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Abstract
Full Text
V. V. Velichenko

ON THE INVARIANCE OF DISCRETE SYS-
TEMS

(Presented by Academician V. N. Petrov, 18 VII 1968)

Theories of invariance and their applications are the subject of works by G. V.
Shchipanov, N. N. Luzin, V. S. Kulebakin, B. N. Petrov, and other authors (for
a survey of the problem see (1)). L. I. Rozonoer in (?) devoted attention to the
problem of weak invariance and applied it to the investigation of the variational
approach. In (3) the variational approach is developed in the direction of study-
ing large variations of a functional, and on this basis necessary and at the same
time sufficient conditions for weak invariance are obtained and the problem of
synthesis of continuous invariant systems is solved. Another method for study-
ing the problem under consideration was used in (*). In the present paper we
study conditions for weak invariance of discrete systems. The method is based
on an approach in many respects analogous to that used in (3).

1°. Formulation of the problem. Let a discrete perturbed system be de-
scribed by the system of equations

il = firl (gt yf), 1=0,1,...,N —1. (1)

Here z° € E, is the vector of phase coordinates and u' € E, is the vector of
external perturbing actions at the instant i. Let there be given the domains of
definition of the right-hand sides of system (1) G, G2,...,GN, G' C E, xE,,
and the sequence of domains A = {A%, A ... AN} Al C E, . For each initial
condition 27 € A7, 0 < j < N—1, a trajectory z(z7) = {9, 27+ (z7), ..., 2™ (27)}
of system (1) will be considered admissible if there is a set R,; of perturbations
uw = {u?, w1, ... uN"1}, for which, for all i = j,j+1,..., N — 1, {a%(27),u’} €
G+t

Let a quality criterion of system (1) be given,

I(z,u) = ®(2™). (2)

We shall call system (1) ®-invariant with respect to u in A if, for any initial
conditions 27 € A’ and any u € R,;, the value of criterion (2) does not depend
on the perturbation u. Our aim will be to determine conditions ensuring the
indicated invariance of system (1).
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2°. Conditions of invariance with respect to perturbation. Suppose
that there exists a perturbation u = % belonging simultaneously to all R ; for
2/ € AV and 0 < j < N — 1. We shall call the perturbation % a reference
perturbation. In A construct the trajectory field Z of system (1) corresponding
to the perturbation %. The field Z puts into one-to-one correspondence with
each point 27 € A7 the value of criterion (2), which turns out to be a function
of the point z7. This function

Vi(zd) = ®[FN(29)), 0<j<N, 3)

will be called the reference function. Note that V¥ (2V) = &(2V).

Let some point zF € A* be given. Compute the difference between
the values of criterion (2) for trajectories #(z¥) and z(z*) = {zF(2*) =
of B (k) ., 2N (2%)} starting at 2¥, where the first corresponds to the

perturbation %4, and the second to an arbitrary admissible perturbation
o = {a*,aF*1 ... aN~1}. Using the constancy of the reference function along

of trajectories 7, we obtain

AT = B[FN (a4)] — BEN (%)) = VN [FN ()] — TH(ak) =

2

N—-1
= 3 {PE ] - PN = 3 {7 )] - P @)
. 2

<
I
ol

i

= 3PP @) - P @) ()

<
I
o

Directly from formula (4) there follows

Theorem 1 (principle of independence). In order that system (1) be ®-
invariant with respect to u in A, it is necessary and sufficient that in A the
function

VAL fitd (zd ud)], j=0,1,..,N—1,

corresponding to some reference perturbation i, not depend explicitly on u?.

Formula (4) and Theorem 1 are analogous to the exact formula for the change of
a functional and to the theorem on invariance in continuous systems (). How-
ever, the role that in the case of continuous systems is played by the Hamiltonian
is here performed by the reference function.
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Remark. Let us note that an analogous circumstance also occurs in opti-
mization problems for discrete systems. Let the vector u’ in (1) be a control
constrained by u® € U?. Then, for the case considered here of a free right end of
the trajectory of system (1), the following assertion holds, which is an analogue
of L. S. Pontryagin’ s maximum principle (°) in continuous systems:

In order that the control u deliver a mazimum of the performance criterion (2),
it is necessary and sufficient that the mazimum conditions be satisfied

VI(@?) = VIR (a7, w)] = max VIFL[f7+ (a9 u7)],
ulel’

0<j<N-1, VN(@@N) = &(2).

This assertion is essentially a formulation of R. Bellman’ s optimality principle
(5) for the problem under consideration.

Let all the sets R,; be connected, let the functions f/*1 (27 @’) in A’ be contin-
uously differentiable with respect to x%, and let the functions f**!(z% u*) in G*
be differentiable with respect to u?. Construct in A the reference field of vectors
P7(27), defining them by the system of relations

PN (a) = grad o (2V), ﬁ{(xj) = (f)jﬂ [+ (27)], ;jfjﬂ(xj,ﬂj)) 7
7
(5)

j=N—-1,N—-2,...,0, 1=1,2,...,n%.

Using (3) and (1), we obtain

P (27) = grad,, V(7). (6)

It follows from this that, together with the reference function, the reference field
p7(x7) of system (1), ®-invariant with respect to u, is invariant with respect to
.

