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ON SOME PROPERTIES OF R- AND R‘
OPERATIONS

(Presented by Academician L. V. Kantorovich on 8 January 1969)

The article uses the terminology and notation introduced in papers (1-5), and
applies the apparatus of D. Kurepa’ s ramified tables.

1. A ramified table is a partially ordered system T' = (£, <) such that, for
every x € &, the set P, = {y : y < z} is well ordered. The order type of
the set P, is called the order of the element z. The rank p(T") of the
table T' is called sup p(z). A node of order ais a set {x € £: P, = P}

zel

for some y € & of order a. The set T, = {x € & : p(x) = a} is called
the layer of order o. Elements a,b € & are called comparable if a < b
or b < a; otherwise they are called disjunctive. A set U C & is called a
section of the table T if it has a unique common element with each layer
T,. One says that the table T" attains its rank if it contains a well-ordered
subset of type p(T).

Remark. A ramified table attains its rank if and only if it admits a monotone
section.

Put (z,)p ={y:y € andz < y}. Aset U C €& is called full if, for every
x € U, one has P, C U. The completion U(T) of a set U in the table T is the
least full set containing U. Then

U(T)=UU (U 5Dz>.

zeU

Thickening conditions. We shall say that a set U, where U= N, satisfies
the conditions: I_, if the table (U(T'), <) attains its rank w,_; I , if the table
(U(T), <) has a node of cardinality 91,.

T

2. In all that follows we shall consider the set £ countable and p(T) < w.
The table T' = (£, <) will be called countable. We note some properties
of countable tables.
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Theorem 1. Let U C &, T* = (U(T),<). If p(T*) = w and F = (x;),,, is a

monotone section of the table T*, then, first,

<w

(Vi) [(z;, ) NU ] =Ny,

and, second, either
F n U == mo,

or there exists a countable disjunctive subset B C U such that

(Vi) [ (25 )0 N B =D ].

Theorem 2. For every countable set U C & in the table T = (&, <), either I,
or II; holds (here wy = w).

Denote by I the set of all natural numbers and by W the set of all finite tuples
of natural numbers, including the empty tuple { }. Let Ty, = (W, <), where
as the relation < we take the relation of subordination of tuples. Obviously,

p(Ty) = w.

3. Let H be a property of sets of chains of a given rigid base N. We shall
also denote by H the set of all subsets H, C N possessing the property

H. Let
HN = (U 5)
¢eH,

The following notation is introduced: H,y (p natural), Hy N, Hg,N,
if H, contains, respectively, not fewer than p chains, not fewer than 9,
chains, more than 9, chains of the base N. Let (E;) be a sequence of sets
of the basic space =. The kernel of a chain £ € N

call N E;. If z € 5 (E,), then by M, we denote the set of all chains £ € N to
whose kernels the point x belongs. If I* C I, then the truncated base N* of
the operation @ is called {{ € N : I* C &}

/7

HeeH

4. Consider an Rgy.-operation, where MM® = (NS, )in,..n,jew 18 @ table of
bases. A. A. Lyapunov (%) showed that, in the case when all bases Ny, o,
are rigid, the R§;.-operation also has a rigid base 65,;. We shall call the
{ny ... ny}-section of an Ry .-chain ¥, and denote by ¥, ,, , the totality
of all tuples from the chain o either coinciding with the tuple {n; ...n,}
or subordinate to it. Denote by @ﬁgn;{nl_“nk} the ds-operation whose base
is {0, : U € O5z}. Obviously, ®ye .y = Py . The totality of tuples
((ny ... yng,q)); will be called an R°-covering of the tuple {n; ...n;}, if
5 = (nﬁﬁLl)i € Ngln.nk'

Theorem 3. Every rigid R§,.-chain consists of pairwise non-subordinate tu-
ples.
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Theorem 4. If ¥ is a rigid R§y.-chain, and ¥(Ty;) is its completion in the table
Ty, then every node of the table (9(Tyy), <) of the form ({n,...,nyn} ,}); is
an R°-covering of the tuple {n; ...n.}.

Theorem 5. No Rgy.-chain 1 satisfies condition Iy, i.e., either the rank of the
table T% = (J(Tyy ), <) is less than w, or p(T*) = w, but the table T* does not
attain it.

Theorem 6. For any tuple {n,..n,} € W, the operation ®yc .1 .y is
weaker than the operation @, .

Theorem 7. Whatever the tuple {n; ...n;} € W may be, the operation whose
base is an arbitrary truncated base of the operation ®ye .1, ) is weaker than

the operation Do, relative to the class of sets X > 0.

A consequence of Theorem 7 and of a theorem of 1. Kozlova (°) is

Theorem 8. If the class of sets X > () and the class (1)9331 (X) are invariant
with respect to the operations ¥ and II, then for any tuple {n; ...n,} € W and
any natural p one has

Py (955 0ny.my ) (K) C Py (K).

5. Let z € @y (E, . ). Denote by 7, the totality of all tuples entering
chains that belong to the set M.

We introduce the duality property. We shall say that a tuple {n;...n,} €
N, (Ty ) has the duality property if from the tuples of the collection 7, one can
form at least two chains of the base of the operation ®y. .1, ;- Denote by 1,
the totality of all tuples of the collection n,(Ty,) that have the duality property.

