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1. An essential advance in the solution of the multidimensional Plateau prob-
lem was the theorem on the existence and almost everywhere regularity of
a compact set X, realizing the absolute minimum of the Hausdorff mea-
sure A¥(X \ A) over all compact sets X “spanning,” in a certain precise
sense, the compact set A C E™, where E™ is Euclidean space. This the-
orem, proved by Reifenberg (1~2), was generalized by Morrey to the case
of Riemannian manifolds (*®). The possibility of these results lies in the
new definition of boundary proposed by J. F. Adams and Reifenberg and
carefully studied by Adams in the “Appendix” to (!).

In the present note a theorem is formulated on the existence and almost ev-
erywhere regularity of a minimal compact set in the class of all compact sets
realizing a subgroup £’ in H,,(9"), where 9™ is a compact Riemannian mani-
fold.

2. By H,(X,®) we shall denote the Cech-Aleksandrov homology of the space
X with coefficients in the Abelian group &.

Definition 1. Let & > 1, and let A be an arbitrary but fixed compact set in
oM™ X C M". The algebraic boundary b(X, A, &) of the compact set X O A
with respect to A in dimension k is the group Keri,, where

i* : kal(Aa 6) - Akfl(X7 ®>

is the homomorphism induced by the inclusion i : A — X.

Definition 2. Let £ be a subgroup in H,_;(A); £ # 0; A C 9MM™. The class
Bk (A, £) is the totality of all compact sets X C 9" such that b(X, 4, ®) D L.
(The case £ = 0 is uninteresting.)
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Remark. Morrey’ s existence theorem is the existence theorem in the class
B* (A, ).

3. It turns out that in ®&*(A, L) it is reasonable to distinguish subclasses
“parametrized” by subgroups £’ C H (9", ®).

Definition 3. Let £' C H, (9", &); A C M™. To the class

OF(A, £,L")

we assign all compact sets X € &F(A, £) such that a, H,(X) D £’, where a, is
the homomorphism induced by the inclusion o : X — 9",

Ignoring the presence of £’, i.e., formally putting £’ = 0, we obtain the equality
OF(A, £,0) = &*(A, £); ignoring the existence of £, i.e., formally putting £ = 0
(which was meaningless in &*(A4, L)), we obtain classes OF(A,0, £’), whose
elements are connected with A only by the inclusion relation X D A; but if
A =10, the classes O, (0,0, £") consist of compact sets “freely” realizing £’.

4. Main theorem. Let 9™ be a compact Riemannian manifold of class CP,
where p > 4; let A be an arbitrary compact set in IM"; let & be either
a compact Abelian group or a finite-dimensional vector space over some
field F; let k be an integer and k > 3; and let £ and £’ be subgroups
in Hi_1(A,8) and H, (", &), respectively, at least one of them being
nontrivial. Suppose that OF(A, £, L") #+ 0 and that d(A, £, L) < oo,
where

d(A, £, L) =infAF(X\ A); X € OF(A, L, L)

Then there exists a compact set X, € O¥(A, £, £’) such that A¥(X,\ A) =
d(A, £, L"), and every point = € (X, \ A)\ Z, where A*(Z) = 0, has in X,\ 4 a
neighborhood homeomorphic to a k-dimensional disk D*. Moreover, if ™ € C4,
then these k-disks may be assumed to belong to the class C’fj forany 0 < p < 1;
if M" € CF for some p > 4 and some 0 < p < 1, then the k-disks may be
assumed to belong to the class C; finally, if M™ € C° or is analytic, then the
k-disks may be assumed to belong to the class C'°° or to be analytic, respectively.

Putting £’ = 0, we obtain the theorem of Morrey; if, however, A = (), we obtain
an existence theorem for “free cycles.”

5. In the proof the following three theorems are used:

Theorem 1. Each class O%(A, £, £’) is closed with respect to pointwise conver-
gence lim,,_,  X,,. By lim,,_, . X, we mean the set of limit points of all possible
sequences {x,,}, where z,, € X,,, n=1,2,....

Theorem 2 (Adams). Let X € 6%(A4,£), G be open in M"; ANG = 0;
X NOG = B; U be compact, U C G; UNIG = B; b(U, B) D b(X;, B), where
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X, = XNG. Then the compact set X', obtained from X by replacing X NG
by U N G, again belongs to &*(A, £).

Theorem 3 (Adams). Let A = A; U A,, where A; and A, are compact sets,
AiNAy=D,C,=AUB,Cy=A4,UB, C=CUC, =AU B, where B is
such a compact set that (B, D) D H;,_,(D), k > 3. Then

i(C,C1) . H(Cy) +1i(C,Cy), Hi(Cy) Di(C, A), Hy(A),

where i(X,Y) is the embedding Y — X.

The main observation consists in the fact that Theorem 3 can be applied to
prove the closedness of the classes O% (A, £, £’) with respect to deformations of
a special kind, namely: cutting off long “whiskers” of the compact set X, which
have little effect on the measure A*, and replacing them by flat caps.

