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MATHEMATICS

I. D. STUPINA

ON SOME PROPERTIES OF 𝑅- AND 𝑅𝑐-
OPERATIONS
(Presented by Academician L. V. Kantorovich on 8 January 1969)

The article uses the terminology and notation introduced in papers (1–5), and
applies the apparatus of D. Kurepa’s ramified tables.

1. A ramified table is a partially ordered system 𝑇 = ⟨ℰ, <⟩ such that, for
every 𝑥 ∈ ℰ, the set 𝒫𝑥 = {𝑦 ∶ 𝑦 < 𝑥} is well ordered. The order type of
the set 𝒫𝑥 is called the order of the element 𝑥. The rank 𝜌(𝑇 ) of the
table 𝑇 is called sup

𝑥∈ℰ
𝜌(𝑥). A node of order 𝛼 is a set {𝑥 ∈ ℰ ∶ 𝒫𝑥 = 𝒫𝑦}

for some 𝑦 ∈ ℰ of order 𝛼. The set 𝑇𝛼 = {𝑥 ∈ ℰ ∶ 𝜌(𝑥) = 𝛼} is called
the layer of order 𝛼. Elements 𝑎, 𝑏 ∈ ℰ are called comparable if 𝑎 < 𝑏
or 𝑏 < 𝑎; otherwise they are called disjunctive. A set 𝑈 ⊂ ℰ is called a
section of the table 𝑇 if it has a unique common element with each layer
𝑇𝛼. One says that the table 𝑇 attains its rank if it contains a well-ordered
subset of type 𝜌(𝑇 ).

Remark. A ramified table attains its rank if and only if it admits a monotone
section.

Put (𝑥, ⋅)𝑇 = {𝑦 ∶ 𝑦 ∈ ℰ and 𝑥 < 𝑦}. A set 𝑈 ⊂ ℰ is called full if, for every
𝑥 ∈ 𝑈 , one has 𝒫𝑥 ⊂ 𝑈 . The completion 𝑈(𝑇 ) of a set 𝑈 in the table 𝑇 is the
least full set containing 𝑈 . Then

𝑈(𝑇 ) = 𝑈 ∪ ( ⋃
𝑥∈𝑈

𝒫𝑥) .

Thickening conditions. We shall say that a set 𝑈 , where 𝑈 = 𝔑𝜏 , satisfies
the conditions: I𝜏 , if the table ⟨𝑈(𝑇 ), <⟩ attains its rank 𝜔𝜏 ; II𝜏 , if the table
⟨𝑈(𝑇 ), <⟩ has a node of cardinality 𝔑𝜏 .

2. In all that follows we shall consider the set ℰ countable and 𝜌(𝑇 ) ≤ 𝜔.
The table 𝑇 = ⟨ℰ, <⟩ will be called countable. We note some properties
of countable tables.
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Theorem 1. Let 𝑈 ⊂ ℰ, 𝑇 ∗ = ⟨𝑈(𝑇 ), <⟩. If 𝜌(𝑇 ∗) = 𝜔 and 𝐹 = (𝑥𝑖)𝑖<𝜔 is a
monotone section of the table 𝑇 ∗, then, first,

(∀𝑖) [ (𝑥𝑖, ⋅)𝑇 ∗ ∩ 𝑈 ] = 𝔑0,

and, second, either
𝐹 ∩ 𝑈 = 𝔑0,

or there exists a countable disjunctive subset 𝐵 ⊂ 𝑈 such that

(∀𝑖) [ (𝑥𝑖, ⋅)𝑇 ∗ ∩ 𝐵 = 𝔑0 ].

Theorem 2. For every countable set 𝑈 ⊂ ℰ in the table 𝑇 = ⟨ℰ, <⟩, either I0
or II0 holds (here 𝜔0 = 𝜔).

Denote by 𝐼 the set of all natural numbers and by 𝑊 the set of all finite tuples
of natural numbers, including the empty tuple { }. Let 𝑇𝑊 = ⟨𝑊, <⟩, where
as the relation < we take the relation of subordination of tuples. Obviously,
𝜌(𝑇𝑊 ) = 𝜔.

