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We shall adhere to the definitions and notation of the article (1).

1. Let E be a topological semifield; V the topological Boolean algebra of its
idempotents; m a measure defined on some maximal confinate I* C V,
continuous with respect to the topology of the semifield. An element
x € KNS, where K is the cone of nonnegative elements of E, and S is the
set of all summable elements of E, will be called a probability distribution
if pu(x) = 1.

Introduce the notation

P:{x:$€?ﬂs7 M(m):l}.

Each element x € P generates a continuous probability measure p,, defined on
V* C V. A random variable in E is specified by a pair {{,x}, where £ is an
element measurable with respect to the measure m (1), and z € P.

Let a family of elements of the semifield measurable with respect to the measure
m be given in E, {&,, t € T}.

Definition 1. (see (*?)). The quadruple {E,V* u,&, t € T} is called a
random process if the following (consistency) conditions are satisfied:

1) for any permutation iy, s, ..., %, of the numbers 1,2, ..., n,

Ha, ¢ ti, = Fag gty

tiy tigrotin

2) for any tq,t,...,t; and any Ay, Ay, ..., A, (K < n),
k k
. &
:u’wtl oty (/\ e)\i ) = ’uﬂftlvtz,--wtk (/\ eAz‘ ) ’
i=1 =1

where
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eiz \/{e:ﬁeg)\e}.

ecly

Sometimes, for simplicity, instead of {E,V* u,§,, t € T} we shall write &,.
Along with the semifield E, we introduce into consideration the complex semi-
field &, defined by the equality £ = E + iE.

Definition 2. Let u(&,x) = ¢(¢),

(& — o()(Es — @(8)my 5] = v(t, 5).

If for all t,s,h, p(t + h) = ©(t) and v(t + h,s + h) = v(t, s), then &, is called a
stationary process in the broad sense. If for all t,,t,,...,t,,h

no

n n
eftﬁh, _ /\ eft,;
Mzt1+h,t2+h,“.,tn+h A - uztl,t2,...,tn Ay ’
=1 =1

then &, is called a stationary process in the narrow sense.
The following theorem is easily proved.

Theorem 1. If the random process &, is stationary in the narrow sense and
p(€3z) < oo, then it is stationary also in the broad sense.

If the Gaussian random process &, is stationary in the broad sense, then it is
stationary also in the narrow sense.

2. Let us consider the question of the spectral representation of a stationary
process in the broad sense.

Definition 3. We shall call a decomposition of the identity of the semifield F
a one-parameter family of idempotents e, satisfying the conditions:

1) €x €y =€y, A= HllIl{)\,")/},
2) ey = e, (in the sense of the topology of the semifield);
3) e_o. =0, e, =1, the identity of the semifield.

It is known (4) that any element z € E has the integral representation

z= / Ade3, (1)

where €3 is the decomposition of the identity generated by the element z. For
the theory of random processes it is important that any process be representable
in the form of an integral with respect to some decomposition of the identity.
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Let £ be a measurable element of the semifield and e some idempotent. Denote
by Bee the inf of the set of those numbers 5 for which {e < e on the whole
idempotent e. Analogously, age means the sup of the set of those numbers «
for which £e > ae.

Form the sums

n n
=2y (o, —e) S 6 (o, ) <

< Zﬁg) (exn,, —ex,) =Sy

i=1

Naturally, now in representation (1), instead of A there will be a function of A
and t. Suppose that the following is fulfilled.

Condition A. As max |\, ; — A;| = 0, the sums s,, and S,, have one common
limit.
When condition A is fulfilled, we shall write

&= [ e Widey = / SOty dey @)

The representation of the process in the form (2) is unique. Indeed, let

¢ = / FOut) de),

be another representation of &,. If f(A t) = 0, then the uniqueness of (2) is
clear.

Suppose that f(A,t) # 0 and de, # de’,. Then

gt—a:o:/ FOut) dley — ¢4) £ 0,

which leads to a contradiction. Thus, the following has been proved.

Theorem 2. If condition A is fulfilled, then for any random process
{E,V* 1,&,t € T} and any decomposition of the identity e,, there exists a
unique function f(\,t) for which

£ = / FOt) dey.
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Theorem 3. A random process {E,V*, u,&,,t € T} is representable in the form
(2) if and only if its correlation function is representable in the form

ple&a) = [ FONFOdFO).
The proof of the theorem follows from the relations:
1)
1(((dey)z)) = p((dey)r) = p(((exyan—ex)r)) = F(A+dN)=F(A) = dF(A);

2) for any functions f(\) and g(\) that are square-integrable with respect to
the measure dF'(\),

([ s [0 - s

If in (2) f(\,t) = e, then the random process is stationary in the wide sense.

Corollary 1. The random process &, is representable in the form

oo
b= [ e, ®)
—0o0
if and only if its correlation function is representable in the form

e = [ et g ().

In view of the uniqueness of the representation (2), every stationary process in
the wide sense admits the spectral decomposition (3).

Corollary 2. The random process &, is stationary in the wide sense if and only

if
§t:/ e de,.

Let us note that, with an appropriate choice of the semifield, from (3) we obtain
the spectral representations of an ordinary stationary process and of a homoge-
neous random field.
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