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The paper considers the problem of finding all eigenvalues of a Fredholm integral
operator, not smaller in modulus than a prescribed number, under the condition
that they are simple. Both deterministic and nondeterministic algorithms are
given for solving this problem on classes of kernel functions, optimal up to a
logarithmic factor. In item 1° the precise formulation of the problem is given.
In item 2° deterministic methods for its solution are considered. In item 3°, on
their basis, nondeterministic methods are constructed. In item 4° optimality is
proved, up to a logarithmic factor, with respect to the amount of computational
work or the information used about the kernel.

1°. Consider the class of Fredholm operators defined by the following require-
ments. Let a Banach space F' be given, the imbedding operator of which into
L, is bounded by 1, and let positive M, ..., M5;d be given. We require that
|K|z < M;, where K is the kernel of our integral operator A, acting in the
space Ly(Q2,); €, is the unit s-dimensional cube. In addition, we assume that
A has no more than 1+ M, eigenvalues X such that |A|7* < My + M7, and all
these eigenvalues are simple and

[, )Ml - Il < 1+ My,

I(A=X)7H < Mg + My + M (1)

Here ¢ is the eigenfunction of the operator A corresponding to the eigenvalue \;
1) is the eigenfunction of the adjoint operator A*, corresponding to the eigenvalue
A; the operator A— A\ is considered on the orthogonal complement to the function
©, and the scalar product and norm are understood in the sense of L,. (The
last remark also applies to what follows, unless the contrary is stipulated.) (1)
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guarantees the stability of problem (1). Finally, A is assumed not to have
eigenvalues such that

0<|A™—M;— Mt <6 (2)

Let us note that for every operator with a kernel from F', all of whose eigenvalues
maximal in modulus are simple, there exist corresponding M, ..., Mg;d. The
problem is posed of computing, with a prescribed accuracy € > 0, on our class
all eigenvalues A of the operator A such that |A\|7! < M; + M !,

2°. Let natural numbers Ny, ..., Ny, be given. Then the functions

2s
N, )
e%(x) :Hejz;w z(1), g=1,...,N; k,=0,1, ...,
=1
form a complete orthonormal system in L, (£2,,), if we set

eli(@) = 2N)Y2Q 2Nz —2j+1) for 0< Nz —j+1<1,

eé\’k(x) =0 otherwise,

where (), is the Legendre polynomial of degree k. Here and below
Y= (Y1 Yas)-
With the aid of S. L. Sobolev’ s integral formula (?), it can be shown that the

kernel K of any operator from our class with F' = V’Vg, r > s, using its values
at N2 points, can be approximated in the norm of the space L, by a linear
combination K of the functions e% with N; = N, with accuracy up to O(N~");
moreover, computing its coefficients requires O(N?¢) arithmetic operations (not
counting the work of computing the values of the kernel K, N =1,2,...). Here
and below the constant in the O-symbol depends only on F'; My, ..., Ms5; §. One
can indicate an N, depending on F; M;,..., Ms; 6, such that, starting from
the approximate eigenvalues and functions of the operator A, with kernel Ky
and of the operator A, we can, by iteration, solve economically the problem
posed in item 1°. This iterative process is constructed, by analogy with the
corresponding process () for Fredholm equations of the second kind, as follows.

By the finite-dimensionality of the operator A, and condition (2), one can, in
a finite number of arithmetic operations, find with error Nj" its eigenvalues
corresponding to the desired eigenvalues of the operator A, as well as the cor-
responding eigenfunctions of the operators A, and Af (the error is measured in
the norm of the space L,).

Let

Appo = Ao, Ajy =~ 5\01?07 looll = llvoll = 1.
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If Ay, @, ¥y are known, then A\, 1, ¢p,q, ¥y are computed as follows: first
the residuals are found,

T = (A — M) Prs Pr = (AZ - S\k)l/)k,

and the quantity

Vi = (@r U)o~ p

then the corrections are found,

&, = (Ag — Xo) ' Pymy, M = (A5 — o) " P pyes

where

Py =1 =75 ol "ol 40 ® 03

finally,

Ort1 = P — ko Y1 = Y — Mgy

Mot = M 95 (T o) el gt

Here A, is the operator with kernel Ky . In inverting the operator A, — A,
we proceed as if A\; were an exact eigenvalue of the operator A,. If we take
N, = Ny2F, then after

k =1+ [log,(1+ Nyle ¥/m)

iterations, requiring O(1 + g2/ ") arithmetic operations, we shall have

A =Xl = O(e),

since N, is chosen so that each iteration reduces the error by at least 2" times.

