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Abstract
Full Text
UDC 530.145:539.2.01

PHYSICS

V. P. KALASHNIKOV

THE NONEQUILIBRIUM STATISTICAL
OPERATOR IN THE KINETICS OF IR-
REVERSIBLE PROCESSES WITH SMALL
ENERGY TRANSFER
(Presented by Academician N. N. Bogolyubov, 3 X 1968)

1. In macroscopic kinetics one usually considers two types of slow irreversible
processes (s.i.p.) (1). The first type of s.i.p. applies to cases of spatial
transfer of locally conserved quantities (processes of diffusion, heat con-
duction, internal friction). The second type of s.i.p. consists of processes
in which the exchange of energy between interacting subsystems is im-
peded. This type includes, for example, the kinetics of the establishment
of equilibrium in a system of electrons that do not interact with one an-
other, through collisions with heavy ions or through scattering by photons
(phonons) in a plasma and in a solid; relaxation of the energy of heavy
Brownian particles; energy exchange in a system of electrons interacting
by means of long-range forces; etc. In the works of D. N. Zubarev (2)
a very general method was proposed for the theoretical consideration of
the kinetics of s.i.p., based on the use of invariants of operator equations
of motion. In this approach, systems close to a state of local equilibrium
were considered, when the nonequilibrium of the system can be described
by a set of thermodynamic variables depending on the coordinates. In
this way equations were obtained for the mean values of the densities of
mechanical quantities and of the rates of their change in time.

In the present work this method is applied to s.i.p. of the second type. Slow
energy exchange means that the phase trajectory of a nonequilibrium subsystem
lies mainly on isoenergetic surfaces, shifting only weakly owing to interaction
with other subsystems. It may therefore be assumed that in the vicinity of each
isoenergetic surface the statistical distribution is close to the Gibbs distribution,
with the parameters of this distribution depending on the value of the energy 𝜁
that determines the position of the surface.

2. Let a nonequilibrium system with Hamiltonian 𝐻 be characterized by a
set of operators 𝑃𝑘𝑚 (𝑚 is the number of the subsystem, 𝑘 is an index
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numbering the operators of the 𝑚-th subsystem). We introduce the densi-
ties 𝑃𝑘𝑚(𝜁) of these quantities in energy space (with 𝑃𝑘𝑚 = ∫ 𝑑𝜁 𝑃𝑘𝑚(𝜁))
and the corresponding set of macroscopic functions 𝐹𝑘𝑚(𝜁, 𝑡), which de-
scribe the nonequilibrium of the system. The operators 𝑃𝑘𝑚 may include
the operators of energy, momentum, number of particles, etc. According
to D. N. Zubarev (2), the quantity

𝑆(𝑡, 0) = 𝑆(𝑡, 0) − ∫
0

−∞
𝑑𝑡′ 𝑒𝜀𝑡′ ̇𝑆(𝑡 + 𝑡′, 𝑡′), (1)

where

𝑆(𝑡, 0) = Φ + ∑
𝑘𝑚

∫ 𝑑𝜁 𝑃𝑘𝑚(𝜁)𝐹𝑘𝑚(𝜁, 𝑡);

Φ = ln Sp exp {− ∑
𝑘𝑚

∫ 𝑑𝜁 𝑃𝑘𝑚𝐹𝑘𝑚(𝜁, 𝑡)} , (2)

̇𝑆(𝑡, 0) = 𝜕𝑆(𝑡, 0)
𝜕𝑡 + (𝑖ℏ)−1[𝑆(𝑡, 0), 𝐻]; ̇𝑆(𝑡, 𝑡′) = 𝑒𝑖𝑡′𝐻/ℏ ̇𝑆(𝑡, 0)𝑒−𝑖𝑡′𝐻/ℏ

is an integral of the equation of motion as 𝜀 → 0. The statistical opera-
tor 𝜌, constructed by analogy with the grand Gibbs ensemble in the form
𝜌 = exp{−𝑆(𝑡, 0)}, will therefore, as 𝜀 → 0, be an integral of the Liouville
equation; moreover, this limit should be evaluated after letting the volume of
the system tend to infinity. The expressions 𝑆(𝑡, 0) and ̇𝑆(𝑡, 0) play the role of
the entropy operator and the entropy-production operator, respectively. The
functions 𝐹𝑘𝑚(𝜉, 𝑡) can be related to the mean values of the operators 𝑃𝑘𝑚(𝜉).
We shall seek this relation from the equations

