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MATHEMATICS

V. P. PETRENKO

MAGNITUDES OF DEVIATIONS OF MERO-
MORPHIC FUNCTIONS OF LOWER ORDER
LESS THAN ONE
(Presented by Academician M. A. Lavrent’ev on 29 XI 1968)

§ 1. Consider a function 𝑓(𝑧), meromorphic for 𝑧 ≠ ∞, of finite lower order 𝜆
and order 𝜌. In [1] the properties were considered of the quantities

𝛽(𝑎; 𝑓) = lim
𝑟→∞

ln+ 𝑀(𝑟, 𝑎, 𝑓)
𝑇 (𝑟, 𝑓) ,

where 𝑎 is an arbitrary complex number from the extended complex plane,

𝑀(𝑟, 𝑎, 𝑓) = max
|𝑧|=𝑟

1
|𝑓(𝑧) − 𝑎| , 𝑎 ≠ ∞,

𝑀(𝑟, ∞, 𝑓) = max
|𝑧|=𝑟

|𝑓(𝑧)|,

and 𝑇 (𝑟, 𝑓) is the Nevanlinna characteristic of 𝑓(𝑧).
It turned out (see [1]) that the quantities 𝛽(𝑎, 𝑓) for meromorphic functions of
finite lower order possess a number of properties analogous to the properties of
the deficiency quantities of R. Nevanlinna [2].

In particular, the following assertion is valid:

Theorem A [1]. For an arbitrary meromorphic function 𝑓(𝑧) of finite lower
order 𝜆, the set

Ω(𝑓) = {𝑎 ∶ 𝛽(𝑎, 𝑓) > 0}

is at most countable and

∑
(𝑎)

𝛽(𝑎, 𝑓) ≤ 𝐾1(𝜆 + 1),
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where 𝐾1 is an absolute constant.

Definition. We shall call the quantity 𝛽(𝑎, 𝑓) the magnitude of deviation
of the meromorphic function 𝑓(𝑧) from the number 𝑎. If for some number 𝑎,
𝛽(𝑎, 𝑓) > 0, then we shall say that 𝑓(𝑧) has a positive deviation from the
number 𝑎.

It follows from Theorem A that the magnitudes of deviations of meromorphic
functions of finite lower order are equal to zero for almost all numbers 𝑎 from
the extended complex plane.

§ 2. The deficiency quantities and other asymptotic properties of meromorphic
functions of lower order 𝜆 < 1 have been studied by many authors [3–6].

We note the following important assertion [3, 4].

Theorem B. If 𝑓(𝑧) is a meromorphic function of lower order 0 ≤ 𝜆 < 0.5 and,
for some 𝑎,

𝛿(𝑎, 𝑓) > 1 − cos 𝜋𝜆,

then

lim
𝑟→∞

𝜇(𝑟, 𝑎, 𝑓) = ∞,

𝜇(𝑟, 𝑎, 𝑓) = min
|𝑧|=𝑟

1
|𝑓(𝑧) − 𝑎| .

It follows from this theorem that if the lower order of 𝑓(𝑧) is 𝜆 < 0.5 and 𝑓(𝑧)
has no fewer than two deficient values, then all the magnitudes of the deficiencies
are sufficiently small. Stronger results in this direction are known (see (3,5 )).
In the present work we obtain the following assertions on the quantities 𝛽(𝑎, 𝑓)
for meromorphic functions of finite lower order 𝜆 < 1, which are certain ana-
logues of the preceding results.

Theorem 1. If, for a meromorphic function 𝑓(𝑧) of finite lower order 0 ≤ 𝜆 <
0.5, for some 𝑎

𝛽(𝑎, 𝑓) > 𝜋𝜆 sin 𝜋𝜆

or

𝛽(𝑎, 𝑓) > 𝜋𝜆 tan 𝜋𝜆
2 ⋅ (2 − 𝛿(𝑎, 𝑓)),

then
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lim𝑟→∞𝜇(𝑟, 𝑎, 𝑓) = ∞,

and, consequently,

𝛽(𝑏, 𝑓) = 0 and 𝛿(𝑏, 𝑓) = 0

for all 𝑏 ≠ 𝑎.

Remark. The deviations of 𝑓(𝑧) from all numbers 𝑏 ≠ 𝑎 are also equal to zero
if the weaker relations (0 ≤ 𝜆 ≤ 0.5)

𝛽(𝑎, 𝑓) ≥ 𝜋𝜆 sin 𝜋𝜆

or

𝛽(𝑎, 𝑓) ≥ 𝜋𝜆 tan 𝜋𝜆
2 ⋅ [2 − 𝛿(𝑎, 𝑓)]

are satisfied.