3. Let 𝐻 be a property of sets of chains of a given rigid base 𝑁 . We shall
also denote by 𝐻 the set of all subsets 𝐻𝜉 ⊂ 𝑁 possessing the property
𝐻. Let

𝐻𝑁 = ⎛⎜
⎝

⋃
𝜉∈𝐻𝜉

𝜉⎞⎟
⎠

′

𝐻𝜉∈𝐻

.

The following notation is introduced: 𝐻𝑝𝑁 (𝑝 natural), 𝐻𝔑0
𝑁 , 𝐻𝔑̂0𝑁 ,

if 𝐻𝜉 contains, respectively, not fewer than 𝑝 chains, not fewer than 𝔑0
chains, more than 𝔑0 chains of the base 𝑁 . Let (𝐸𝑖) be a sequence of sets
of the basic space Ξ. The kernel of a chain 𝜉 ∈ 𝑁

call ⋂ 𝐸𝑖. If 𝑥 ∈ Φ𝑁(𝐸𝑖), then by 𝑀𝑥 we denote the set of all chains 𝜉 ∈ 𝑁 to
whose kernels the point 𝑥 belongs. If 𝐼∗ ⊂ 𝐼 , then the truncated base 𝑁𝐼∗ of
the operation Φ𝑁 is called {𝜉 ∈ 𝑁 ∶ 𝐼∗ ⊂ 𝜉}.

4. Consider an 𝑅𝑐
𝔐𝑐 -operation, where 𝔐𝑐 = (𝑁𝑐

𝑛1…𝑛𝑘
){𝑛1…𝑛𝑘}∈𝑊 is a table of

bases. A. A. Lyapunov (4) showed that, in the case when all bases 𝑁𝑐
𝑛1…𝑛𝑘

are rigid, the 𝑅𝑐
𝔐𝑐 -operation also has a rigid base 𝜃𝑐

𝔐. We shall call the
{𝑛1 … 𝑛𝑘}-section of an 𝑅𝑐

𝔐𝑐 -chain 𝜗, and denote by 𝜗𝑛1…𝑛𝑘
, the totality

of all tuples from the chain 𝜗 either coinciding with the tuple {𝑛1 … 𝑛𝑘}
or subordinate to it. Denote by Φ𝜗𝑐

𝔐;{𝑛1…𝑛𝑘} the 𝛿𝑠-operation whose base
is {𝜗𝑛1…𝑛𝑘

∶ 𝜗 ∈ 𝜃𝑐
𝔐}. Obviously, Φ𝜗𝑐

𝔐;{} = Φ𝜃𝑐
𝔐

. The totality of tuples
((𝑛1 … 𝑛𝑘𝑛𝑖

𝑘+1))𝑖 will be called an 𝑅𝑐-covering of the tuple {𝑛1 … 𝑛𝑘}, if
𝜉 = (𝑛𝑖

𝑘+1)𝑖 ∈ 𝑁𝑐
𝑛1…𝑛𝑘

.

Theorem 3. Every rigid 𝑅𝑐
𝔐𝑐 -chain consists of pairwise non-subordinate tu-

ples.
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Theorem 4. If 𝜗 is a rigid 𝑅𝑐
𝔐𝑐 -chain, and 𝜗(𝑇𝑊 ) is its completion in the table

𝑇𝑊 , then every node of the table ⟨𝜗(𝑇𝑊 ), <⟩ of the form ({𝑛1, … , 𝑛𝑘𝑛𝑖
𝑘+1})𝑖 is

an 𝑅𝑐-covering of the tuple {𝑛1 … 𝑛𝑘}.

Theorem 5. No 𝑅𝑐
𝔐𝑐 -chain 𝜗 satisfies condition 𝐼0, i.e., either the rank of the

table 𝑇 ∗ = ⟨𝜗(𝑇𝑊 ), <⟩ is less than 𝜔, or 𝜌(𝑇 ∗) = 𝜔, but the table 𝑇 ∗ does not
attain it.

Theorem 6. For any tuple {𝑛1 … 𝑛𝑘} ∈ 𝑊 , the operation Φ𝜗𝑐
𝔐;{𝑛1…𝑛𝑘} is

weaker than the operation Φ𝜃𝑐
𝔐

.

Theorem 7. Whatever the tuple {𝑛1 … 𝑛𝑘} ∈ 𝑊 may be, the operation whose
base is an arbitrary truncated base of the operation Φ𝜗𝑐

𝔐;{𝑛1…𝑛𝑘} is weaker than
the operation Φ𝜃𝑐

𝔐
relative to the class of sets 𝒦 ∋ ∅.