6. The construction of the minimal compact set X, is carried out as follows.
Let R(P) = min(p(P, A), Ry), where P is a point in IMM™; p(x,y) is the
distance in 9M"; R, is some positive number independent of the point.
Define

p(r,P,X) = / AL X NOB(P,t)] dt; 0< R(P), 0<r<R(P);
0

B(P,t) is the open ball of radius ¢ with center at P; ¥(r, P, X) = A*[X N

B(P,7)].

Let {X,} be a minimizing sequence; X, € OF(A, £, L), A¥(X, \ A4) =
d(A, £, L") + ¢,; {Q,;} is a countable set dense in ™. Then there exists a
subsequence {X,,} such that the functions ¥(r,Q,, X,,/) converge for every ¢

~

and every r, 0 < r < R(P), to functions ¥(r,@,). Put

~ ~

Pr(r,Q)=1lim sup ¥,Q;); ¢ (r,Q)=lim inf Y, Q;);

’
e—0 ' <rte e—>0  p'>p—g

p(Q,Q;)<e p(Q,Q;)<e

ot (r,Q) = limsup p(r, Q, X,,); ¢~ (r,Q) =liminfo(r,Q, X,,).

n—00 n—oo

Let

Y(P) = lim [h(r)] 9" (r,P),  h(r) = a(k)r*(1+hr)*;

r—+0

a(k) is the volume of the unit k-dimensional ball; h is some constant. Then, it
turns out, X, = SU A, where S = {P | P € M\ A, ¢(P) > 0}.
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7. The proof of the main theorem is led by a chain of assertions, the most
important of which are:

Theorem 4. Let 9™ be a compact Riemannian manifold of class C?, p > 4,
and H,(9M") # 0. Let d’ = inf A*(X), where j, H,(X) # 0; j: X — 9", Then
d" > 0.

Theorem 5. The sequence {X, } can be modified in such a way that the new
sequence {X,, } has the very same functions

P, Xn € O%(A, £, L), while the new functions ¢* do not decrease in r, and
p(X,,,X,) — 0 as n — oo, where

ﬁ(erXO) = max p<Xna'r> + IIlElX p(vaO)
QfEXO ZJGXTL

The proof of local differentiability uses Theorem 3.

8. Corollary 1. Consider the class R*(A), where X € R¥(A) if o, H,(X) # 0;
a: X — M. Let k£ > 3, M™ be a compact Riemannian manifold of class
CP.p>4, ACIM", & be either a finit generated compact Abelian group or a
finite-dimensional vector space over some field F. Then there exists a compact
set X{ € R¥(A) such that

AF(XONA)=d' (A) = inf AF(X\A
(XN A) =d'(A) = inf AMX\A)

and the local structure of this compact set is the same as for the compact sets
of the main theorem. If A € RF(A), then d’(A) > 0.

Consider the class N*(A), where X € NF(A) if b(X,A) # 0. Then, if
H, (A, ®) is either a finitely generated compact Abelian group or a finite-

dimensional vector space over a field, there exists a minimal compact set X,
with analogous properties;

~

d(A) = inf AF(X\ A) = AFX,\ A).
()ze;vnk(A)(\) (Xp\A4)

9. Along with the obvious relations
0<d(A, L£,0)<d(A,L,L)>d(A0,L);
d(A,0,£') =0, if AcOF(AO0,L);
d(A,0,£) >0, if A¢ OF(A0,L),
the following holds.

Corollary 2. Let A = f(S¥1), where f is a homeomorphism; S¥~1 is a sphere;
® = U, the group of real numbers modulo 1; £ and £’ are nontrivial subgroups
and £ D U. Then either

~

d(A) < d(A, £,L7),
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or
d'(A) < d(A, £, L).

With the compact sets )70 and X{ one can associate a chain of groups
(61a 627635 64)a where

6, =T Hy(Xy), &, =ImH,(X}), &;=>0bX,A4), &,=>bX(A).

Corollary 3. For any compact Riemannian 9" € C?, p > 4, any homeomor-
phism f, and & = U, the chain (&;,8,, &, &,) is isomorphic to one of the
following chains:

(finite cyclic, infinite cyclic, # 0, # &,),
(617 U7 #Oa O>7

(0, U, #0, #0),
(DU, CU, #0, 0).

10. The notion of realization can also be defined by means of the homomorphism
w, : H(M", A) — H, (M, S U A),

i.e., a compact set S realizes a subgroup P C H (9", A) if w,P = 0. In some
particular cases (for example, if A = ()) the w-variant of the minimum problem
and the a-variant coincide. In (6) the w-variant is investigated in the case when
& is a finitely generated Abelian group; A is a (k — 1)-smoothable compact set;
P is a subgroup generated by one element ¢, and the minimum A* is taken over
k-smoothable compact sets.

I express my deep gratitude to Prof. P. K. Rashevskii, who drew my attention
to this problem, and to Prof. E. G. Sklyarenko for valuable discussions.
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