Sp{𝑃𝑘𝑚(𝜉)𝜌} ≡ ⟨𝑃𝑘𝑚(𝜉)⟩𝑡 = ⟨𝑃𝑘𝑚(𝜉)⟩𝑡
𝐿 = Sp{𝑃𝑘𝑚(𝜉)𝑒−𝑆(𝑡,0)}.

In this case

⟨𝑃𝑘𝑚(𝜉)⟩𝑡 = − 𝛿Φ
𝛿𝐹𝑘𝑚(𝜉, 𝑡) ; 𝐹𝑘𝑚(𝜉, 𝑡) = 𝛿⟨𝑆(𝑡, 0)⟩𝑡

𝛿⟨𝑃𝑘𝑚(𝜉)⟩𝑡 . (3)

The integral term in the right-hand side of formula (1) is determined by the
interaction of the subsystems. Considering this interaction to be small, we
expand 𝜌 in powers of the entropy-production operator up to terms of first order
inclusive. If we now write the equations of motion, averaged over the distribution
𝜌, for the operators 𝑃𝑘𝑚(𝜉), then, taking (3) into account, we obtain
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− ∑
𝑘′𝑚′

∫
0

𝑑𝜉′ (𝑃𝑘𝑚(𝜉); 𝑃𝑘′𝑚′(𝜉′))𝑡 𝜕𝐹𝑘′𝑚′(𝜉′, 𝑡)
𝜕𝑡 =

= ⟨ ̇𝑃𝑘𝑚(𝜉)⟩𝑡
𝐿 + ∫

0

−∞
𝑑𝑡′ 𝑒𝜀𝑡′ ∑

𝑘′𝑚′
∫ 𝑑𝜉′ {( ̇𝑃𝑘𝑚(𝜉); ̇𝑃𝑘′𝑚′(𝜉′, 𝑡′))𝑡𝐹𝑘′𝑚′(𝜉′, 𝑡 + 𝑡′)+

+( ̇𝑃𝑘𝑚(𝜉); 𝑃𝑘′𝑚′(𝜉′, 𝑡′))𝑡 𝜕
𝜕𝑡′ 𝐹𝑘′𝑚′(𝜉′, 𝑡 + 𝑡′)} , (4)

where the brackets (… ; …)𝑡 denote correlation functions of the form

(𝐴; 𝐵)𝑡 = Sp ∫
1

0
𝑑𝜏 {𝐴; 𝑒−𝜏𝑆(𝑡,0)(𝐵 − ⟨𝐵⟩𝑡

𝐿)𝑒(𝜏−1)𝑆(𝑡,0)}. (5)

The observed rate of increase of the entropy is then written in the form

⟨ ̇𝑆(𝑡, 0)⟩𝑡 = ∫
0

−∞
𝑑𝑡′ 𝑒𝜀𝑡′( ̇𝑆(𝑡, 0); ̇𝑆(𝑡 + 𝑡′, 𝑡′))𝑡. (6)

Formulas (3), (4) in principle solve the problem of computing the functions
𝐹𝑘𝑚(𝜉, 𝑡). Usually, in the theory of M.E.P. of the second type one uses differ-
ential Fokker–Planck equations in energy space. Equations of this type can be
obtained from (4) by expanding the functions 𝐹𝑘𝑚(𝜉′, 𝑡 + 𝑡′) in powers of the
difference 𝜉′ − 𝜉.