A consequence of Theorem 7 and of a theorem of I. Kozlova (6) is

Theorem 8. If the class of sets 𝒦 ∋ ∅ and the class Φ𝜃𝑐
𝔐

(𝒦) are invariant
with respect to the operations Σ and Π, then for any tuple {𝑛1 … 𝑛𝑘} ∈ 𝑊 and
any natural 𝑝 one has

Φ𝐻𝑝(𝜗𝑐
𝔐;{𝑛1…𝑛𝑘})(𝒦) ⊂ Φ𝜃𝑐

𝔐
(𝒦).

5. Let 𝑥 ∈ Φ𝜃𝑐
𝔐

(𝐸𝑛1…𝑛𝑘
). Denote by 𝜂𝑥 the totality of all tuples entering

chains that belong to the set 𝑀𝑥.

We introduce the duality property. We shall say that a tuple {𝑛1 … 𝑛𝑘} ∈
𝜂𝑥(𝑇𝑊 ) has the duality property if from the tuples of the collection 𝜂𝑥 one can
form at least two chains of the base of the operation Φ𝜗𝑐

𝔐;{𝑛1…𝑛𝑘}. Denote by 𝜇𝑥
the totality of all tuples of the collection 𝜂𝑥(𝑇𝑊 ) that have the duality property.

Theorem 9. Two distinct 𝑅𝑐
𝔐𝑐 -chains 𝜗 and 𝜗′ differ either in that their

completions 𝜗(𝑇𝑊 ) and 𝜗′(𝑇𝑊 ) include subsets 𝜇𝑥 that are distinct from one
another, or in that there is a tuple {𝑛1 … 𝑛𝑘} ∈ 𝜗(𝑇𝑊 ) ∩ 𝜗′(𝑇𝑊 ) such that
𝜗(𝑇𝑊 ) and 𝜗′(𝑇𝑊 ) include 𝑅𝑐-coverings of this tuple that are distinct from one
another.

For the 𝑅𝑐
𝔐𝑐 -operation we introduce condensation conditions. We shall say

that a set of tuples 𝜂𝑥 satisfies condition: 𝑎1, if in the table ⟨𝜂𝑥(𝑇𝑊 ), <⟩ there
exists a node ({𝑛1 … 𝑛𝑘𝑛𝑖

𝑘+1}), from which one can form > 𝔑0 𝑅𝑐-coverings of
the tuple {𝑛1 … 𝑛𝑘}; 𝑎2, if in the collection 𝜂𝑥(𝑇𝑊 ) there are a tuple {𝑛1 … 𝑛𝑘}
and such an 𝑅𝑐-covering of it ({𝑛1 … 𝑛𝑘𝑛𝑖

𝑘+1})𝑖, in which 𝔑0

tuples have the property of duality; 𝑎3, if in the table ⟨𝜂𝑥(𝑇𝑊 ), <⟩ there exists a
node ({𝑛1 … 𝑛𝑘𝑛 𝑖

𝑘+1})𝑖, from which an ⩾ ℵ0 𝑅𝑐-covering of the tuple {𝑛1 … 𝑛𝑘}
can be formed; 𝑎4, if the table ⟨𝜇𝑥, <⟩ attains its rank 𝜔.

Theorem 10. For every set 𝜂𝑥 one has

𝑀𝑥 ⩾ ℵ0 & ¬𝑎2 & ¬𝑎3 ⇒ 𝑎4.
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Theorem 11. For every set 𝜂𝑥 one has

𝑎1 ∨ 𝑎2 ⟺ 𝑀𝑥 > ℵ0.

Theorem 12. For every set 𝜂𝑥 one has

¬(𝑎1 ∨ 𝑎2) & (𝑎3 ∨ 𝑎4) ⟺ 𝑀𝑥 = ℵ0.

Theorem 13. For every set 𝜂𝑥 one has

𝑎2 ∨ 𝑎3 ∨ 𝑎4 ⟺ 𝑀𝑥 ⩾ ℵ0.

