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TINUOUS CONVEX FUNCTIONAL

(Presented by Academician A. N. Tikhonov, 30 IV 1968)

1°. Statement of the problem. Idea of the method. Let J(u) be a
continuous convex functional defined on some bounded, closed convex set U C
H; H is a Hilbert space. J(u) attains the minimal value

J* = inf J(u)
uelU
on the set U* C U of elements u* € U, where U is closed, convex, bounded, and
nonempty. In the general case U* may consist of more than one element. In this
connection, a sequence {u,, } minimizing J(u) on U may, generally speaking, fail
to converge strongly in the norm of H.

The first regularization method for constructing a strongly convergent minimiz-
ing sequence in such problems was proposed by A. N. Tikhonov (1,2). In works
(3,4) a direct development of this method is given. In the present note, regu-
larization is carried out by constructing a sequence of sets, in each of which its
own minimizing sequence converges strongly to its limiting point; the sequence
of these limiting points converges strongly to the solution of the problem u
—the element of U* with least norm.

2°. Basic definitions and lemmas.

Lemma 1. If the continuous convex functional J(u) attains its least value in
the closed convex bounded set U, at the unique point ul,, and this point lies on
the boundary of U, and

lugl = sup Jlu] = a,

uel,

then an arbitrary sequence minimizing J(u) on U, converges strongly to u,.

Denote by §[0, ] the set of elements u € H satisfying the condition ||Ju| < a, i.e.,
the ball with center at zero and radius « in the Hilbert space H. Without loss
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of generality, it may be assumed that u = 0 is contained in the set U on which
the functional J(u), u € U, under consideration is defined. This can always be
achieved by a “parallel translation.” Let

sup lu] < R < +o0.
uelU

Then U lies strictly inside the ball §[0, R]. Denote by U, the convex set

U, =UnS&[0,q]

for any a, 0 < a < R. Put

fla) = inf J(u), 0<a<R.

uel,

Lemma 2. f(a) is a continuous monotonically decreasing (nonincreasing)
function of a on the segment 0 < o < R.

Lemma 3. On the set U, for 0 < a < o*, the functional J(u) attains the
minimum

inf J(u) = f(o)

uel,

at the unique point u}, € U,, and u}, belongs to that part of the boundary of U,
which lies on the surface of the ball 8]0, a); o* = |us

min” .

3°. Regularization algorithm. We now consider a regularization algorithm
for the problem that leads to a sequence minimizing J(u) on U and converging
strongly to u ;. The proposed algorithm is essentially based on the established
properties of the function f(a). We shall assume

that we have a method that makes it possible to solve the extremal problem for
J(u) on U,, 0 < a < R, with arbitrarily high accuracy in the functional, i.e.,
we shall assume that for any € > 0 our method makes it possible to construct
an element u, ., such that:

1) wu., €U

£,x a’

2) I — inf J(w)| = () — fla)] <.

ucl,

We shall consider one such method in §4.

According to Lemma 3, on the set U,, for 0 < a < o, the functional J(u)
attains its least value at the unique point v}, which lies on the boundary of U,
and on the boundary of the ball [0, ], i.e. |ul| = a.
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According to Lemma 2, every sequence minimizing J(u) on U, for 0 < a < a*
converges strongly to this boundary element v}, € U, at which J(u}) = f(a) =
inf, ey J(u). We define the regularization algorithm as follows.

Let us choose a numerical sequence {¢,}, n = 1,2,...; ¢
n — +oo. Introduce the notation:

> 0; g, =+ 0 as

n

Ay(e) = [J(ue, o) =€y J(ug, o)+,

no no

We have: f(a) € A, (a), and the length of the interval A, («) tends to zero as
n — +00.

0. The zero step consists in putting vy = 0, oy = 0. We shall call the zero
step successful.

I. The first step. Two extremal problems for J(u) on the sets Ug /o and Ug
are solved with accuracy up to ¢;.

As a result of solving these two problems, two cases are possible:

a) Aj(R/2)NA(R)#0; b)) A(R/2)NA(R) =0.
In case a), we shall call step I unsuccessful and put u; = uy =0, a; = a5 = 0.
In case b), we shall call step I successful and put uy = u, g, oy = R/2.
II. The second step. There are two possible cases:

1) The first step was unsuccessful. Then two extremal problems for J(u) on
the sets Ug/y and Uy are solved with accuracy up to €,. As a result of
solving these two problems, two cases are possible:

a) Ag(R/4)NAN(R)#0;  b) Ay(R/4) N Ag(R) = 0.

In case a), we shall call step IT unsuccessful and put: uy = uy, ay = ay. In case
b), we shall call step II successful and put u, = u., g4, @y = R/4.

2) The first step was successful. Then two extremal problems for J(u) on
Usjur and Up are solved with accuracy up to €. As a result of solving
these two problems, two cases are possible:

a) Do(/4aR)NA(R)#0;  b) Ay(P/4R)NA(R) = 0.

