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THEORY OF ELASTICITY
B. D. Annin

ELASTIC-PLASTIC STRESS DISTRIBUTION
IN A PLANE WITH A HOLE
(Presented by Academician Yu. N. Rabotnov, 14 V 1968)

Let the plane 𝑥𝑦 with a hole—a simply connected domain 𝐺+, bounded by a
strictly convex sufficiently smooth contour Γ—be under the action of balanced
systems of forces applied to the contour of the hole and at infinity. Denote by
𝐺− the infinite domain bounded by Γ; by 𝜎𝑥, 𝜎𝑦, 𝜏 the components of the stress
tensor in the coordinate system 𝑥, 𝑦; and by 𝑅(𝜎𝑥, 𝜎𝑦, 𝜏) = 𝑘 the plasticity
condition. We shall assume that at infinity 𝜎𝑥 = 𝛼1 = const, 𝜎𝑦 = 𝛽1 = const,
𝜏 = 0. Suppose that there is a domain in which the material is in a plastic
state. We denote the unknown boundary separating the elastic and plastic
domains (Fig. 1) by 𝐿, and assume that 𝐿 is a simple Jordan curve of class
𝐶2,𝜆, 0 < 𝜆 ≤ 1*. Let 𝐷− and 𝐷+ be, respectively, the finite and infinite
domains bounded by 𝐿. Assume that 𝐺+ ⊂ 𝐷+.

We shall attach the index 𝑝 to the components of the stress tensor in the plastic
domain 𝐷+ − 𝐺+, and the index 𝑒 in the elastic domain 𝐷−. On 𝐿 the limiting
equalities 𝜎𝑝

𝑥 = 𝜎𝑒
𝑥, 𝜎𝑝

𝑦 = 𝜎𝑒
𝑦, 𝜏𝑝 = 𝜏𝑒 hold.

Let the stresses in the plastic domain be found. Denote

ℎ(𝑥, 𝑦) = 4−1 [𝜎𝑝
𝑥(𝑥, 𝑦) + 𝜎𝑝

𝑦(𝑥, 𝑦)],

𝑓(𝑥, 𝑦) = 2−1 [𝜎𝑝
𝑦(𝑥, 𝑦) − 𝜎𝑝

𝑥(𝑥, 𝑦) + 2𝑖𝜏𝑝(𝑥, 𝑦)],

𝑖2 = −1.

Fig. 1
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We shall assume that the functions ℎ(𝑥, 𝑦), 𝑓(𝑥, 𝑦) are defined and three times
continuously differentiable for all points of the domain 𝐺−. Suppose that the
function 𝑅1(𝑥, 𝑦) ≡ 𝑅(𝜎𝑒

𝑥(𝑥, 𝑦), 𝜎𝑒
𝑦(𝑥, 𝑦), 𝜏𝑒(𝑥, 𝑦)) attains its maximum value on

𝐿; the function [𝜎𝑒
𝑥(𝑥, 𝑦) + 𝜎𝑒

𝑦(𝑥, 𝑦)] belongs(1) to the class 𝐴2,𝜆(𝐷− + 𝐿), and
the function [𝜎𝑒

𝑦(𝑥, 𝑦) − 𝜎𝑒
𝑥(𝑥, 𝑦) + 2𝑖𝜏𝑒(𝑥, 𝑦)] to the class 𝐴1,𝜆(𝐷− + 𝐿). Denote

the unit circle |𝜁| = 1 of the 𝜁-plane by 𝐶, and the infinite domain outside 𝐶
by 𝐾−.

Let the function

𝑧 = 𝑥 + 𝑖𝑦 = 𝜔(𝜁) = 𝑐0𝜁 + 𝑐1/𝜁 + 𝑐2/𝜁2 + ⋯ , 𝑐0 > 0,

map conformally the domain 𝐾− onto 𝐷−. Denote

𝐻(𝜔(𝜁), 𝜔(𝜁)) ≡ ℎ[(𝜔(𝜁) + 𝜔(𝜁))/2, (𝜔(𝜁) − 𝜔(𝜁))/2𝑖],

𝐹 (𝜔(𝜁), 𝜔(𝜁)) ≡ 𝑓[(𝜔(𝜁) + 𝜔(𝜁))/2, (𝜔(𝜁) − 𝜔(𝜁))/2𝑖].