6. Let a 𝛿𝑠-operation Φ𝑁 and two sequences of sets (𝐸𝑖), (𝑒𝑖) be given. Put

𝑄(𝑁; 𝐸𝑖; 𝑒𝑖) = ⋃
𝜉,𝜉′

(⋂
𝑖∈𝜉

𝐸𝑖 ∩ ⋂
𝑖∈𝜉′

𝑒𝑖) ,

where the union is taken over all pairs (𝜉, 𝜉′) of chains such that 𝜉 ∈ 𝑁 and 𝜉′

is an infinite subchain of the chain 𝜉. If 𝑁 is a rigid base of the operation of
countable union, then for any ordinal number 𝛼 < 𝜔1 by 𝜃𝛼, 𝜃𝛼𝑐 we denote the
rigid bases of the operations 𝑅𝛼

𝑁 , 𝑅𝛼𝑐
𝑁 , respectively.

Theorem 14. If the class of sets 𝒦 ∋ ∅ and for every tuple {𝑚1 … 𝑚𝑡} the sets
𝐸𝑚1…𝑚𝑡

, 𝑒𝑚1…𝑚𝑡
belong to the class 𝒦, then for any ordinal number 𝛼 < 𝜔1

the sets
𝑄{𝑚1…𝑚𝑡}(𝜃𝛼; 𝐸𝑚1…𝑚𝑡

; 𝑒𝑚1…𝑚𝑡
),

𝑄{𝑚1…𝑚𝑡}(𝜃𝛼𝑐; 𝐸𝑚1…𝑚𝑡
; 𝑒𝑚1…𝑚𝑡

)
belong, respectively, to the classes Φ𝜃𝛼(𝒦), Φ𝜃𝛼𝑐(𝒦).
7. Let (𝐸𝑚1

… 𝐸𝑚𝑡
) be a table of sets of the class 𝒦. We construct the sets

Φ𝜃𝑐
𝐻ℵ0,𝔐(𝐸𝑚1…𝑚𝑡

), Φ𝜃𝔐
𝑐

𝐻ℵ0,𝔐(𝐸𝑚1…𝑚𝑡
).

Put
ℰ𝑛1…𝑛𝑘

= Φ𝜃𝑐;{𝑛1…𝑛𝑘}
𝔐

(𝐸𝑚1…𝑚𝑡
),

ℰ∗
𝑛1…𝑛𝑘

= Φ𝐻 ̂ ℵ0𝑁𝑐𝑛1…𝑛𝑘
(ℰ𝑛1…𝑛𝑘𝑖), ℰ∗∗

𝑛1…𝑛𝑘
= Φ𝐻2(𝜃𝑐

𝔐;{𝑛1,…,𝑛𝑘})(𝐸𝑚1…𝑚𝑡
),

ℰ∗∗∗
𝑛1…𝑛𝑘

= Φ𝑖 𝐻ℵ0𝑁𝑐𝑛1…𝑛𝑘
(ℰ𝑛1…𝑛𝑘𝑖), 𝑌𝑛1…𝑛𝑘

= 𝑄𝑖(𝑁𝑐
𝑛1…𝑛𝑘

; ℰ𝑛1…𝑛𝑘𝑖; ℰ∗∗
𝑛1…𝑛𝑘𝑖).

Let
𝜃𝑐{𝑛1…𝑛𝑘}

𝔐 = {𝜗 ∈ 𝜃𝑐
𝔐 ∶ {𝑛1 … 𝑛𝑘} ∈ 𝜗}.

Put

𝐸𝑛1…𝑛𝑘𝑚1…𝑚𝑡 = {𝐸𝑚1…𝑚𝑡
, if {𝑚1 … 𝑚𝑡} ≠ {𝑛1 … 𝑛𝑘},

Ξ, if {𝑚1 … 𝑚𝑡} = {𝑛1 … 𝑛𝑘}.
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Let
ℰ𝑛1…𝑛𝑘 = Φ𝜃𝑐{𝑛1…𝑛𝑘}

