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MATHEMATICS

V. A. MALYSHEV

ON THE SOLUTION OF DISCRETE WIENER-
HOPF EQUATIONS IN A QUARTER-PLANE

(Presented by Academician A. N. Kolmogorov, 16 XII 1968)

Discrete Wiener-Hopf equations in a quarter-plane have the form

(o]
Nij = Z @i g j18kl> ij=0,1,2,....
) 1=0

We shall assume that

(oo}

o0
Z |771]| < 00, Z ‘apq| < o0,
1j=0

p,q=—00

and seek a solution {§y;} ;¢ also belonging to the space I; of sequences.

One-dimensional Wiener-Hopf equations on the half-line have been well studied
(see (1'?)). Multidimensional equations with a kernel depending on the differ-
ence of the arguments are solved in the whole space by applying the Fourier
transform, and in the half-space they are essentially equations on a half-line
with a parameter and are solved by the usual factorization method (see (>%)).
Direct application of the factorization method to equations (1) is not possible,
except in some very special cases, for example when the variables separate, i.e.

S ayatyt = alz,y) = a(z)aly),

p,g=—00

in view of which a substantially new approach is required.

It turns out that there exists a procedure for explicitly solving these equations,
at least for the case when there is an integer N > 0 such that a,, = 0 if either
|p| > N or |g| > N. The idea of such an algorithm is presented in the present
paper. We shall mainly restrict ourselves to the case N = 1.

Let us introduce some notation. Let SR be the ring of functions
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o0
r(z,y) = Z Tty

1,j=—00
on the torus {(z,y) : |z| = |y| = 1} such that

oo

Z |ri;| < o0

3,j=—00

R, M, are the subrings of functions r(x,y) such that r;; = 0, respectively, for
i <0andi>0; P/, P, are the projection operators onto these subrings. The
R; , R, etc. are defined analogously. Consider the operator

A = {Z ai—k,j—lfu}i,jzo

in the space [; of sequences {{;,}25_, defined by the matrix |a,, ;%o

Theorem. The operator A is a Noether operator if and only if
a(z,y) #0,  |z] =y =1 (2)

indjy_y a(x,1) = indjy_; a(l,y) = 0. (3)

Under these conditions the operator A is invertible, i.e., dimker A =
dim coker A = 0. The explicit inverse of the operator is given by the sequence
of formulas (7), (8), (9), (14).

The first assertion of the theorem follows from the results of I. B. Simonenko
on locally Noetherian operators (see (®)) and the theory of multidimensional
Wiener—Hopf equations in a half-space (>). The proof of the second assertion
and the procedure for inverting the operator A are essentially given below. Put

n(z,y) =D maiy, @y =Y uakyh
i7=0

=0

o~

g(y) = §(O,y), 5(33, 0) = g(aj)a

~

1
bly) =a_qy+a_9+taq _1-; b(z) =a; 1z +ay 4+ A-1,-17

Simple computations show that system (1) is equivalent to the following equa-
tion in generating functions (symbols):

) = ale9)€(ay) = D) — B +an LS @
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Lemma 1. System (1) has a solution if and only if there exist functions
oo . . >
Ey) =) &y &)= &
=0 =0
and a constant &, with £ = ¢§; = EO, such that

Py |y (e + S0 + i@ - S22 ) <0 9

Y Ty
1 1 1~ - gail’il B
Py Lm(%y) (n(:c,y) + —b(y)E(y) + ;b(:c)f(:r) - wy)] —0. (6

~

Moreover, for any solution (£(z),£&(y),€) of system (5), (6), the solution of sys-
tem (1) is found by the formula

1

@)=ty [ayu,y)

(e + 2em) | @

Here we have set

b(z,y) =Ina(z,y),  ay(z,y) =alz,y)/a,(z,y),

o0
a;(m,y) = exp Z bix'y’ | b(z,y) = Z biz'y’ € R.
3<0 i,j=—00
—00<1i<00

The possibility of the latter representation under conditions (2) and (3) follows
from the generalized Wiener theorem (see (°)). We note that the application of
the factorization method in Lemma 1 does not immediately lead to an explicit
solution as in the one-dimensional case. The resulting system of two equations
for functions of one variable explains the substantially greater complexity in
comparison with the original Wiener—Hopf technique.

In our case*

2
a1 T7 + Ao + a1 ~ Yo ()
Ty (v —yo(2)(y—11(2)), ay(x,y)zl—(’T,

a<$7y) =

where y,(z) and y, (x) are single-valued branches of an algebraic function, one
of which, y,(x), takes values strictly inside the unit circle for || = 1, while the
other, y, (x), lies strictly outside it. This follows easily from properties (2) and

(3).

Substituting the expressions for a, (z,y) into (5), we obtain**
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* See the remark at the end of the paper.
** Using the following fact:

1 oo Yo k

P | ——F—w(y ) = w(y (—)
y<1—yo/y ) (0),; y

for any w(y) € R;.
e’} B [e’s) 1 s a_ i fyk’l
th<%§}w%+%lmm+L;°+mL%>m (®)
k=1 i=0

where

> ) a_q 1€ ~ - a_q 1€
wly) =D wy =bWEly) = —= Bla) = b)) - ——
i=0
Hence one can obtain the equivalent condition
Qyo () + Qz) = H(x), 9)

where we have denoted

Q) =aw(z), Qo) =ab@)+a,y & H@) = —ayo(@)n(@, yo(@)).