In case a), we shall call step II unsuccessful and put us, = u;, @y = a;. In case
b), we shall call step IT successful and put uy = u,_ s/ r, @y ="/4R.

The n-th step. Two extremal problems for J(u) onthesets U,y (r_q, )26
Up are solved with accuracy up to ¢,,, where k is the number of consecutive
unsuccessful steps immediately preceding the n-th step.
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As a result of solving these two problems, two cases are possible:

a) A, (
A’I'L

Ckn71 + (R - anfl)/2k+1) N An(R) 7& Q);
b) (Oén71 + (R - anfl)/2k+1) N An

(R) =0.

In case a), we shall call the n-th step unsuccessful and put v, = u, 1, «, =

a,,_;. In case b), we shall call the n-th step successful and put:

U, = u

nn

n €, 0,0 o, =0, 1+ (R - anfl)/2k+1'

As a result of the indicated algorithm, we obtain two sequences {a,}, {u,}
Denote by u},;, an element satisfying the following conditions:

1) ul,, € U,

min

2) Numinll = nfyep ful.

min

Such an element exists and is unique, because the set is closed, convex, bounded,
and nonempty. Note that f(a,) > f(a*), and J(u,) — f(a,) < g, for all
n=1,2,...

Theorem 1. If {a,} and {u,} are constructed by means of the indicated
algorithm, then as n — +00:

1) a,, — a* — 0, not decreasing;

*
min

2) w,, — uf,;, strongly in the metric of H.

4°. On the use of the conditional-gradient method in the general
algorithm. As a concrete method for solving the extremal problem at each step
of the general algorithm, any method may be taken that permits one to solve
the extremal problem with prescribed accuracy (with respect to the functional).
In particular, if the functional is differentiable and its gradient satisfies certain
additional requirements (see, for example, (5,6)), then the conditional-gradient
method can be proposed. This method gives the estimate J(v) —J* < (I(v),v—
v%), where

J* = inf J(v),

veUe

(I(v),v—2u%) is a functional linear (with respect to the difference v—v standing
on the right) representing the gradient of the functional J(v) at the point v; v*
is a solution of the linear extremal problem for (I(v),w) on U,, w € U,. It is
clear that for the effective application of the conditional-gradient method one
must be able to find v%, i.e., be able to solve the extremal problem for the linear
functional (I(v),w) with w € U,. Let us show how v* can be found in the

following practically important case:
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H=L5[0,T];  w(t) = (0'(t),...0"(#);  v'(t) € L,[0,T],

i=1,...,r; U: [i(t)|<1forallte[0,T]and alli=1,2,..,r.

In the present case we have the following problem: find v* € U, such that

(I(’U), 1_}&) = min (I(U)v w>7

wel,

e

where

U,

[}

=UnN|0,al; U: lwit)| <1, telo,T], i=1,2,...,r;

T
Ol Julf;= [ wityde<a®
0

In view of the linearity, we represent the functional (I(v),w) in the form

T
(I(v),w) = / G(tyu(t) dt,

where 1(t) is a known function.

If, for example, the functional J(u) has the form

J(u) = / g(x(t),u(t),t) dt + &(z(T)).
0
where &(t) = f(z(t),u(t),t) for 0 <t < T, 2(0) = x,, then

(t) = g, — (fL)",

where the function v(t) is found as the solution of the adjoint Cauchy problem

() =—(f)d+g, for0<t<T,  §(T)=—9(x(T))

(see, for example, (6)). Without loss of generality, one may assume that ¢ = a.

Introduce the notation

w(t) = sign[=p(8)],  wy(t) = [=4(?)].
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Define the element w* as follows: 1) w® = wy, if |wy ()] < @; 2) V¥ = w,y, if
lwi(t)] <1, t € [0,T], i = 1,2,...,r; if both conditions 1) and 2) are simulta-
neously fulfilled, then as the element w® one may take either w; or w,; 3) if
neither of the two stated conditions is fulfilled, then we set

wa(t) = [_%(t)]?

where 1/)7(15) is determined in the following way. Consider the one-parameter
family of functions {ql)w(t)}, ~v > 1, constructed according to the following rule:

Wy (8) = 7(t).

Form the family of “cut-off” functions:
QZJ (t) _ Signw'y(t)7 fort € M1 = {t ; |1/}'y(t)‘ > 1}7
W, fortep={t: [0 <1}

Note that [~ (t)] = w;(t) as v — +o0.
Consequently, Hz@,(t)” — |w;(t)| > a as ¥ — 400, and moreover ”1;72 | > ||1E71 |
for vy > ;.

On the other hand, ||1/;

unique, a v such that ||1/7,y(t) | = a. Tt is precisely this value of the parameter ~
that is used to determine the function w® in the third case.

=1 < [¥ll = e Therefore there exists, and moreover is

Theorem 2. If the function w®(t) is defined in the manner indicated above,
then the following holds:

(I(v),w*) = min (I(v),w).

wel,

o
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