Theorem 9. Two distinct R§,.-chains ¢ and ¢’ differ either in that their
completions ¥(Ty,) and ¥ (T, ) include subsets p, that are distinct from one
another, or in that there is a tuple {ny...n,} € H(Ty) N ¥ (Ty,) such that
Ty, ) and 9’ (Tyy,) include Re-coverings of this tuple that are distinct from one
another.

For the R§,.-operation we introduce condensation conditions. We shall say
that a set of tuples 7, satisfies condition: aq, if in the table (n,(Ty), <) there
exists a node ({n; ...nynj ,}), from which one can form > 91, R°-coverings of
the tuple {n; ...n,}; ay, if in the collection 7, (7Ty;,) there are a tuple {n; ...n;}
and such an R°-covering of it ({n ...nyn}_});, in which 9,

tuples have the property of duality; ag, if in the table (n, (T} ), <) there exists a
node ({n; ... nkn,iﬂ})i, from which an > N, R°-covering of the tuple {n; ...n;}
can be formed; a,, if the table {u, <) attains its rank w.

Theorem 10. For every set 7, one has

ﬁx >Ny & —ay & —ag = ay.
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Theorem 11. For every set 7, one has
a; Vagy (:)ﬁx > Ng.

Theorem 12. For every set 7, one has

—(a; Vay) & (ag Va,) <= M, =X,.

x

Theorem 13. For every set 7, one has
ay VasVay @ﬁx > N,

6. Let a ¢ -operation @, and two sequences of sets (E;), (e,;) be given. Put

Q(N;Eje,) = (ﬂEm N ) :

£, \ieg ieg’

where the union is taken over all pairs (£,£’) of chains such that £ € N and ¢’
is an infinite subchain of the chain £&. If N is a rigid base of the operation of
countable union, then for any ordinal number o < w; by 0%, 0% we denote the
rigid bases of the operations R%;, R}, respectively.

Theorem 14. If the class of sets X" > () and for every tuple {m, ... m,} the sets
E,, e . belong to the class X, then for any ordinal number o < w;

1My “my..m

the sets
Q{ml...mt}<ea; Eml...mt; eml...mt>7
Q{ml...mt} (eac; Eml...mt ) eml...mt)
belong, respectively, to the classes ®ya (K), Ppac(K).
7. Let (E,, ...E,, ) be a table of sets of the class X'. We construct the sets

6..¢
(P%No,m(Eml.,.mt% (I)HgD;QO,DJI<Em1”.mt)'

Put
E = q)ec;(nl.v.nk; (E
o

ny..My ml...mt>7

S:Llnk = (I)HA Ry Ng (gnlmnki)7 g:z*lu.nk = (I)Hz(chm;{nl,...,nk}) (Eml...mt)a

NN

kkok —_ j— (& . . *k
¢ - (I)i HXoNES (gnlnkz>7 Ynln.nk - Qi<Nn1...nk7 gnl...nki7 nl.“nki)'

ny.N nem

Let
933‘{1”1---”1«} ={ve 05y : {nq...n,} € 9}

Put

Enlmnk _ E’I’nlmmt7 lf {ml mt} # {nl nk}’
r =, if {my..m,} ={ny...n.}
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Let

M- — & gelna- ) (B t)7 Eni-ny, — q)ecm{lnl”'nk)<Em11‘“",§t>’

Oom M-m

* Eny..n * ok Eng..n ok ny.n Kok
an My =¢&m kmgnl.“nk’ an Mg =¢&m kanlmnw an My _5 v kmgnl My ?

1) _ * 2) *ok 3) _ okok
zM = U Z"1 My 7% = U an Ny 7% = U an )

{ny.ny tew {ny..n,ew {ny.n,ew
Bn " — Eningany | U é’nl...nkflnzml...m,
1T
niFny,
{my..m,}eWw

By @, denote the §,-operation whose base 2 consists of all chains that are
a countable totality of tuples of increasing ranks, each succeeding one being
subordinate to the preceding one. It is easy to show that the operation ®y is
weaker than the A-operation. Put

Theorem 15. & o (E,, .. ) =20 uUZ?.
HNO 1My
Theorem 16. & 4 U Z(k

Jﬁ
HN

Theorem 17. If 1) for any tuple {n; ...n,} € W, for a class of sets X D (), =,

the conditions are satisfied: a) the operation ® Ng, is stronger than the -, II-
g
operations, b) the operatlon P, Mg, is weaker than the operation ® Ng, n
g T
c) the (0g;; NS )-type is weaker than the 65,-type; 2) for an arbitrary claes
of sets JC’ D d the set Q(Ny, .n.s Eii ;) belongs to the class @y. (X7,
f1eme

whenever the sets E;, e; belong to the class X, then
@Hiin (K) C Pye (K).

Theorem 18. If conditions 1c¢), 2) of Theorem 17 are preserved and condi-

tions la)—1b) are replaced by the conditions: 1a’) the operation ® . is
51

stronger than the A-operation, 1b’) the operation @ Hiy, NG is weaker than

Ny enp

the operation @ . , we have:
S,

o5, (K) C Bye (K).

m
HN

Corollary. For every ordinal number 1 < o < w;, the operations CIDHSM, @Hgac
0 0
are weaker than the operation @, and the operation ® e is weaker than the
0

operation ®. relative to a class of sets X D 0, E
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