Using (6), we obtain for all j =0,1,....,N —1land [ =1,2,...,77
o ~ TP RY. R
2D g @, ) = (500 @ ), -2 i ) )
b ) b au-] )

J
ouy ;

With the aid of this equality the invariance conditions can be formulated in
terms of the reference field.
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Theorem la. In order that system (1) be ®-invariant with respect to u in A,
it is necessary and sufficient that in A, for the reference field corresponding

for some reference perturbation %, the equalities

<15]+1 [fﬁ_l(Q?],U])] ,ajfﬁ—l(-r]aUJ)) =0, j=0,1,..,N—1,
U

1=1,2,...,r.

3°. Structure of the invariance domain and invariance with respect to
initial data. Every trajectory of an invariant system belongs to the manifold
V,={VO VL . VNY, Vi={aieAT| Vi) =c},

where the constant c is determined by the initial conditions. It is easy to indicate
conditions under which, if all p/(27) # 0, the V7 are manifolds of dimension less
than n, and, consequently, the invariant system is not completely controllable.
For example, in the case where the vectors z7 have the same dimension n/ =
n, it is sufficient for this to require that in AY grad ®(z"¥) # 0 and that
the Jacobians of the functions f71(z7,47) with respect to the variables 27 be
nonzero in A7,

Let a manifold L = {L° L',..., LV} C A be given. We shall call system (1)
O-invariant with respect to the initial data on L if the values of criterion (2) for
any of its trajectories beginning at points 27 € L’ coincide. Obviously, system
(1) is ®-invariant with respect to the initial data on L if and only if L C V,. Let
L7 be smooth manifolds and let A/(z7) be an arbitrary tangent vector to L7 at
the point 27, Then, using (6), we obtain the following assertion.

Theorem 2. In order that system (1) be ®-invariant with respect to the ini-
tial data on L, it is necessary and sufficient that the conditions of Theorem 1
(Theorem 1a) be satisfied and, at every point x9 € L7,

(7 (x7), M(27)) =0, j=0,1,...,N.

4°. Synthesis of invariant systems. Let a discrete system be described by
the equations

il = il (gt ot vt i=0,1,..,N —1, (7)

where v’ is a scalar parameter describing the variable part of the system. We
pose the problem of determining such a correcting function

vl =izt ub), (8)
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under which the system

2itl = fitl]

' ut, vt (2t )]

is ®-invariant with respect to w in A. Suppose that, foru* =0,k =0,1,..., N—1,
system (7) functions in the desired manner when v* = 0. Construct in A4 a
reference function V7(z7) for system (7), corresponding to u* = 0, v*¥ = 0,
k=0,1,...,N — 1, and write the equations

VL[t (gl o)) = VL [F(27,0,0)], i=0,1,..,N—1,  (9)

which determine v* as a function of ¢ and u?. It follows from Theorem 1 that,
in order for function (8) to be correcting, it is necessary and sufficient that it
satisfy in A the determining equations (9). As in the case of continuous systems
(3), for the synthesis of the correcting function here it is necessary to forecast
only the unperturbed motion of the system.

If one assumes that the appropriate continuity and differentiability conditions
are satisfied for the right-hand sides of system (7) and function (8), then the
determining equations, using Theorem la, can be written in the form

A S T S
<pz+1 [fz+1<:cl’ul"ul)] , (61/‘ + Ei am) fz+1(1:1’u1’1ﬂ)) =0,
l l

i=01,...,N—1, 1=1,2, .. r. (10)

The reference field p7(2?) here corresponds to u* =0, v* =0, k=0,1,..., N —1.
Equations (10) constitute a system of first-order partial differential equations
with respect to the correcting function v, whose solution must satisfy the con-
dition v* = 0 when u’ = 0.

For the numerical determination of the value of the correcting function compen-
sating a perturbation @' known at the moment i, the following method may be
used. Construct in E,: a piecewise-smooth curve u’(s), u’(s,) = 0, u’(s;) = @'
The function v* = v*(x%,u), by virtue of the introduced parametrization, for
a fixed value of z° becomes a function of the parameter s, and our problem
consists in finding the number v’ (2%, 4') = v'(s;). We use (9). Differentiating
VL FF (2 ui(s), v'(s))] with respect to the parameter s, we obtain

ai (L[S g e (s), v (5)) )

ds (f)i+1[xi+1(s)]’ %fi+1[xi7ui(s>7vi(s)])
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Here xit1(s) = fi [z ui(s),v'(s)]. To solve this equation it is necessary to
compute the values of the vectors of the reference field by the system (5) only
for the trajectories £ with initial conditions z**1(s).

The results presented are easily generalized to the case of invariance of the
system (1) simultaneously with respect to m > 2 quality criteria of the form (2).
The synthesis of an invariant system in this case is carried out by means of m
correcting functions.

5°. Example. Consider the problem

agtt = ah + =52 (V)P — e
1

viay [(uy)*oh — (uj)*at]

xi+1:xi+ e L/ 4 1l
? boata) + ujug ()2 — 2]

O = axlNal).
Putting u¥ = uk = v* = 0, we find 75 = 2%, it = 21,4 =0,1,...,N — 1,
and, consequently, VJ = zdz for all j =0,1,..., N. The determining equations

(9) are written in the form
(0P + o ()2 — (u4)%ad] — bkt =

Imposing on the correcting function the additional condition of minimality in
absolute value, from this we obtain

i i
vl = % when |(ub)?zi| < |(u})?z}| and u} # 0,
1

i i
vl = —% when |(ub)?zi| > |(u})?a}], v' =0 when u} =u} = 0.

A correcting function continuous throughout the entire domain of admissible
values of the perturbations does not exist in this problem.
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