3. Let us consider, as an example, the kinetics of hot electrons in a semicon-
ductor in crossed electric 𝐸 and magnetic 𝐻 fields. The Hamiltonian of
the system has the form

𝐻 = ∑
𝑝

𝜀𝑝𝑎+
𝑝 𝑎𝑝 − 𝑒𝐸𝛼 ∑

𝑝𝑝′
𝑥𝛼

𝑝𝑝′𝑎+
𝑝′𝑎𝑝 + 𝐻𝑒𝑙 + 𝐻𝑙

where 𝑎+
𝑝 , 𝑎𝑝 are the Fermi operators of electrons with kinetic momentum 𝑝

and energy 𝜀𝑝; 𝑥𝛼 is the one-electron coordinate; 𝐻𝑙 is the lattice Hamiltonian;
𝐻𝑒𝑙 = ∑𝑝𝑝′ 𝑈𝑝𝑝′𝑎+

𝑝′𝑎𝑝 is the energy of interaction of electrons with the lattice.

If the proper frequencies of the scatterers are equal to Ω𝑀 , then, neglecting the
interaction with the electrons,

𝑈𝑝′𝑝(𝑡) = ∑
𝑀

𝑈 (𝑀)
𝑝′𝑝 𝑒𝑖Ω𝑀𝑡.
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We shall assume that electron scattering is nearly elastic, i.e., ℏΩ𝑀 is much
smaller than the mean energy of the electrons. As the operators 𝑃𝑘𝑚(𝜉) we take
the quantities 𝑛(𝜉); 𝐻(𝜉) = 𝜉𝑛(𝜉); 𝑝𝛼(𝜉); 𝐻𝑙 + 𝐻𝑒𝑙, satisfying the equations of
motion

𝑛̇(𝜉) = − 𝜕
𝜕𝜉

𝑒𝐸𝛼𝑝𝛼(𝜉)
𝑚 + 𝑛̇(𝑙)(𝜉); 𝐻̇(𝜉) = 𝜉𝑛̇(𝜉);

𝐻̇𝑙 + 𝐻̇𝑒𝑙 = − ∫ 𝑑𝜉 𝜉𝑛̇(𝑙)(𝜉),

̇𝑝𝛼(𝜉) = 𝑒 {𝐸𝛼𝑛(𝜉) + 1
𝑚𝑐 𝜀𝛼𝛽𝛾𝑝𝛽(𝜉)𝐻𝛾} − 𝜕

𝜕𝜉
𝑒𝐸𝛽

𝑚 𝑇 𝛼𝛽(𝜉) + ̇𝑝𝛼
(𝑙)(𝜉); (7)

here

𝑛(𝜉) = ∑
𝑝

𝛿(𝜀𝑝 − 𝜉)𝑎†
𝑝𝑎𝑝; 𝑝𝛼(𝜉) = ∑

𝑝
𝑝𝛼𝛿(𝜀𝑝 − 𝜉)𝑎†

𝑝𝑎𝑝;

𝑇 𝛼𝛽(𝜉) = ∑
𝑝

𝑝𝛼𝑝𝛽𝛿(𝜀𝑝 − 𝜉)𝑎†
𝑝𝑎𝑝

are, respectively, the densities of particle number, momentum, and of the
momentum-flux tensor, defined on the isoenergetic surface 𝜉;

𝑛̇𝜉
(𝑙) = (𝑖ℏ)−1[𝑛(𝜉), 𝐻𝑒𝑙]; ̇𝑝𝛼

(𝑙)(𝜉) = (𝑖ℏ)−1[𝑝𝛼(𝜉), 𝐻𝑒𝑙].

Since the equation of motion for 𝐻(𝜉) is a consequence of the equation for 𝑛(𝜉),
the four operators considered correspond to three functions 𝐹𝑘𝑚(𝜉, 𝑡), which we
denote by 𝜑(𝜉, 𝑡); −𝜒𝛼(𝜉, 𝑡); 𝛽 (it is assumed that the lattice is in equilibrium
at temperature 1/𝛽). Thus the entropy operator 𝑆(𝑡, 0) has the form

𝑆(𝑡, 0) = ∫ 𝑑𝜉(𝑛(𝜉)𝜑(𝜉, 𝑡) − 𝑝𝛼(𝜉)𝜒𝛽(𝜉, 𝑡)) + 𝛽(𝐻𝑙 + 𝐻𝑒𝑙). (8)

In the zeroth approximation in the interaction, the mean values of the operators
𝑛(𝜉), 𝑝𝛼(𝜉), and 𝑇 𝛼𝛽(𝜉) are equal to