If F =S5 r>21 is the space (%), then every kernel from our class, using its
values at O(2"n?*~1) points, can be approximated in the norm of the space L,
by a linear combination of the functions cj-\,i with accuracy up to O(27"™mn2s°1),
and computing its coefficients requires O(2"n2~!) arithmetic operations, n =
1,2, .... This is easily shown by the method of tensor products (°). An iteration
analogous to the one described, in O(2"n3*~1) operations, reduces the initial
error to
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0(2_T7ln2s_4>.

3°. Let us return to the case F' = W3, and now consider nondeterministic
methods. Introduce the random kernel (cf. (6)):

Ky=Ky+N2Y Ry(XN)Y eV (XN)ely,
j Kk

where Ry = K — Ky, X JN are pairwise independent random points uniformly

distributed in the supports of the functions e%, and the summation is carried
out over those values of the indices that occur in the expression for K. We

note that the computation of the Fourier coefficients of the kernel K N Tequires
O(N?%) arithmetic operations. By means of the formulas of perturbation theory
it is easy to show that, m.o., |\ — Ax| = O(N"""%), where Ay is the eigenvalue
of the operator A N with kernel K ~, corresponding to the eigenvalue A of the

operator A. If in the iteration described above we take A; = ZN7 k=1,2,..,
leaving A, as before, then after

k =1+ [log,(1+ Ny tN*+s/m)

steps, requiring O(1+4 N2 In N) operations, with probability not less than 1—o,
o > 0, we shall have [Ay — Ay| = O(N"75) for N > Nyo~ /. On the other
hand, |A— Ay| = O(6"'N~"=%) with probability not less than 1 — . Therefore,
with probability not less than 1 — 20, we have |A — \,| = O(c7'N7"*) for
N > Nyo /",

Let us now pass to the case F' = §;, when
1Klp = lem > o)™, 1y = max(1,[my)).
m

Here ¢, = (K,e,,), e,,(x) = exp(2mimz), and r > 2~ may also be fractional.
Every kernel from our class, using its values at O(2"n?*~!) points, can be ap-
proximated in the norm of the space L, by a linear combination K™ of the
functions e,, with accuracy up to O(27""n2?*"1), and the computation of the co-
efficients of this linear combination requires O(2"n?~1) arithmetic operations

(5,8). Construct the random kernel
~ 2n
Kr=Kr 42 Y "RYX,)) e, (X,)e,
p=1 m

where R" = K — K", X, are pairwise independent random points uniformly
distributed in £2,,, and the summation is carried out over those values of the
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indices that occur in the expression for K™. The computation of the Fourier co-
efficients of the kernel K" requires O(4"n25~!) arithmetic operations. Carrying
out the iteration by analogy with the preceding case—it requires only O(2"n3¢)
operations—we shall have, with probability not less than 1 — o,

‘)\ _ )‘kl — 0(0.71277%771/2”6372)

for n > ny — 2r~'log, 0. The number n, plays here the same role as N, did
earlier.

4°. Let us now see how much the proposed methods differ from optimal ones on
the classes considered. Suppose a deterministic method is given for computing
the eigenvalues of a Fredholm operator, using information about its kernel at
a finite number of points. Construct from these nodes the function u, in the
same way as is done in § 8 of ("), and put

K = +uy+ 27" (M, + (Mz + M),

here the function u, may be assumed symmetric and such that

lugllp < min{27 (M — (My+M; ') ~t, (My+Ma+My Y™ (My+M; ' +0) )

These requirements ensure that the kernel K belongs to our class. Let A be the
maximal eigenvalue of the operator with kernel K, and let ¢ be the correspond-
ing eigenfunction. Obviously, ¢ — 1| = O(||luel]),

if |¢|| =1 and (¢,1) > 0. We have

A= (K, k) = (fug, k) + 2711, k) (M, + (M3 + M;H)™h).

where k is the kernel of the operator p®; therefore every method for computing
the eigenvalue A generates a method for computing the quantity (+u, k), and
the absolute error of the two methods differs by O(|uy[?). Consequently, the
lower estimates for the amount of computational work in computing eigenvalues
and integrals of kernels on our class coincide, since |k — 1| = O(|Jug|). This is
precisely what is meant by the optimality of the deterministic methods consid-
ered, up to a logarithmic factor (in the case F' = W, even optimality in order).
If the method is nondeterministic, then instead of +wu, one must consider the
collection of functions w; from § 9 of the same paper. We note that in the case
F = 57 the proposed nondeterministic method is optimal up to a logarithmic
factor only with respect to the quantity of information used about the kernel,
and not with respect to the amount of computational work.

In conclusion, the author expresses gratitude to N. S. Bakhvalov for posing the
problem and for scientific guidance.
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