Similarly, for equation (6) we obtain

Qzo(y) + Qy) = H(y), (10)

where

H(y) = —yzo(y)n(zo(y),y).
Lemma 2. The homogeneous system

~

Qyo()) + Q) =0,  Qay(y)) + Qy) =0
has no nonconstant solutions Q(z) and ﬁ(z) belonging to the ring R} .

Lemma 3. ind A = 0.

Proof. Under conditions (2) and (3), the function a(z,y) realizes a mapping
of the torus {(z,y) : |#| = |y| = 1} homotopic to zero onto the plane with
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the point removed (the origin). This follows from the fact that the mapping of
the torus to the unit circle a(z,y)/|a(z,y)| corresponds to the zero element of
the Bruschlinsky group (see (}2)). Thus the operator A can be connected by a
path with the identity operator. Using now the fact that the index is a locally
constant function on the set of Noetherian operators, we obtain the proof of the
lemma.

Equation (9) resembles generalized Riemann boundary-value problems with
shift for analytic functions, but it does not coincide with the cases that have
been studied (see (®?)). Let I' denote the unit circle in the plane of the complex
variable C. One difficulty is that the image of I" under the mapping y,(x) or
y; (z) may have self-intersections. To avoid this, consider the following construc-
tion.

Let S; and S, be the Riemann surfaces of the functions y(x) and x(y), respec-
tively, and let h; : S; — C and hy, : Sy — C be the natural branched coverings
of the complex sphere C; D is the interior of the unit disk. From the preceding it
is not difficult to see that the covering paths hy!(T') and hy!(T") each consist of
two nonintersecting simple closed contours on S; and S,, respectively. hy(I")
is the boundary for the open set hy'(D) C Sy, and hy*(T) for hy'(D) C S,.

It is known (19) that there exists a natural conformal one-to-one correspondence
between the Riemann surfaces of the mutually inverse algebraic functions y(x)
and z(y). We shall denote this correspondence by f:S; — 5,.

Now we can transfer equations (9) and (10) to one of the surfaces, for example
to Sy. Introduce the functions

Qi(p) = Uhy(p)), pehy'(D);

Qy(p) = Uy (1 (p)), p € FhTN(D).

Note that one component of the boundary fhy!(T') of the set fhy!(D) will lie
inside the set h; (D), and the other outside it (we denote these components by
', and Ty, respectively). Similarly, one of the components of h; (") (denoted
by T'}) lies inside fh;!(D), and the other I, outside it. This follows from the
fact that, as was noted above, one of the branches y(x) for |z| = 1 lies strictly
inside the unit disk, and the other strictly outside it.

In the intersection of the domains (nonempty) hy (D) and fhil(D), equations
(9) and (10) are equivalent and have the form

Q4 (p) + Qu(p) = H*(p), (11)

where
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H*(p) = h*(hy f71(p), ho(p)); W (m,y) = —ayh(z,y).
Applying analyti-

tinuation, one can, with the aid of relation (11), extend the functions Q4 (p)
and Q,(p) to the domain G = fhy1(D) U hy(D), where they will also satisfy
equation (11) (one may, without loss, assume that h(x,y) is a polynomial and,
consequently, is continued to GG). The domain G is bounded by the curves T’y
and T',.

To obtain an explicit integral representation of the solution, let us consider the
representation of the torus as the factor group of its universal covering C' by the
period lattice {nw + n’w’}. For the given two-sheeted covering v of the torus
by the sphere S (v : S — C), there is defined an elliptic automorphism §(~y) of
the torus S, under which two points having the same image under the mapping
~ are interchanged. From the properties of elliptic functions it is not hard to
derive that, lifting §(v) to the universal covering C, we obtain (if the origin is
shifted) an automorphism of C of the form z — —=z.

The preimages of the curves I'; 5 and f172 on some fundamental parallelogram
IT of the universal covering will be denoted by the same symbols with primes;
a prime on a variable or a function will likewise denote the lift to the universal
covering.

For the function Q,(p) the following relations hold; the first of them is deter-
mined by the lifting of ©;(p) to the Riemann surface, and the second follows
from (11):

Q,[(6(h2))(P)] = 4 (p);

L6 1)) — () = H (G f 1)) — H ). D)

The product of the elliptic automorphisms 6(hy)d(h, f~1) on C gives a shift by a
certain vector 2b (where b is the vector between the centers of reflection for the

two automorphisms). It can be shown that the curves I' ,, f‘iz are homologous
and are elements of a canonical homology basis on the torus. Therefore

V) =N +w), ped;
0 (pf +26) — () = H*(p' +2b) — H* (1) (13)

(the second equation follows from both equations (12)).
As is not difficult to verify,* the solution of the system (13) is the function (14)
1

%) = 5 [ € L 2 B (14)

where ((x) is the Weierstrass function corresponding to the periods w and 2b.
This solution is unique (it must be holomorphic** in the domain bounded by
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the curves I'y and Ty + 2b) up to an additive constant, since the homogeneous
system (13) defines a holomorphic elliptic function, which must be constant.

Remark. Above, we have essentially considered the case when the genus of
the Riemann surface S;, and hence also S,, is equal to 1. The genus-0 case is
simpler and is not considered here.

I express my sincere gratitude to A. A. Borovkov, M. I. Vishik, G. I. Eskin, and
A. Shnirelman for their attention to this work.
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