interval (𝑎𝑖, 𝑐𝑖), finite and infinitely differentiable, which has the
property that

∫
𝑐𝑖

𝑎𝑖

𝑓 (𝑗)
𝑖,𝑘(𝑥𝑖)𝑒(𝑠)

𝑖,𝑘(𝑥𝑖) 𝑑𝑥𝑖 = 𝛿𝑗𝑠,

where 𝛿𝑗𝑠 is the Kronecker symbol, and, in the case when Ψ𝑖,𝑘 ≠ ∅,

∫
𝑐𝑖

𝑎𝑖

𝑓 (𝑗)
𝑖,𝑘(𝑥𝑖)𝑣(𝑥𝑖) 𝑑𝑥𝑖 = 0

for any function 𝑣(𝑥𝑖) ∈ ∇𝑖,𝑘 and for all 𝑗 = 1, … , 𝑚𝑖,𝑘.

If 𝑚𝑖,𝑘 > 0, then the functions {𝑒(𝑗)
𝑖,𝑘(𝑥𝑖)} and the functions {𝑓 (𝑗)

𝑖,𝑘(𝑥𝑖)} (𝑗 =
1, … , 𝑚𝑖,𝑘) appearing in the lemma will be regarded as fixed and defined on the
whole domain 𝐷.

We construct the projection operator Π𝑖,𝑘, defining it on functions 𝑢(𝑥) from
𝐿loc

1 (𝐷), in the case 𝑚𝑖,𝑘 > 0, as follows:

Π𝑖,𝑘𝑢(𝑥) =
𝑚𝑖,𝑘

∑
𝑗=1

(∫
𝑐𝑖

𝑎𝑖

𝑓 (𝑗)
𝑖,𝑘(𝜉𝑖) 𝑢(𝑥1, … , 𝑥𝑖−1, 𝜉𝑖, 𝑥𝑖+1, … , 𝑥𝑛) 𝑑𝜉𝑖) 𝑒(𝑗)

𝑖,𝑘(𝑥𝑖).

If 𝑚𝑖,𝑘 = 0, then Π𝑖,𝑘 will be regarded as the zero operator on the space 𝐿loc
1 (𝐷).

We now define the operators Π𝑘 and Π, mapping the space 𝐿loc
1 (𝐷) into itself.

Put
Π𝑘 = 𝐼 − (𝐼 − Π1,𝑘)(𝐼 − Π2,𝑘) ⋯ (𝐼 − Π𝑛,𝑘) (𝑘 = 1, … , 𝑅),

Π = Π1Π2 ⋯ Π𝑅 (𝐼 is the identity operator).

Theorem 1. The following equalities hold:

sovietrxiv.org/items/ru-196901.45450 Machine Translation

https://sovietrxiv.org/items/ru-196901.45450


Π2
𝑘 = Π𝑘, Π𝑘Π = Π (𝑘 = 1, … , 𝑅); Π2 = Π.

Definition. An additive and homogeneous operator 𝑄 mapping the space
𝐿loc

1 (𝐷) into itself will be called strongly continuous if for every compact
set 𝐾(1) ⊂ 𝐷 there exists a compact set 𝐾(2) ⊂ 𝐷, depending, generally speak-
ing, on 𝐾(1), such that for all functions 𝑤(𝑥) ∈ 𝐿loc

1 (𝐷) the inequality

‖𝑄𝑤(𝑥)‖𝐿1(𝐾(1)) ≤ 𝐶‖𝑤(𝑥)‖𝐿1(𝐾(2)),

holds, where 𝐶 is a real number independent of 𝑤(𝑥).
Theorem 2. For any function 𝑢(𝑥) ∈ 𝐶(∞)(𝐷) and any 𝑘, the equality

𝑢(𝑥) − Π𝑘𝑢(𝑥) = 𝑇𝑘(ℒ𝑘𝑢(𝑥)), (2)

holds, where 𝑇𝑘 is a strongly continuous operator in the space 𝐿loc
1 (𝐷), possess-

ing the property that 𝑇𝑘𝑤(𝑥) = 0 implies 𝑤(𝑥) = 0.

Theorem 3. For any function 𝑢(𝑥) ∈ 𝐶(∞)(𝐷) and any collection
𝛽 = (𝛽1, … , 𝛽𝑛) of nonnegative integers such that 𝛽𝑖 ≤ min1≤𝑘≤𝑅 𝑚𝑖,𝑘
(𝑖 = 1, … , 𝑛), the equality

𝒟𝛽(𝑢(𝑥) − Π𝑢(𝑥)) =
𝑅

∑
𝑘=1

𝑄(𝛽)
𝑘 (ℒ𝑘𝑢(𝑥)), (3)

holds, where 𝑄(𝛽)
𝑘 (𝑘 = 1, … , 𝑅) are strongly continuous operators in the space

𝐿loc
1 (𝐷).

Remark 1. The operators Π𝑖,𝑘, Π𝑘, and Π are, obviously, strongly continuous
in the space 𝐿loc

1 (𝐷).
Remark 2. Equalities (2) and (3) are in fact valid, of course, for a class of
functions broader than 𝐶(∞)(𝐷). This class will not be defined here; however,
let us note that, for example, equality (3) with 𝛽 = (0, … , 0), and in the case
when all the operators ℒ𝑖,𝑘 with 𝑚𝑖,𝑘 > 0 have constant coefficients, is valid for
all functions for which in the domain 𝐷 there exist generalized, in the sense of
S. L. Sobolev, operators ℒ1, ℒ2, … , ℒ𝑅, as is easily verified by means of passage
to the limit in equality (3).
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