⟨𝑛(𝜉)⟩𝑡 = 𝑒−𝜑(𝜉,𝑡)𝑔(𝜉); ⟨𝑝𝛼(𝜉)⟩𝑡 = 2𝑚𝜉
3 𝜒𝛼(𝜉, 𝑡)𝑒−𝜑(𝜉,𝑡)𝑔(𝜉);

⟨𝑇 𝛼𝛽(𝜉)⟩𝑡
𝐿 = 𝛿𝛼𝛽

2𝑚𝜉
3 𝑒−𝜑(𝜉,𝑡)𝑔(𝜉); (9)
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𝑔(𝜉) = ∑
𝑝

𝛿(𝜀𝑝 − 𝜉)

is the electron density of states. It follows from this that

− ∫ 𝑑𝜉′ (𝑛(𝜉); 𝑛(𝜉′))𝑡 𝜑̇(𝜉′, 𝑡) = ⟨𝑛̇(𝜉)⟩𝑡;

∫ 𝑑𝜉′ (𝑝𝛼(𝜉); 𝑝𝛽(𝜉′))𝑡 𝜒̇𝛽(𝜉′, 𝑡) = ⟨ ̇𝑝𝛼(𝜉)⟩𝑡, (10)

where the correlation functions in these formulas are readily calculated:

(𝑛(𝜉); 𝑛(𝜉′))𝑡 = 𝛿(𝜉 − 𝜉′)𝑒−𝜑(𝜉,𝑡)𝑔(𝜉);

(𝑝𝛼(𝜉); 𝑝𝛽(𝜉′))𝑡 = 𝛿𝛼𝛽𝛿(𝜉 − 𝜉′)2𝑚𝜉
3 𝑒−𝜑(𝜉,𝑡)𝑔(𝜉). (11)

Formulas (10) and (11) make it possible to eliminate the time derivatives 𝜒̇𝛼(𝜉, 𝑡)
and 𝜑̇(𝜉, 𝑡) from the expression for ̇𝑆(𝑡+𝑡′, 𝑡′). Equations (4) now take the form

−𝜑̇(𝜉, 𝑡)𝑒−𝜑(𝜉,𝑡)𝑔(𝜉) = − 𝜕
𝜕𝜉

2𝑒𝐸𝛼𝜒𝛼(𝜉, 𝑡)
3 𝜉𝑒−𝜑(𝜉,𝑡)𝑔(𝜉)+

+ ∫
0

−∞
𝑑𝑡′ 𝑒𝜀𝑡′ ∫ 𝑑𝜉′ (𝑛̇(𝑙)(𝜉); (𝜑(𝜉′, 𝑡+𝑡′)−𝜉′𝛽)𝑛̇(𝑙)(𝜉′, 𝑡′)−𝜒𝛼(𝜉′, 𝑡+𝑡′) ̇𝑝𝛼

(𝑙)(𝜉′, 𝑡′))𝑡;
(12)

𝜒̇𝛼(𝜉, 𝑡)2𝑚𝜉
3 𝑒−𝜑(𝜉,𝑡)𝑔(𝜉) = 𝑒 {𝐸𝛼 + 2𝜉

3𝑐 𝜀𝛼𝛽𝛾𝜒𝛽(𝜉, 𝑡)𝐻𝛾} 𝑒−𝜑(𝜉,𝑡)𝑔(𝜉)−

− 𝜕
𝜕𝜉

2𝑒𝜉
3 𝐸𝛼𝑒−𝜑(𝜉,𝑡)𝑔(𝜉)+

+ ∫
0

−∞
𝑑𝑡′ 𝑒𝜀𝑡′ ∫ 𝑑𝜁′ ( ̇𝑝𝑎

(𝑙)(𝜁); (𝜑(𝜁′, 𝑡 + 𝑡′) − 𝜁′𝛽)𝑛̇(𝑙)(𝜁′, 𝑡′)−

−𝜒𝛽(𝜁′, 𝑡 + 𝑡′) ̇𝑝𝑎
(𝑙)(𝜁′, 𝑡′))𝑡. (13)
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We shall restrict ourselves to consideration of stationary solutions of equations
(12) and (13). In the nonvanishing approximation in the inelasticity of scattering,
the integral terms in these formulas take, respectively, the form