* The second derivative of the radius vector with respect to arc length is Hölder-
continuous with exponent 𝜆.
If the Kolosov–Muskhelishvili representation is used, then the problem of deter-
mining the elastic region and the stresses in the elastic region (problem 1) is
formulated as follows.

Problem 1. Find the functions 𝜔(𝜁), Φ(𝜁), Ψ(𝜁) of the complex variable 𝜁,
analytic in 𝐾−, |𝜁| > 1, where Ψ(𝜁) belongs to the class 𝐴1,𝜆(𝐾− + 𝐶), and the
functions 𝜔(𝜁), Φ(𝜁) to the class 𝐴2,𝜆(𝐾− + 𝐶), under the following conditions:

a) on 𝐶 *

ReΦ(𝜏) = 𝐻(𝜔(𝜏), 𝜔(𝜏)), 𝜏 ∈ 𝐶; (1)

𝜔(𝜏)[Φ′(𝜏)]−/𝜔′(𝜏) + [Ψ(𝜏)]− = 𝐹(𝜔(𝜏), 𝜔(𝜏)); (2)
b) at infinity the following representation holds

Φ(𝜁) = 𝛼 + 𝑎2/𝜁2 + 𝑎3/𝜁3 + ⋯ ,

Ψ(𝜁) = 𝛽 + 𝑏2/𝜁2 + 𝑏3/𝜁3 + ⋯ ; (3)
c) the function 𝑧 = 𝜔(𝜁), 𝜁 ∈ 𝐾−, maps 𝐾− onto some simply connected

domain 𝐷+ with boundary 𝐿, and 𝐷+ contains the prescribed domain
𝐺+.
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Remark 1. The quantities 𝛼, 𝛽 are parameters; other parameters may enter
the functions 𝐻(𝜔(𝜏), 𝜔(𝜏)), 𝐹(𝜔(𝜏), 𝜔(𝜏)).
Problem 1 was considered in (2−6).
Suppose that the solution of problem 1 exists, and let us find the equation
satisfied by the function 𝜔(𝜏), 𝜏 ∈ 𝐶. From (1) we find (𝜁 ∈ 𝐾−, 𝜏 ∈ 𝐶)

Φ(𝜁) = 1
𝜋𝑖 ∫

𝐶

𝐻(𝜔(𝜏), 𝜔(𝜏))
𝜁 − 𝜏 𝑑𝜏 + 𝛼, 1

2𝜋𝑖 ∫
𝐶

𝐻(𝜔(𝜏), 𝜔(𝜏))
𝜏 𝑑𝜏 = 𝛼. (4)

Here and below, in integration the contour 𝐶 is traversed so that the domain
𝐾− remains on the right.

From (3) and (4) we obtain (𝜁 ∈ 𝐾−, 𝜏 ∈ 𝐶)

Φ′(𝜁) = 1
𝜋𝑖 ∫

𝐶

𝜇(𝜏)
𝜁 − 𝜏 𝑑𝜏, ∫

𝐶

𝜇(𝜏)
𝜏 𝑑𝜏 = 0, (5)

where **

𝜇(𝜏) = 𝐴(𝜔(𝜏), 𝜔(𝜏))𝜔′(𝜏) − 𝜏−2 ⋅ 𝐴(𝜔(𝜏), 𝜔(𝜏)) ⋅ 𝜔′(𝜏), (6)

𝐴(𝜔(𝜏), 𝜔(𝜏)) = 1
2 [ℎ𝑥[(𝜔(𝜏) + 𝜔(𝜏))/2] − 𝑖ℎ𝑦[(𝜔(𝜏) + 𝜔(𝜏))/2,

(𝜔(𝜏) − 𝜔(𝜏))/2𝑖]] .