Theorem 2. If a meromorphic function 𝑓(𝑧) of finite lower order 𝜆 < 1 has
positive deviations from at least two points 𝑎 and 𝑏, then

𝛽(𝑎, 𝑓) + 𝛽(𝑏, 𝑓) ≤ 𝜋𝜆 tan 𝜋𝜆
2 ⋅ [2 − 𝛿(𝑎, 𝑓) − 𝛿(𝑏, 𝑓)],

𝛽(𝑎, 𝑓) + cos 𝜋𝜆 𝛽(𝑏, 𝑓) ≤ 𝜋𝜆 sin 𝜋𝜆 ⋅ [1 − 𝛿(𝑏, 𝑓)] (0 ≤ 𝜆 < 0.5).

The example analyzed in the work of A. Edrei and W. Fuchs (5) shows that the
assertions of Theorems 1 and 2 cannot be strengthened.

§ 3. The proofs of Theorems 1 and 2 are carried out by means of the method
used by us in (1). Indeed, let, for fixed 𝑟, 𝜃(𝑟) and 𝜃∗(𝑟) be defined by the
condition (0 ≤ 𝜃(𝑟) < 2𝜋, 0 ≤ 𝜃∗(𝑟) < 2𝜋)

|𝑓(𝑟𝑒𝑖𝜃(𝑟))| = 𝑀(𝑟, ∞, 𝑓), 1
|𝑓(𝑟𝑒𝑖𝜃∗(𝑟))| = 𝑀(𝑟, 0, 𝑓).

For fixed 𝑟, together with the meromorphic function 𝑓(𝑧) (𝑓(0) = 1), consider
the meromorphic functions

𝐹𝑟(𝑧) = 𝑓(𝑟𝑖𝜃(𝑟)𝑧), 𝐹 ∗
𝑟 (𝑧) = 1

𝑓(𝑒𝑖𝜃∗(𝑟)𝑧) (𝑧 = 𝑠𝑒𝑖𝜃).
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For each fixed 𝑟 (𝑟0 ≤ 𝑟 ≤ 0.5𝑅) we have (see (1))

ln 𝑀(𝑟, ∞, 𝑓) + ln 𝑀(𝑟, 0, 𝑓) ≤ (2𝑥)2𝑟2𝑥 ∫
𝑅

0
{ 1

2𝜋 ∫
𝛼

−𝛼
ln |𝐹𝑟(𝑡𝑒𝑖𝜃)| 𝑑𝜃+

+ 1
2𝜋 ∫

𝛼

−𝛼
ln |𝐹 ∗

𝑟 (𝑡𝑒𝑖𝜃)| 𝑑𝜃} 𝑡2𝑥−1 𝑑𝑡
(𝑡2𝑥 + 𝑟2𝑥)2 + ∑

|𝑏𝑘|≤2𝑅
ln ∣ 𝑟

2𝑥 + |𝑏𝑘|2𝑥

𝑟2𝑥 − |𝑏𝑘|2𝑥 ∣ +

+ ∑
|𝑎𝑘|≤2𝑅

ln ∣ 𝑟
2𝑥 + |𝑎𝑘|2𝑥

𝑟2𝑥 − |𝑎𝑘|2𝑥 ∣ + 𝐶1 ( 𝑟
𝑅 )

2𝑥
{𝑇 (4𝑅, 𝑓) + 𝑇1(4𝑅, 𝑓)};

(1)

where 𝑥 = 𝜋/2𝛼, 𝜋 − 𝜀 < 𝛼 = 𝛼(𝑟) < 𝜋 (0 < 𝜀 < 𝜋/2), 𝑎𝑘 are the zeros of the
meromorphic function 𝑓(𝑧), and 𝑏𝑘 are its poles (𝐶1 is a positive constant).

Moreover (0 ≤ 𝑡 ≤ 𝑅),

∫
𝜋

−𝜋
ln |𝐹𝑟(𝑡𝑒𝑖𝜃)| 𝑑𝜃 + ∫

𝜋

−𝜋
ln |𝐹 ∗

𝑟 (𝑡𝑒𝑖𝜃)| 𝑑𝜃 = 0. (2)

Theorem 2 follows from estimate (1), if one uses relation (2) and carries out
arguments analogous to those given in papers (1,7 ,8 ). Theorem 1 is proved
analogously.

Theorems 1 and 2 can also be obtained by means of the method used in papers
(3,9 ).
Kharkov State University
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Note: Figure translations are in progress. See original paper for figures.
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