𝜕
𝜕𝜁 {2𝜉2

3 𝑒−𝜑(𝜁)𝑔(𝜁)𝜏−1(𝜁)} 𝜕
𝜕𝜁 (𝜑(𝜁) − 𝜁𝛽); 2𝑚𝜉

3 𝑒−𝜑(𝜁)𝑔(𝜁)𝜒𝑎(𝜁)𝜔(𝜁). (14)

Thus, we have passed from integral equations for the functions 𝜑(𝜁) and 𝜒𝑎(𝜁) to
differential equations of the Fokker–Planck type in energy space. Here 𝜏−1(𝜁)
and 𝜔(𝜁) are the relaxation frequencies of the energy and momentum of an
electron with energy 𝜁,

𝜏−1(𝜁) = 3𝜋
2ℏ𝜉2𝑔(𝜁) ∑

𝑝′p𝑀
(ℏΩ𝑀)2⟨|𝑈 (𝑀)

𝑝′p |2⟩𝐿𝛿(𝜀𝑝 − 𝜁)𝛿(𝜀𝑝′ − 𝜁 − ℏΩ𝑀),

𝜔(𝜁) = 𝜋
2ℏ𝑚𝜉𝑔(𝜁) ∑

𝑝′p𝑀
(p′ − p)2⟨|𝑈 (𝑀)

𝑝′p |2⟩𝐿𝛿(𝜀𝑝 − 𝜁)𝛿(𝜀𝑝′ − 𝜁 − ℏΩ𝑀). (15)

In fact, these expressions contain sums of the quantities 𝜏−1(𝜁) and 𝜔(𝜁) corre-
sponding to different scattering mechanisms. Now equations (12) and (13) are
readily solved:

𝜒±(𝜁) = 𝜒𝑥(𝜁) ± 𝑖𝜒𝑦(𝜁) = − 𝜔(𝜁) ± 𝑖𝜔0
𝜔2(𝜁) + 𝜔2

0

𝜕𝜑(𝜁)
𝜕𝜁

𝑒𝐸±

𝑚 ;

𝜒𝑧(𝜁) = − 1
𝜔(𝜁)

𝜕𝜑(𝜁)
𝜕𝜁

𝑒𝐸𝑧

𝑚 ; 𝜔0 = 𝑒𝐻
𝑚𝑐 ; (16)

𝜑(𝜁) = 𝛽 ∫
𝜁

0
𝑑𝜁′ {1 + 𝑒2𝐸2

𝑚𝜉 𝜏(𝜁′) [cos2 𝜗
𝜔(𝜁′) + sin2 𝜗 𝜔(𝜁′)

𝜔2(𝜁′) + 𝜔2
0

]}
−1

+ 𝐶.

The constant 𝐶 is determined from the normalization condition; 𝜗 is the angle
between the electric and magnetic fields. The solutions obtained make it possible
to compute all characteristics of hot electrons that interest us. Namely, the mean
electron energy, the current density, and the entropy production are, respectively,
equal to

̄𝜀 = ∫ 𝑑𝜁 𝜁𝑒−𝜑(𝜁)𝑔(𝜁); 𝑗𝑎 = −2𝑒
3 ∫ 𝑑𝜁 𝜉𝜒𝑎(𝜁)𝑒−𝜑(𝜁)𝑔(𝜁);
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⟨ ̇𝑆(𝑡, 0)⟩ = 2𝛽𝑒𝐸𝑎

3 ∫ 𝑑𝜁 𝜉𝜒𝑎(𝜁)𝑒−𝜑(𝜁)𝑔(𝜁) = 𝛽𝑗𝑎𝐸𝑎 . (17)

All results obtained by the method of the kinetic equation for concrete combi-
nations of mechanisms of scattering of the energy and momentum of electrons
under the conditions considered are special cases of formulas (16) (see, for exam-
ple, works (3)). In an analogous way one can also consider other nonequilibrium
processes with small energy transfer.
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