Taking into account (7,8), the condition satisfied by the boundary value [Ψ(𝜏)]−,
𝜏 ∈ 𝐶, and using the first of conditions (5), we obtain the following nonlinear
singular integro-differential equation for the boundary values of the analytic
function 𝜔(𝜁):

𝑡Λ+(𝑡) − 2𝛾𝑡 = − 2
𝜋 ∫

𝐶

𝜔(𝑡) − 𝜔(𝜏)
𝑡 − 𝜏 𝜇(𝜏) 𝑑𝜃,

Λ+(𝑡) = 𝜔′(𝑡)𝐹(𝜔(𝑡), 𝜔(𝑡)) + 1
𝜋𝑖 ∫

𝐶

𝜔′(𝜏)𝐹(𝜔(𝜏), 𝜔(𝜏))
𝑡 − 𝜏 𝑑𝜏, (7)

𝜏, 𝑡 ∈ 𝐶, 𝛾 = 𝑐0𝛽, 𝜏 = 𝑒𝑖𝜃.
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* Φ′(𝜁) ≡ 𝑑Φ(𝜁)/𝑑𝜁; 𝜔′(𝜁) ≡ 𝑑𝜔(𝜁)/𝑑𝜁; Re is the real part; the bar over a
function denotes the operation of taking the conjugate value; [Ψ(𝜏)]− is the
limiting value on 𝐶 from the domain 𝐾− of the function Ψ(𝜁); 𝛼 = (𝛼1 +
𝛽1)/4; 𝛽 = (𝛽1 − 𝛼1)/2.
** ℎ𝑥 ≡ 𝜕ℎ(𝑥, 𝑦)/𝜕𝑥, ℎ𝑦 ≡ 𝜕ℎ(𝑥, 𝑦)/𝜕𝑦.
Let 𝜔(𝜏), 𝜏 ∈ 𝐶, be a solution of equation (7) having a second derivative
continuous in the Hölder sense with exponent 𝜆, and let 𝜔(𝜏) be the boundary
value of a function 𝑧 = 𝜔(𝜁), analytic in 𝐾−, which maps 𝐾− onto some domain
𝐷− with boundary 𝐿, where 𝐷+ contains the prescribed domain 𝐺+. Then,
using (2), (3), (4), we determine functions Φ(𝜉), Ψ(𝜉), analytic in 𝐾−, which
together with 𝜔(𝜉) give a solution of Problem 1.

Corollary 1. Let a solution of Problem 1 exist, and let the mapping function
be rational:

𝜔(𝜉) = 𝑐0𝜉 + 𝑃𝑛−𝑙(𝜉)/𝑄𝑛(𝜉), (8)

where 𝑃𝑛−𝑙(𝜉), 𝑄𝑛(𝜉) are relatively prime polynomials in 𝜉 of degrees 𝑛 − 𝑙 and
𝑛, respectively.

Then the equality necessarily holds (𝜏 ∈ 𝐶)

𝐹(𝜔(𝜏), 𝜔(𝜏))𝜔′(𝜏) = Ω−(𝜏) + 𝜔(𝜏)𝑁𝑠(𝜏−1), (9)

where Ω−(𝜏) is the boundary value on 𝐶 of a function analytic in 𝐾− and equal
to zero at infinity, and 𝑁𝑠(𝜏−1) is a polynomial in 𝜏−1 of degree 𝑠 ≤ 2𝑛.

Proof. Substituting (8) into (7), taking into account the second of conditions
(5), we obtain equality (9).

Remark 2. Condition (9) is necessary and sufficient for the normal solvability
of equation (7) with respect to 𝜇(𝜏) [7].

Corollary 2. Let 𝜔(𝜏) be a function analytic in 𝐾− +𝐶, and let representation
(9) hold; then 𝜔(𝜉) is a rational function.

The proof follows from [10], if (9) is substituted into (2).

Institute of Hydrodynamics
Siberian Branch of the Academy of Sciences of the USSR
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Note: Figure translations are in progress. See original paper for figures.
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