𝔐
(𝐸𝑚1…𝑚𝑡

), ̃ℰ𝑛1…𝑛𝑘 = Φ𝜃𝑐{𝑛1…𝑛𝑘}
𝔐

(𝐸𝑛1…𝑛𝑘𝑚1…𝑚𝑡),

𝑍∗
𝑛1…𝑛𝑘

= ̃ℰ𝑛1…𝑛𝑘∩ℰ∗
𝑛1…𝑛𝑘

, 𝑍∗∗
𝑛1…𝑛𝑘

= ̃ℰ𝑛1…𝑛𝑘∩𝑌𝑛1…𝑛𝑘
, 𝑍∗∗∗

𝑛1…𝑛𝑘
= ̃ℰ𝑛1…𝑛𝑘∩ℰ∗∗∗

𝑛1…𝑛𝑘
,

𝑍(1) = ⋃
{𝑛1…𝑛𝑘}∈𝑊

𝑍∗
𝑛1…𝑛𝑘

, 𝑍(2) = ⋃
{𝑛1…𝑛𝑘}∈𝑊

𝑍∗∗
𝑛1…𝑛𝑘

, 𝑍(3) = ⋃
{𝑛1…𝑛𝑘}∈𝑊

𝑍∗∗∗
𝑛1…𝑛𝑘

,

𝐵𝑛1…𝑛𝑘
= ℰ𝑛1…𝑛𝑘−1𝑛𝑘 ∪ ⋃

𝑛′
𝑘≠𝑛𝑘

{𝑚1…𝑚𝑡}∈𝑊

ℰ𝑛1…𝑛𝑘−1𝑛′
𝑘𝑚1…𝑚𝑡 .

By Φ𝔄 denote the 𝛿𝑠-operation whose base 𝔄 consists of all chains that are
a countable totality of tuples of increasing ranks, each succeeding one being
subordinate to the preceding one. It is easy to show that the operation Φ𝔄 is
weaker than the 𝐴-operation. Put

𝑍(4) = Φ𝔄(𝐵𝑛1…𝑛𝑘
).

Theorem 15. Φ𝐻𝜃𝑐
𝔐

ℵ0
(𝐸𝑚1…𝑚𝑡

) = 𝑍(1) ∪ 𝑍(2).

Theorem 16. Φ𝐻𝜃𝑐
𝔐

ℵ0
(𝐸𝑚1…𝑚𝑡

) =
4

⋃
𝑘=2

𝑍(𝑘).

Theorem 17. If 1) for any tuple {𝑛1 … 𝑛𝑘} ∈ 𝑊 , for a class of sets 𝒦 ⊃ ∅, Ξ,
the conditions are satisfied: a) the operation Φ𝑁𝑐𝑛1…𝑛𝑘

is stronger than the Σ-, Π-
operations, b) the operation Φ𝐻ℵ0 𝑁𝑐𝑛1…𝑛𝑘

is weaker than the operation Φ𝑁𝑐𝑛1…𝑛𝑘
,

c) the (𝜃𝑐
𝔐; 𝑁𝑐

𝑛1…𝑛𝑘
)-type is weaker than the 𝜃𝑐

𝔐-type; 2) for an arbitrary class
of sets 𝒦′ ⊃ ∅, the set 𝑄(𝑁𝑐

𝑛1…𝑛𝑘
; 𝐸𝑖; 𝑒𝑖) belongs to the class Φ𝑁𝑐𝑛1…𝑛𝑘

(𝒦′),
whenever the sets 𝐸𝑖, 𝑒𝑖 belong to the class 𝒦′, then

Φ𝐻𝜃𝑐
𝔐

ℵ0
(𝒦) ⊂ Φ𝜃𝑐

𝔐
(𝒦).

Theorem 18. If conditions 1c), 2) of Theorem 17 are preserved and condi-
tions 1a)—1b) are replaced by the conditions: 1a′) the operation Φ𝑁𝑐𝑛1…𝑛𝑘

is
stronger than the 𝐴-operation, 1b′) the operation Φ𝐻ℵ0 𝑁𝑐𝑛1…𝑛𝑘

is weaker than
the operation Φ𝑁𝑐𝑛1…𝑛𝑘

, we have:

Φ𝐻𝜃𝑐
𝔐

ℵ0
(𝒦) ⊂ Φ𝜃𝑐

𝔐
(𝒦).

Corollary. For every ordinal number 1 ≤ 𝛼 < 𝜔1, the operations Φ𝐻𝜃𝛼𝑐
ℵ0

, Φ𝐻𝜃𝑎𝑐
ℵ0

are weaker than the operation Φ𝜃𝛼𝑐, and the operation Φ𝐻𝜃𝑎
ℵ0

is weaker than the
operation Φ𝜃𝑎 relative to a class of sets 𝒦 ⊃ ∅, Ξ.
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